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èpØLm  

 RªZL AW£u 2003-m BiÓdÏ¬V Y¯LôhÓRpLs Utßm 

TôPj§hPjûR A¥lTûPVôLd ùLôiÓ. úUp¨ûX CWiPôm 

BiÓ L¦R®Vp UôQYoLÞdLôL ClTôPèp 

Y¥YûUdLlThÓs[Õ, 

 ùRô¯pÖhTjûR ûUVUôLd ùLôiÓ CVeÏm EXLUVUôR−u 

NLôlRUô¡V 21-m èt\ôi¥p. A±®Vp Utßm ùRô¯pÖhT 

Ød¡VjÕYm YônkR L¦R®V−p TôPèp YûWYÕ ªLÜm 

Ød¡VjÕYm YônkRRôÏm, 

 EXL SôÓL°p ¨X®YÚm RWj§tÏ CûQVôL Ckèp 

GÝRlThÓs[Õ, CkR CXh£VjûR AûPYRtLôL B£¬Vo ÏÝ 

×LrùTtß £\kÕ ®[eÏm Lp® ¨ßY]eL°p ©uTt\lTÓm 

TôPèpLû[ ®¬YôL BnÜ ùNnÕ CkèûX GÝ§Ùs[Õ, 

CmØVt£Vô]Õ Sôh¥u CRW TÏ§L°Ûs[ Ut\ úUp¨ûX 

UôQYoLÞm TV]ûPÙm YûL«p CÚdÏm G] CdÏÝ Sm×¡\Õ, 

 UôQYoLs G°ûUVô] AÔÏØû\ûV ûLVôÞm ®RUôL 

Ckèp CWiÓ TÏ§L[ôLl ©¬dLlThÓs[Õ, ØRtTÏ§«p 

A¦Ls Utßm A¦dúLôûYL°u TVuTôÓ. ùYdPo CVtL¦Rm. 

LXlùTiLs Utßm TÏØû\ Y¥Yd L¦Rm B¡VûY ×§V 

AÔÏØû\Lú[ôÓ ®[dLlThÓs[Õ, úS¬V NUuTôhÓj 

ùRôÏl×dL°u ¾oÜLs. JÚ R[ AûUVôd úLôÓLs B¡VûY ×§V 

ØVt£L[ôn CPmùTß¡u\], 

 YûL ÖiL¦Rl TVuTôÓLs. ùRôûL ÖiL¦Rl 

TVuTôÓLs. YûLdùLÝf NUuTôÓLs. R²¨ûX LQd¡Vp Utßm 

¨LrRLÜ TWYpLs B¡VûY CWiPôm TÏ§«p CPmùTß¡u\], 

R² ¨ûX LQd¡Vp ×Õ A±ØLjÕPàm CRW TÏ§Ls ×Õ 

Uôt\eLÞPàm CPmùTß¡u\], 

 CeÏ ®[dLlThÓs[ TôPl TÏ§Ls ùR°Yô] ×¬RûX 

EQojÕYúRôÓ UhÓUu±. Lt©lTYoLÞdÏ úUXônÜdÏ¬V 

AÔÏØû\Lû[Ùm LtTYoLÞdÏ A¥lTûP RjÕYeLû[ 

RôeL[ôLúY LiÓ©¥jÕ ×¬kÕ ùLôiÓ ùNVpTPÜm AÝjRm 

§ÚjRUôLj RWlThÓs[], 

 A±®Vp. ùRô¯pÖhT TVuTôÓL[ô]ûY TôPd 

LÚjÕLÞPu ©u² ©ûQdLlThÓ. AYt±u Y[of£«p Ød¡V 

TeûL Y¡d¡u\], SûPØû\ LQdÏLs. EkÕRÛdÏ 

FdÏ®lTô]ôLÜm ùRôPo BoYjûR HtTÓjÕY]YôLÜm. 

A¥lTûPd LÚjÕLs Utßm LÚj§Vp Y¯Øû\L°u 

úUmTôh¥tÏ A¥lTûPVôLÜm AûU¡u\], 



  

 TôPlTÏ§L°Ûs[ JqùYôÚ Eh©¬®Ûm RWlThÓs[ 

GÓjÕdLôhÓLs. T«t£Ls Utßm ®[dLlThÓs[ úLôhTôhÓ 

Y¯Øû\LÞdÏªûPúV JÚ TôXUôL AûU¡u\], CkR 

T«t£LÞdÏ ¾oÜLû[ LiÓ. RWlThÓs[ T«t£ - ®ûPLû[f 

N¬TôolTRu êXm UôQYoLs ReL°u ×¬kÕ ùLôsÞm 

RuûUûVl T¬úNô§dL Ø¥Ùm, 

 RtúTôûRV Lt©jRp Utßm Lt\−u úRûYLÞdÏ HtT 

JqùYôÚl TÏ§«Ûm GÓjÕdLôhÓLs Utßm T«t£Ls 

RWlThÓs[], BnÜj §\u. ®UoN] £kRû]. RuUVUôRp. Y¥Y 

L¦R Ã§VôL U]dLiØu ùLôiÓYÚRp B¡VYtû\ 

FdÏ®lTY]YôL AûUÙm, 

 JqùYôÚ TôPlTÏ§«u Cß§«p RWlThÓs[ T«t£Ls 

ùYqúYß LÚjÕLû[j RÚYúRôÓ UhÓUu± ®[dLlThÓs[ 

úLôhTôÓLû[ TXlTÓjÕm LÚ®VôLÜm AûU¡u\], úUÛm 

CûY TûPl× Utßm BnÜdÏ¬V £kRû]Lû[ FdLlTÓj§ 

GfãZûXÙm §P Sm©dûLÙPàm ûR¬VjÕPàm Nk§dL Ø¥Ùm 

GuTûR B£¬Vo ÏÝ Eß§VôL Sm×¡\Õ, Cq®Rj§p T«t£Lû[ 

B£¬VoL°u ER®ûV SôPôUp UôQYoLs RôeL[ôLúY ¾odL 

úYiÓm GuTúR B£¬Vo ÏÝ®u G§oTôolTôÏm, UôQYoL°u 

CmØVt£Vô]Õ AYoLÞûPV £kRû] §\û] Y[ojÕ EVokR 

CPjûR AûPV ERÜm LÚ®VôLÜm AûUÙm, CRû] 

Eß§lTÓjÕY§p ùTtú\ôoLs. UôQYoLs Utßm L¦R SXm 

SôÓúYôo VôYÚm EßÕûQVôL CÚlTôoLs GuT§p B£¬Vo 

ÏÝ §PSm©dûL ùLôiÓs[Õ, 

 B£¬Vo – UôQYo NØRôVm Utßm ùTôÕUdL°PªÚkÕ 

Cl×jRLjûR úUÛm úUuûUVûPVf ùNnYRtLô] BdLléoY 

BúXôNû]Ls Utßm ®UoN]eLû[ B£¬Vo ÏÝ ùT¬Õm 

YWúYt¡\Õ, 

 K. c²YôNu 
 RûXYo 
 èXô£¬Vo ÏÝ 



  

TôPj§hPm 
 (1) A¦Ls Utßm A¦dúLôûYL°u TVuTôÓLs : úNol× A¦. úSoUôß 

– Ti×Ls. úSoUôß A¦ LôQp. úSoUôß A¦LôQp Øû\«p úS¬V 

NUuTôhÓj ùRôÏl©u ¾oÜ LôQp. A¦«u RWm − JÚ A¦«u 

ÁRô] NôRôWQ EÚ Uôt\eLs. úS¬V NUuTôÓL°u ùRôÏl©tÏ¬V 
JÚeLûUÜjRuûU. ¡úWUo ®§. NUfºWt\ NUuTôÓLs. NUT¥jRô] 

úS¬V NUuTôhÓj ùRôÏl×. RWØû\.  (20 periods) 
 (2) ùYdPo CVtL¦Rm : §ûN«−l ùTÚdLm −  CWiÓ ùYdPoLÞdÏ 

CûPlThP úLôQm. §ûN«−l ùTÚdLj§u Ti×Ls. 

TVuTôÓLs. ùYdPo ùTÚdLm − YXdûL Utßm CPdûL AûUl×. 

ùYdPo ùTÚdLj§u Ti×Ls. TVuTôÓLs. êuß ùYdPoL°u 

ùTÚdLm − §ûN«− ØlùTÚdLm. §ûN«− ØlùTÚdLj§u 

Ti×Ls. ùYdPo ØlùTÚdLm. SôuÏ ùYdPoL°u ùYdPo 

ùTÚdLm. SôuÏ ùYdPoL°u §ûN«−l ùTÚdLm. úLôÓLs − JÚ 

×s° Utßm CÚ ùYdPÚdÏ CûQVôL. CÚ ×s°Ls Y¯VôLf 

ùNpÛm úSodúLôÓL°u NUuTôÓLs (YûWVû\ úRûY«pûX) CÚ 

úLôÓL°u CûPlThP úLôQm, JúW R[j§p AûUVôd úLôÓLs − 

CÚ úLôÓLÞdÏ CûPlThP Áf£ß çWm. CÚ úLôÓLs ùYh¥d 

ùLôs[ ¨TkRû]. ùYhÓm ×s°. êuß ×s°L°u JúW 

úLôhPûUj RuûU. R[eLs (YûWVû\Ls úRûY«pûX) - JÚ 

×s° Utßm JÚ ùYdPÚdÏf ùNeÏjRôL − B§«−ÚkÕ R[j§u 

ùRôûXÜ Utßm AXÏf ùNeúLôÓ ùYdPo − JÚ ×s° Y¯VôLÜm 

CÚ ùYdPoLÞdÏ CûQVôLÜm − CÚ ×s°Ls Y¯VôLÜm JÚ 

ùYdPÚdÏ CûQVôLÜm − JúW úLôh¥XûUVôR êuß ×s°Ls 

Y¯fùNpÛm − CÚ R[eL°u ùYhÓdúLôÓ Y¯f ùNpÛm − 

R[eL°u NUuTôÓ LôQp, JÚ R[j§tÏm JÚ ×s°dÏm 

CûPlThP çWm. CÚ úSodúLôÓLû[ Es[Pd¡V R[j§u 

NUuTôÓ. CÚ R[eLÞdÏ CûPlThP úLôQm. JÚ úLôh¥tÏm 

JÚ R[j§tÏm CûPlThP úLôQm, úLô[m (YûWVû\Ls 

úRûY«pûX) − ûUVl×s°«u ¨ûX ùYdPo Utßm BWm 

®hPj§u Øû]l×s°Ls êXm úLô[j§u ùYdPo Utßm 

Lôo¼£Vu NUuTôÓLs LôQp, (28 periods) 
 (3) LXlùTiLs : LXlùTi ùRôÏl×. CûQd LXlùTi − Ti×Ls. 

Y¬ûN«hPf úNô¥L[ôL GÝÕRp – LXlùTi¦u UhÓ − Ti×Ls. 

Y¥YdL¦R EÚYûUl× − ®[dLm. ÕÚY Y¥Ym. ØRuûU U§l×. 

CûQ Gi. áhPp. ®j§VôNm. ùTÚdLp. YÏjRp. LXlùTiL°u 

ùYdPo ®[dLm. TpÛßl×d úLôûYf NUuTôÓL°u ¾oÜLs. ¥-

UônY¬u úRt\Øm ARu TVuTôÓLÞm. LXlùTi¦u êXeLs   

− n-Bm T¥. ØlT¥. SôuLôm T¥ êXeLs, (20 periods) 
 (4) TÏØû\ Y¥YdL¦Rm : ám× Yû[ÜLs-YûWVû\ − ám× 

Yû[®u ùTôÕf NUuTôÓ. ùTôÕf NUuTôh¥û]l ùTôßjÕ 

YûLlTÓjÕRp. ûUVj ùRôûXj RLûYl ùTôßjÕ ám× 



  

Yû[®û] YûLlTÓjÕRp. TWYû[Vm (YûWØû\. úTôdÏ 

úRûY«pûX) − §hPf NUuTôÓ. TWYû[VjûR YûWRp. ©\ §hP 

Y¥YeLs. B§ûV CPUôt\m ùNnRp Øû\. TWYû[Vj§u §hPf 

NUuTôh¥u ùTôÕ Y¥Ym. £X SûPØû\d LQdÏLs, ¿sYhPm 

(YûWØû\. úTôdÏ úRûY«pûX) − §hPY¥Yf NUuTôÓ. 

¿sYhPm YûWRp. ¿sYhPj§u Utù\ôÚ Y¥Ym. ¿sYhPj§u 

§hPf NUuTôh¥u ùTôÕ Y¥Ym. £X SûPØû\d LQdÏLs. 

A§TWYû[Vm (YûWØû\. úTôdÏ úRûY«pûX)− §hPf NUuTôÓ. 

A§TWYû[Vm YûWRp. A§TWYû[Vj§u Utù\ôÚ Y¥Ym. ám× 

Yû[ÜL°u ÕûQVXÏf NUuTôÓLs. SôiLs. ùRôÓúLôÓLs 

Utßm ùNeúLôÓLs − Lôo¼£Vu AûUl×. ÕûQVXÏ AûUl×. 

ùRôûXj ùRôÓúLôÓLs. ùNqYL A§TWYû[Vm (YûWØû\. 

úTôdÏ úRûY«pûX) − §hPf NUuTôÓ, (30 periods) 
 (5) YûL ÖiL¦Rm − TVuTôÓLs I :  YûLdùLÝ – Uôßm A[ûY – Uôß 

ÅRm – ùRôPo× Uô±L°u Uôß ÅRm. YûLdùLÝ – Nôn®u A[ûY − 

ùRôÓúLôÓ. ùNeúLôÓ úUÛm Yû[YûWLÞdÏ CûPlThP úLôQm. 

CûPU§l×j úRt\eLs − úWôp úRt\m. ùXdWôg£«u CûPU§l×j 

úRt\m − ùPnXo ®¬Ü. ùUdXô¬u ®¬Ü. úXô©Rôs ®§. úRdL 

¨ûXl×s°. ùTÚÏm Nôo×. Ïû\Ùm Nôo×. ùTÚUeLs. £ßUeLs. Ï¯Ü. 

Ï®Ü. Yû[Ü Uôt\l ×s°Ls,  (28 periods) 
 (6) YûL ÖiL¦Rm − TVuTôÓLs II :  ©ûZLÞm úRôWôV 

U§l×LÞm−R²l©ûZ. Nôo©ûZ. ®ÝdLôhÓl©ûZ. Yû[YûW 

YûWRp. TÏ§ YûL«Pp − ëX¬u úRt\m  (10 periods) 
 (7) ùRôûL ÖiL¦Rm − TVuTôÓLs : YûLVßjRj ùRôûL«u 

Ti×Ls.  sinnx úUÛm  cosnxu ÑÚdL YônTôÓ (Ø¥ÜLs UhÓm). 

TWl×. ¿[m. L] A[Ü. úUÛm ×\lTWl×, (22 periods) 
 (8) YûLdùLÝf NUuTôÓLs : YûLdùLÝf NUuTôhûP AûUjRp. 

Y¬ûN. T¥ ØRp Y¬ûN YûLd ùLÝ NUuTôÓLû[j ¾ojRp − 

©¬dLdá¥V Uô±Ls. NUT¥jRô]. úS¬V NUuTôÓLs. CWiPôm 
Y¬ûN ØRtT¥ YûLd ùLÝf NUuTôÓLs (Uô±−Lû[d 

ùLÝdL[ôLd ùLôiP) − f(x) = emx, sinmx, cos mx, x, x2 (18 periods) 
 (9) R²¨ûXd LQd¡Vp : (9A) RodLd L¦Rm – RodLØû\ átß. 

CûQl©Ls. ùUn AhPYûQ. ùUnûU,  

  (9B) ÏXeLs : DÚßl×f ùNV− – AûWdÏXm. NU²ÙûPV 

AûWdLXm − ÏXeLs. ÏXj§u Y¬ûN. JÚ Eßl©u Y¬ûN (G°V 

Ti×Ls. LQdÏLs UhÓm)  (18 periods) 
 (10) ¨LrRLÜl TWYp : NUYônl× Uô±. ¨LrRLÜ APoj§f Nôo×. TWYp 

Nôo×. L¦R G§oTôol×. ®XdL YodL NWôN¬. R²¨ûXl TWYp : 
DÚßl× TWYp. Tôn^ôu TWYp. ùRôPo TWYp: CVp¨ûXl TWYp,   

(16 periods) 
    ùUôjRm  210 periods 



  

 

ùTôÚ[PdLm 

TdL Gi 
  èp ØLm 

  TôPj§hPm 

1. A¦Ls Utßm A¦dúLôûYL°u TVuTôÓLs 1 

 1.1 A±ØLm 1 

 1.2 úNol× A¦ 1 

 1.3 úSoUôß 4 

 1.4 JÚ A¦«u RWm 14 

 1.5 úS¬V NUuTôÓL°u  

  ùRôÏl©tÏ¬V JÚeLûUÜjRuûU 21 

2. ùYdPo CVtL¦Rm 50 

 2.1 A±ØLm 50 

 2.2 CWiÓ ùYdPoLÞdÏ CûPlThP úLôQm 50 

 2.3 §ûN«−l ùTÚdLm 50 

 2.4 ùYdPo ùTÚdLm 68 

 2.5 êuß ùYdPoL°u ùTÚdLm 86 

 2.6 úLôÓLs 97 

 2.7 R[eLs 111 

 2.8 úLô[m 131 

3. LXlùTiLs 137 

 3.1 A±ØLm 137 

 3.2 LXlùTi ùRôÏl× 138 

 3.3 CûQd LXlùTi 138 

 3.4 LXlùTiLû[ Y¬ûN«hPf úNô¥L[ôL GÝÕRp 143 

 3.5 LXlùTi¦u UhÓ 144 
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1, A¦Ls Utßm A¦dúLôûYL°u 

TVuTôÓLs 
(APPLICATIONS OF MATRICES  AND DETERMINANTS) 

1,1 A±ØLm : 

 A¦Lû[l Tt±V A¥lTûP YûWVû\Ls. NôRôWQ 

ùNnØû\Ls. Ti×Ls B¡VYtû\l Tt± UôQYoLs Øu]úW 

A±kÕs[]o, A¦LÞdÏ CûPúV YÏjRp 

YûWVßdLlTÓY§pûX, YÏjRÛdÏl T§XôL ARtÏ DPô] 

A¦«u úSoUôß Gu\ ùLôsûL A±ØLlTÓjRlThÓs[Õ, 

CRû]l Tt± CeÏ ®¬YôLd LôiúTôm, JÚ A¦«u úSoUôß 

A¦ûV YûWVßdL YN§VôL úNol× A¦ GuTRû] ØR−p 

YûWVßlúTôm,  

1,2 úNol× A¦ (Adjoint) : 
 A = [aij] GuTÕ JÚ n-Bm Y¬ûN NÕW A¦ GuL, Aij GuTÕ  

aij-Cu CûQdLôW¦  GuL. AqYô\ô«u [Aij]
T
-B]Õ  A-Cu 

úNol× A¦ G]lTÓm, G]úY.  A-Cu CûQdLôW¦ A¦    
[Aij]-Cu ¨ûW¨Wp Uôtß A¦ûVjRôu A-Cu úNol× A¦ 

Gu¡ú\ôm, 

ùLôsûL : A GuTÕ JÚ n–Bm Y¬ûN NÕW A¦ G²p.  
A (adjA) = | A | In = (adj A) A  BÏm. CeÏ In GuTÕ n-Bm Y¬ûN AXÏ 

A¦VôÏm, 
¨ìTQm : Sôm CdùLôsûLûV JÚ 3-Bm Y¬ûN NÕW A¦ A-dÏ 

¨ì©lúTôm, 

  A = 







a11   a12   a13

a21   a22   a23

a31   a32   a33

  GuL, 

  adj A = 







A11   A21   A31

A12   A22   A32

A13   A23   A33

  BÏm, 

  


A (adj A)-Cu

(i, j)-YÕ Eßl×
 = ai1 Aj1 + ai2 Aj2 + ai3 Aj3 = ∆ = | A | ; i = j G²p 

   = 0  ;   i ≠ j G²p 
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  ∴ A (adj A) = 









| A |    0    0

0    | A |    0

0    0    | A |

 = | A | 









1   0   0

0   1   0

0   0   1

 = | A | I3 

 CqYôú\ Sôm (adj A)A = | A | I3  G] ¨ßYXôm, 

 ∴ A (adj A) = | A | I3 = (adj A) A 

 ùTôÕYôL. Sôm A (adj A) = | A | In = (adj A) A  G] ¨ßYXôm, 

GÓjÕdLôhÓ 1.1 : A  =   



a   b

c   d
 Gu\ A¦«u úNol× A¦ûVd 

LôiL, 

¾ol× :  

 a-Cu CûQdLôW¦ = d, b-Cu CûQdLôW¦ = − c, c-Cu 

CûQdLôW¦ = − b Utßm d-Cu CûQdLôW¦ = a. Cq®ûQd 

LôW¦Lû[ Y¬ûNd¡WUUôL GÓjÕd ùLôsYRu êXm AûUÙm 

A¦ A-Cu CûQdLôW¦ A¦VôÏm, 

  ∴ A-Cu CûQdLôW¦ A¦ = 






d    − c

− b    a
 . 

 CkR CûQdLôW¦ A¦«u ¨ûWLû[Ùm ¨WpLû[Ùm 

CPUôt\m ùNn§P. A-Cu úNol× A¦ ¡ûPdÏm, 

  ∴ A-Cu úNol× A¦ = 






d    − b

− c    a
 

GÓjÕdLôhÓ 1.2 : A = 







1    1    1

1    2    − 3

2   − 1    3

-Cu úNol× A¦ûVd LôiL, 

¾oÜ : CûQdLôW¦Ls ©uYÚUôß : 

  1-Cu CûQdLôW¦  =  A11 = 






2    − 3

− 1    3
 = 3 

  1-Cu CûQdLôW¦  =  A12 =  − 






1   − 3

2    3
 =  − 9 

  1Cu CûQdLôW¦  =  A13 = 






1    2

2   − 1
 = − 5 
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  1-Cu CûQdLôW¦  =  A21 = − 






1    1

− 1   3
 = − 4 

  2-Cu CûQdLôW¦   =   A22 = 



1   1

2   3
 = 1 

  − 3-Cu CûQdLôW¦  =  A23 = − 






1    1

2   − 1
 = 3 

  2-Cu CûQdLôW¦  =  A31 =  






1    1

2   − 3
 = − 5 

  − 1-Cu CûQdLôW¦  =  A32 = −  






1    1

1   − 3
 = 4 

  3-Cu CûQdLôW¦  =  A33 =  



1   1

1   2
 = 1 

  A-Cu CûQdLôW¦ = 







3    − 9   − 5

− 4    1    3

− 5    4    1

 

  ∴  adj A  =  (Aij)
T = 







3    − 4   − 5

− 9    1    4

− 5    3    1

 

GÓjÕdLôhÓ 1.3 : A = 






− 1   2

1   − 4
 G²p. A (adj A) = (adj A) A = | A | I2 

GuTRû]f N¬Tôo, 

¾oÜ :  A = 






− 1    2

1    − 4
,  | A | =  







− 1    2

1    − 4
 = 2 

  adj A = 






− 4   − 2

− 1   − 1
 

  A (adj A) = 






− 1    2

1    − 4
 






− 4   − 2

− 1   − 1
 = 



2   0

0   2
 = 2 



1   0

0   1
 = 2I2  … (1) 

  (adj A) A = 






− 4   − 2

− 1   − 1
 






− 1    2

1    − 4
 = 



2   0

0   2
 =  2 



1   0

0   1
 = 2I2  … (2) 

 (1) Utßm (2)-C−ÚkÕ     ∴ A (adj A) = (adj A) A = | A | I2. 
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GÓjÕdLôhÓ 1.4 : A = 







1   1    1

1    2    − 3

2   − 1    3

 G²p. A (adj A) = (adj A) A = | A | I3 

G] N¬TôodL, 

¾oÜ : GÓjÕdLôhÓ 1.2-Cp. Sôm adj A = 







3    − 4   − 5

− 9    1    4

− 5    3    1

 

LiÓsú[ôm, 

  | A |  = 







1   1    1

1    2    − 3

2   − 1    3

 = 1(6 − 3) − 1 (3 + 6) + 1(− 1 − 4) = − 11 

  A (adj A) = 







1   1    1

1    2    − 3

2   − 1    3

  







3    − 4   − 5

− 9    1    4

− 5    3    1

  = 







− 11    0    0

0    − 11    0

0    0    − 11

 

   = − 11 









1   0    0

0   1   0

0   0   1

 = − 11 I3 = | A | I3 …(1) 

  (adj A) A = 







3    − 4   − 5

− 9    1    4

− 5    3    1

  







1   1    1

1    2    − 3

2   − 1    3

 = 







− 11    0    0

0    − 11    0

0    0    − 11

 

  = − 11 









1   0    0

0   1   0

0   0   1

  = − 11 I3 = | A | I3 …(2) 

  (1) Utßm (2)-C−ÚkÕ Sôm ùTßYÕ  
  A(adj A) = (adj A) A = | A | I3   

1,3 úSoUôß (Inverse) : 
 A GuTÕ JÚ n-Bm Y¬ûN NÕW A¦ GuL.  AB = BA = In 
GàUôß JÚ A¦ B-I LôQ Ø¥kRôp  BB]Õ A-Cu úSoUôß 

A¦ G]lTÓm, Ck¨ûX«p A-B]Õ úSoUôß LôQjRdLÕ 

G]lTÓm, JÚ A¦ A-dÏ úSoUôß A¦ CÚl©u. AÕ JÚûUj 

RuûU (unique)  YônkRRôÏm, ARôYÕ JÚ A¦dÏ JußdÏ 

úUtThP úSoUôß A¦ CÚdL Ø¥VôÕ, CRû]d LôQ A-Cu CÚ 

úSoUôß A¦Ls B Utßm C G]d ùLôsúYôUô«u. 
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   AB = BA  =  In … (1) 

   AC = CA  =  In … (2) 

  ClùTôÝÕ  AB= In 

  ⇒ C(AB) = CIn  ⇒ (CA)B  = C     (‡úNol× Ti©uT¥) 

  ⇒  InB = C ⇒  B = C 

 G]úY. úSoUôß A¦Vô]Õ JÚûUjRuûU YônkRRôÏm, 

AÓjÕ. Sôm úSoUôß A¦ LôiTRtLô] YônTôhûPd 

LôiúTôm, 

 HtL]úY. Sôm A-JÚ n-Bm Y¬ûN NÕW A¦Vô«u. 

   A(adj A) = (adj A)A = | A | In G]l TôojúRôm, 

 A-GuTÕ éf£VUt\ úLôûY A¦ (non-singular matrix) G]d 

ùLôsúYôUô«u. | A | ≠ 0. 

 úUtLiP NUuTôhûP | A |-Bp YÏdL. 

  A 






1

| A | (adj A)   = 






1

| A | (adj A)  A  =  In G] AûP¡ú\ôm, 

 CfNUuTôh¥−ÚkÕ A-Cu úSoUôß A¦Vô]Õ 
1

| A |  (adj A)  

GuTûR A±¡ú\ôm, CRû] A−1
G] Ï±d¡uú\ôm, úNol× A¦«u 

Yô«XôL JÚ A¦«u úSoUôû\d LôiTRtLô] YônTôÓ 

©uYÚUôß:  

 A GuTÕ éf£VUt\ úLôûY A¦Vô«u A-dÏ¬V úSoUôß A¦ 

LôQ CVÛm. AÕ A−1 = 
1

| A |  (adj A)  GuTRôÏm,  

1,3,1 Ti×Ls (Properties) : 

1, úSoUôßLÞdÏ¬V Y¬ûNUôtß ®§ (Reversal Law for Inverses) : 
 A Utßm B B¡VûY JúW Y¬ûN ùLôiP HúRàm CÚ 

éf£VUt\ úLôûY A¦Ls GuL, AqYô\ô«u AB-Ùm JÚ 

éf£VUt\ úLôûY A¦VôÏm, úUÛm.  

   (AB)−1 = B−1 A−1 
 ARôYÕ. ùTÚdL−u úSoUôß A¦Vô]Õ úSoUôß A¦L°u 

Y¬ûN Uôtßl ùTÚdLÛdÏf NUUôÏm, 

¨ìTQm :  A Utßm B éf£VUt\ úLôûY A¦Ls GuL, | A | ≠ 0 
Utßm | B | ≠ 0 BÏm, 



 6

 | AB | = | A |   | B | G] SUdÏj ùR¬Ùm, 

 | A | ≠ 0,   | B | ≠ 0   ⇒  | A |  | B |  ≠ 0   ⇒   | AB | ≠ 0 

 G]úY. AB-Ùm JÚ éf£VUt\ úLôûY A¦VôÏm, 

 ∴ AB úSoUôß LôQjRdLÕ, 

  (AB) (B−1A−1) = A (BB−1)A−1 

   = AIA−1 = AA−1 = I 

 CqYôú\ (B−1A−1) (AB) = I G] ¨ßYXôm, 

  ∴ (AB) (B−1A−1) = (B−1A−1) (AB) = I 

 AB-Cu úSoUôß B−1 A−1
BÏm,  

  i.e.,  (AB)−1 = B−1 A−1 

2, ¨ûW¨Wp UôtßdÏ¬V Y¬ûNUôtßl Ti× (¨ìTQªu±) 

   [Reversal Law for Transposes (without proof)] : 

 A Utßm B Gu\ A¦Ls ùTÚdLÛdÏ ELkRûYVô«u.  

(AB)T = BTAT
 BÏm, ARôYÕ. ùTÚdL−u ¨ûW ¨Wp Uôt\ô]Õ ¨ûW 

¨Wp Uôt\pL°u Y¬ûN Uôtßl ùTÚdLÛdÏf NUUôÏm, 

3. A JÚ éf£VUt\ úLôûY A¦Vô«u   (AT)
−1

 = (A− 1)
T
 BÏm, 

¨ìTQm : AA−1 = I  =  A−1 A GuTûR Sôm A±úYôm, 

 AA−1 = I-Cu CÚ×\Øm ¨ûW ¨Wp Uôtß LôQ. (AA−1)
T
 = IT 

 ¨ûW ¨Wp UôtßdÏ¬V Y¬ûN Uôtßl Ti×lT¥. 

  (A−1)
T
 AT = I … (1) 

 CúR úTôp A−1A = I-Cu CÚ×\Øm ¨ûW ¨Wp Uôtß LôQ. 

  AT(A−1)
T
 = I … (2) 

 (1) Utßm (2)–C−ÚkÕ 

  (A−1)
T
 AT = AT (A−1)

T
 = I 

 G]úY. (A−1)
T 

B]Õ AT
-Cu úSoUô\ôÏm, 

  ARôYÕ          (AT)
−1

 = (A− 1)
T  
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1,3,2 úSoUôß A¦ LôQp (Computation of Inverses) : 
 RWlThP A¦dÏ úSoUôß A¦ LôiTRtÏ¬V Øû\ûV 

©uYÚm GÓjÕdLôhÓLs êXm ®[dÏúYôm, 

GÓjÕdLôhÓ 1.5 : ©uYÚm A¦L°u úSoUôß A¦Lû[d 

LôiL, 

      (i) 






− 1    2

1    − 4
     (ii) 







2    − 1

− 4    2
   (iii) 







cos α    sin α

− sin α   cos α
   (iv) 







3    1    − 1

2   − 2    0

1    2    − 1

 

¾oÜ : 

(i) A = 






− 1    2

1    − 4
  G²p. | A | = 







− 1    2

1    − 4
 = 2 ≠ 0 

 A JÚ éf£VUt\ úLôûY A¦, G]úY. úSoUôß LôQjRdLÕ, 

CûQdLôW¦L°u A¦Vô]Õ  

  [Aij] = 






− 4   − 1

− 2   − 1
 

  adj A = [Aij]
T  =  







− 4   − 2

− 1   − 1
 

  A− 1 = 
1

| A |  (adj A)  =  
1
2  







− 4   − 2

− 1   − 1
  =  









− 2   − 1

− 
1
2   − 

1
2

 

(ii) A = 






2    − 1

− 4    2
 GuL,  | A | = 







2    − 1

− 4    2
 = 0 

 A B]Õ éf£VdúLôûY A¦VôÏm (singular matrix).  G]úY A−1 
LôQ Ø¥VôÕ, 

(iii) A = 






cos α    sin α

− sin α   cos α
 GuL,  | A | = 







cos α    sin α

− sin α   cos α
  

    = cos2α + sin2α = 1 ≠ 0 

 ∴ CÕ éf£VUt\ úLôûY A¦VôÏm G]úY. A−1 LôQj 

RdLRôÏm, 

  Adj A = 






cos α   − sin α

 sin α    cos α
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  A−1 = 
1

| A |  (Adj A) = 
1
1 







cos α   − sin α

 sin α    cos α
 = 







cos α   − sin α

 sin α    cos α
 

(iv) A = 







3    1    − 1

2   − 2    0

1    2    − 1

 GuL.  | A | = 







3    1    − 1

2   − 2    0

1    2    − 1

 = 2 ≠ 0 

 Aéf£VUt\ úLôûY A¦, G]úY A− 1 LôQ Ø¥Ùm, 

  3-Cu CûQd LôW¦  =  A11 = 






− 2    0

2    − 1
 = 2 

  1Cu CûQd LôW¦  =  A12 = − 






2    0

1   − 1
 =  2 

 − 1Cu CûQd LôW¦  =  A13 = 






2   − 2

1    2
 = 6 

  2-Cu CûQd LôW¦  =  A21 = − 






1   − 1

2   − 1
 = − 1 

 −2Cu CûQd LôW¦   =   A22= 






3   − 1

1   − 1
 =  − 2 

 0-Cu CûQd LôW¦   =   A23 = − 



3   1

1   2
 =  − 5 

  1Cu CûQd LôW¦  =  A31 =  






1    − 1

− 2    0
 = − 2 

  2Cu CûQd LôW¦  =  A32 = −  






3   − 1

2    0
 = − 2 

  − 1-Cu CûQd LôW¦ A33 =  






3    1

2   − 2
 = − 8 

 [Aij] = 







2    2    6

− 1   − 2   − 5

− 2   − 2   − 8

 ; adj A = 







2   − 1   − 2

2   − 2   − 2

6   − 5   − 8

 

 A−1 = 
1

| A |  (adj A) = 
1
2  







2   − 1   − 2

2   − 2   − 2

6   − 5   − 8
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  = 







1   − 

1
2   − 1

1   − 1   − 1

3   − 
5
2   − 4

 

GÓjÕdLôhÓ 1.6 : A = 



1   2

1   1
 Utßm B = 







0   − 1

1    2
 G²p.  

(AB)−1 = B−1 A−1
 GuTûRf N¬TôodLÜm, 

¾oÜ :  | A | = − 1 ≠ 0 Utßm | B | = 1 ≠ 0 

 G]úY A Utßm B úSoUôß LôQjRdLûY BÏm, 

  AB = 



1   2

1   1
  






0   − 1

1    2
  =  



2   3

1   1
 

  | AB | = 



2   3

1   1
 = − 1 ≠ 0.  

 G]úY AB-Ùm úSoUôß LôQjRdLÕ, 

  adj A = 






1    − 2

− 1    1
 

  A−1 = 
1

| A |  (adj A)  =  






− 1    2

1    − 1
 

  adj B = 






2    1

− 1   0
 

  B−1 = 
1

| B |   (adj B)  =  






2    1

− 1   0
 

  adj AB = 






1    − 3

− 1    2
 

  (AB)−1 = 
1

| AB |  (adj AB) = 






− 1    3

1    − 2
  … (1) 

  B−1 A−1 = 






2    1

− 1   0
  






− 1    2

1    − 1
  =  







− 1    3

1    − 2
 … (2) 

 (1) Utßm (2)-C−ÚkÕ Sôm ùTßYÕ (AB)−1 = B−1 A−1.  
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T«t£ 1.1 
  (1) ©uYÚm A¦LÞdÏ úNol× A¦Lû[d LôiL : 

  (i) 






3   − 1

2   − 4
 (ii) 









1   2   3

0   5   0

2   4   3

         (iii) 









2   5   3

3   1   2

1   2   1

 

 (2) A = 






1    2

3   − 5
 Gu\ A¦«u úNolûTd LiÓ.  

  A (adj A) = (adj A)A = | A | . I  GuTûRf N¬TôodL, 

 (3) A = 







3   − 3   4

2   − 3   4

0   − 1   1

 Gu\ A¦«u úNolûTd LiÓ 

  A (adj A) = (adj A)A = | A | . I GuTûRf N¬TôodL, 
 (4) ©uYÚm A¦L°u úSoUôßLû[d LôiL : 

  (i) 







1    0    3

2    1    − 1

1   − 1    1

 (ii) 









1   3   7

4   2   3

1   2   1

 (iii) 







1    2    − 2

− 1    3    0

0    − 2    1

 

  (iv) 







8    − 1   − 3

− 5    1    2

10    − 1   − 4

 (v) 









2   2   1

1   3   1

1   2   2

 

 (5) A = 



5   2

7   3
  Utßm B = 







2    − 1

− 1    1
 G²p. 

  (i) (AB)−1 = B−1 A−1 (ii) (AB)T = BTAT
  N¬Tôo, 

 (6) A = 







3   − 3   4

2   − 3   4

0   − 1   1

 –Cu úSoUôß Lôi Utßm A3 = A− 1
 If N¬Tôo, 

 (7) A = 







− 1   − 2   − 2

2    1    − 2

2    − 2    1

 –Cu úNol× A¦ 3AT
 G] ¨ßÜL, 
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 (8) A = 









− 4   − 3   − 3

1    0    1

4    4    3

 –Cu úNol× A¦ A G] ¨ßÜL, 

 (9) A = 
1
3   







2    2    1

− 2    1    2

1    −2   2

  G²p A−1 = AT G] ¨ßÜL, 

 (10) A =  







− 1    2    − 2

4    − 3    4

4    − 4    5

-dÏ. A = A−1
 G]d LôhÓL,  

1,3,3 úSoUôß A¦ LôQp Øû\«p úS¬V NUuTôhÓ 

ùRôÏl©u ¾oÜ LôQp (Solution of a system of linear equations 
by Matrix Inversion method) : 

 x1, x2, x3 ………xn GuTûY U§l©PúYi¥V n  Uô±Ls GuL, 

CmUô±L°p AûUkR ANUT¥jRô] n úS¬V NUuTôÓL°u 

ùRôÏlûT GÓjÕd ùLôsúYôm, 

 a11 x1 + a12 x2 + ………… + a1n xn = b1 

 a21 x1 + a22 x2 + ………… + a2n xn = b2 

 …………………………………………… 

 …………………………………………… 

 an1x1 +  an2 x2 + …………… + ann xn = bn 

 









a11    a12  …  a1n

a21    a22  …    a2n

…    …    …    …

…   …  … …

 an1   an2   …   ann

   











x1

x2

…

…

xn

 = 











b1

b2

 …

…

bn

 Gu\ AûUl©p Es[Õ, 

    CqYô\ôL AX = B … (1) Gu¡\ A¦ NUuTôhûP AûP¡ú\ôm, 
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 A =  









a11    a12  …  a1n

a21    a22  …    a2n

…    …    …    …

…   …  … …

 an1   an2   …   ann

 ;  X = 











x1

x2

…

…

xn

 ; B = 











b1

b2

 …

…

bn

 

 ùLÝdL°u A¦ A-B]Õ éf£VUt\ úLôûY A¦Vô«u  

A−1–Id LôQXôm, (1)-Cu Øu×\UôL A−1–Bp ùTÚdL. 

  A−1 (AX) = A−1B 

  (A−1A)X = A−1B 

  IX = A−1B 

  X = A−1B GuTÕ (1)–Cu ¾oYôÏm, 

 G]úY X Gu¡\ ¾oÜ ùYdPo LôQ A−1
-Id LôiTÕ 

AY£VUô¡\Õ, úUÛm Cj¾oÜ JÚûUj ¾oYôÏm, 

GÓjÕdLôhÓ 1.7 : úSoUôß A¦LôQp Øû\«p ¾odL : 

x + y = 3,   2x + 3y = 8 

¾oÜ :   

 RWlThP NUuTôÓLû[l ©uYÚUôß GÝRXôm, 

  



1   1

2   3
  



x

y
 =  



3

8
 

  AX = B 

 CeÏ | A | = 



1   1

2   3
 = 1 ≠ 0 

 A éf£VUt\ úLôûY A¦ BRXôp A−1
 LôQØ¥Ùm, 

  A−1 = 






3    − 1

− 2    1
 

 X = A−1B  GuTÕ ¾oYôÏm, 



 13

  



x

y
 = 







3    − 1

− 2    1
  



3

8
 

  



x

y
 = 



1

2
 

  x = 1,   y = 2 
GÓjÕdLôhÓ 1.8 : úSoUôß A¦ LôQp Øû\«p ¾odL :  

2x − y + 3z = 9,  x + y + z = 6, x − y + z = 2 

¾oÜ : RWlThP NUuTôÓL°u A¦ AûUl× 

  







2   − 1   3

1    1    1

1   − 1   1

  









x

 y

 z

 = 









 9

 6

 2 

 

 A X = B, CeÏ A = 







2   − 1   3

1    1    1

1   − 1   1

,   X = 









x

 y

 z

  Utßm B = 









 9

 6

 2 

 

  | A | = 







2   − 1   3

1    1    1

1   − 1   1

  =  − 2 ≠ 0 

 A–B]Õ éf£VUt\ úLôûY A¦. G]úY A−1
-Id LôQ Ø¥Ùm, 

 CûQdLôW¦L[ô]ûY A11 = 2,  A12 = 0,  A13 = − 2 

 A21 = − 2,  A22 = − 1,   A23 = 1,   A31 = − 4, A32 = + 1,  A33 = 3 

 CûQdLôW¦L[ôp EÚYôdLlTÓm A¦ 

  [Aij] = 







2    0    − 2

− 2   − 1    1

− 4    1    3

 

  A-Cu úNol× A¦ = 







2    − 2   − 4

0    − 1    1

− 2    1    3

 = adj A 

  A-Cu úSoUôß A¦ = 
1

| A |  (adj A) 
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  A−1 = − 
1
2  







2    − 2   − 4

0    − 1    1

− 2    1    3

 

  ¾oYô]Õ X = A−1B BÏm, 

  









x

 y

 z

 = − 
1
2  







2    − 2   − 4

0    − 1    1

− 2    1    3

 









 9

 6

 2 

 

   = − 
1
2  







 − 2

 − 4

 − 6 

 = 









 1

 2

 3 

 

 ∴ x = 1,  y = 2, z = 3 
T«t£ 1.2 

úSoUôß A¦ LôQp Øû\«p ©uYÚm úS¬V NUuTôhÓj 

ùRôÏl×Lû[j ¾odLÜm, 

 (1) 2x − y = 7, 3x − 2y = 11 
 (2) 7x + 3y = − 1, 2x + y = 0 
 (3) x + y + z = 9, 2x + 5y + 7z = 52, 2x + y − z = 0 
 (4) 2x − y + z = 7, 3x + y − 5z = 13, x + y + z = 5 
 (5) x − 3y − 8z + 10 = 0, 3x + y = 4, 2x + 5y + 6z = 13 

1,4 JÚ A¦«u RWm (Rank of a Matrix) : 
 JqùYôÚ A¦ÙPàm. ARu RWm Gu¡\ JÚ Ïû\Vt\ ØÝ 

GiûQj ùRôPo× TÓjRXôm, JÚ A¦«u RWm Gu¡\ 

ùLôsûLVô]Õ NUT¥jRô] Utßm ANUT¥jRô]  NUuTôhÓ 

ùRôÏl×Lû[j ¾olT§p ªLÜm Ød¡V Te¡û] Y¡d¡u\Õ. 

 JÚ A¦«u RWjûR YûWVßdL. ET A¦ (Submatrix) Utßm 

A¦«u £t\¦dúLôûY (Minor of a matrix) B¡VYtû\ 

YûWVßjRp AY£VUôÏm, A GuTÕ HúRàm JÚ A¦ GuL, 

C§−ÚkÕ £X ¨ûWLû[Ùm £X ¨WpLû[Ùm ¿dÏYRôp ¡ûPdÏm 

A¦ A-Cu JÚ ET A¦VôÏm, Ï±lTôL A-IúV Sôm A-Cu JÚ ET 

A¦VôLd LÚRXôm, A-Cu HúRàm JÚ NÕW ET A¦«u 

A¦dúLôûYûVjRôu A-Cu £t\¦dúLôûY GuTo, NÕW ET 

A¦«u Y¬ûN r G²p. ARtÏ¬V £t\¦d úLôûY«u Y¬ûNÙm r 
G]d ùLôs[lTÓm, 
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YûWVû\  : 
 A Gu¡\ A¦«u RWm r G²p ©uYÚm ¨TkRû]Ls 

EiûUVôL úYiÓm, 
 (i) A B]Õ Ïû\kRThNm JÚ r Y¬ûN éf£VUt\ £t\¦d 

úLôûYVôYÕ ùTt±ÚjRp úYiÓm, 
 (ii) A-Cu JqùYôÚ  (r + 1) Y¬ûN Utßm AûR®P A§LUô] 

Y¬ûN ùLôiP £t\¦d úLôûYL°u U§l×Ls 

éf£VeL[ô¡«ÚjRp úYiÓm, 

 úUtLiP YûWVû\«−ÚkÕ JÚ A¦ A-Cu RWm GuTÕ 

ARu éf£VUt\ £t\¦d úLôûYL°u EfN Y¬ûN GuTûR 

A±¡ú\ôm, 

 A-u RWjûR ρ(A)  G]d Ï±l©ÓYo, JÚ éf£V A¦«u RWm 

B]Õ éf£Vm G] YûWVßdLlTÓm, 

 n Y¬ûN ùLôiP AXÏ A¦«u RWm n BÏm, JÚ m × n A¦  

A-Cu RWUô]Õ m Utßm nBp GÕ Ïû\Yô]úRô AmU§l×dÏ 

ªLôRRôL AûUÙm, ∴ ρ(A) ≤ min {m, n}. 

GÓjÕdLôhÓ  1.9 : 






7   − 1

2    1
 A¦«u RWm LôiL, 

¾oÜ : A = 






7   − 1

2    1
 GuL, CÕ 2Bm Y¬ûN A¦, 

 G]úY A-Cu £t\¦d úLôûY«u EfN Y¬ûNÙm 2. 

 Cf£t\¦d úLôûY = 






7   − 1

2    1
 = 9 ≠ 0 

 G]úY. A-Cu éf£VUôLôR £t\¦d úLôûY«u EfN Y¬ûN 2.  

∴ ρ(A) = 2. 

GÓjÕdLôhÓ 1.10 : 






2    − 4

− 1    2
 Gu¡\ A¦«u RWm LôiL, 

¾oÜ : A = 






2    − 4

− 1    2
 GuL, 

 A-Cu EfN Y¬ûN £t\¦d úLôûY 






2    − 4

− 1    2
 = 0. CWiPôm 

Y¬ûN £t\¦d úLôûY éf£VUôYôRôp ρ(A) ≠ 2, G]úY ØRp 

Y¬ûN éf£VUt\ £t\¦d úLôûYLs A-Cp Es[]Yô G]l 

TôolúTôm, A-Cp éf£VUt\ Eßl×Ls CÚlTRôp. CÕ 

Nôj§VUôÏm,  ∴  ρ(A) = 1. 
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GÓjÕdLôhÓ 1.11 : 







1    − 2    3

− 2    4    − 6

5    1    − 1

 Gu\ A¦«u RWm LôiL, 

¾oÜ : A = 







1    − 2    3

− 2    4    − 6

5    1    − 1

 GuL, 

 A-Cu EfN Y¬ûN £t\¦d úLôûY 

  







1    − 2    3

− 2    4    − 6

5    1    − 1

 = − 2  







1   − 2    3

1   − 2    3

5    1    − 1

 = 0 

 3-Bm Y¬ûN £t\¦d úLôûY éf£VUôYRôp. ρ(A) ≠ 3 

  






− 2   4

5    1
 = − 22 ≠ 0    

 ∴ A-B]Õ 2-Bm Y¬ûN éf£VUt\ £t\¦d úLôûY Juß 

ùTtßs[Rôp.   ρ(A) = 2 

GÓjÕdLôhÓ 1.12 : 







1    1    1    3

2   − 1   3    4

5   − 1   7   11

 Gu\ A¦«u RWm LôiL, 

¾oÜ : A = 







1    1    1    3

2   − 1   3    4

5   − 1   7   11

 GuL, 

 CÕ 3 × 4 Y¬ûN A¦, 

 ∴ A-Cu £t\¦d úLôûYL°u EfN Y¬ûN 3. AûY 

  







1    1    1

2   − 1   3

5   − 1   7

 = 0   ;  







1    1    3

2   − 1    4

5   − 1   11

 = 0  ; 

  









1   1    3

2   3    4

5   7   11

 = 0  ;  







1    1    3

− 1   3    4

− 1   7   11

  =  0 
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 GpXô 3-Bm Y¬ûN £t\¦d úLôûYLÞm éf£VUôYRôp.  

ρ(A) ≠ 3, AÓjÕ 2-Bm Y¬ûN«p éf£VUt\ £t\¦d úLôûY 

HúRàm Juß Es[Rô G]l TôolúTôm, CÕ Nôj§VUôÏm, 

Hù]²p   






1    1

2   − 1
 = − 3 ≠ 0    ∴  ρ(A) = 2 

Ï±l× :  úUtLiP GÓjÕdLôhÓL°u êXm Sôm A±YÕ 

VôùR²p JÚ A¦«u RWm LôQ ¨û\V A¦d úLôûYLû[ 

U§l©P úYi¥Ùs[Õ, ¨ûWLs Utßm ¨WpLÞdÏ¬V NôRôWQ 

EÚUôt\eLû[ úUtùLôsYRu êXm A¦dúLôûYLû[ 

U§l©ÓY§p BÏm £WUjûRd Ïû\dL Ø¥Ùm, CqÜÚUôt\eLs. 

RWm LôQp Utßm ARú]ôÓ ùRôPo×ûPV Ut\ ©Wf£û]Lû[ 

G°§p ¾odL ªLÜm ER®VôL CÚdÏm,  

1,4,1 JÚ A¦«u ÁRô] NôRôWQ EÚUôt\eLs (Elementary 
transformations on a Matrix) : 
 (i) HúRàm CÚ ¨ûWLû[ (ApXÕ ¨WpLû[) CPUôt\m 

ùNnRp, 
 (ii) JÚ ¨ûW«p (ApXÕ ¨W−p) Es[ JqùYôÚ EßlûTÙm 

JÚ éf£VUt\ §ûN«−Vôp ùTÚdÏRp, 
 (iii) JÚ ¨ûW«p (ApXÕ ¨W−p) Es[ Eßl×Lû[ Utù\ôÚ 

¨ûW«p (ApXÕ ¨W−p) Es[ JjR Eßl×LÞPu JúW 

Uô±−Vôp ùTÚd¡ áhÓRp, 
 úUtLiP NôRôWQ EÚUôt\eLû[ Y¬ûNd¡WUUôL ©uYÚm 

Ï±ÂÓLû[d ùLôiÓ Ï±l©PXôm, 

 (i) Ri ↔ Rj   (Ci ↔ Cj) ;                  (ii) Ri → kRi   (Ci → kCi) 

 (ii) Ri → Ri + kRj  (Ci → Ci + kCj) 

 A Utßm B GuTûY NUY¬ûN ùLôiP A¦Ls GuL, CYt±p 

JÚ A¦ûV Utù\ôÚ A¦«−ÚkÕ JÚ Ø¥Yô] Gi¦dûLÙs[ 

A¥lTûP EÚUôt\eLû[ úUtùLôsYRu êXm ùTßúYôUô«u. 

A-Ùm B-Ùm NUô] A¦Ls G]lTÓm, A Gu\ A¦ B Gu\ A¦dÏf 

NUô]UôÙs[ûR A  B  Gu\ Ï±ÂhPôp Ï±l©PXôm, 

ùLôsûL (¨ìTQªu±) : 
 NUô] A¦Ls NUUô] RWeLû[l ùTt±ÚdÏm, 

JÚ A¦«u HßT¥ Y¥Ym (Echelon form of a matrix) : 

    A GuTÕ JÚ m × n Y¬ûN A¦ GuL, CqY¦ HßT¥ Y¥®p 

(ØdúLôQ Y¥®p) Es[Rô«u ©uYÚm ¨TkRû]Ls EiûUVôL 

úYiÓm, 
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 (i) GpXôúU éf£V Eßl×L[ônd ùLôiP JqùYôÚ ¨ûWÙm 

éf£VUt\ Eßl×ûPV ¨ûWdÏ ¸úZ AûURp úYiÓm, 

 (ii) JqùYôÚ éf£VUt\ ¨ûW«u ØRp Eßl× 1BL CÚjRp 

úYiÓm, 

 (iii) éf£VUt\ ¨ûW«p YÚm ØRp éf£VUt\ Eßl©tÏ 

ØuTôL CPmùTßm éf£VeL°u Gi¦dûL ARtÏ 

AÓjÕ YÚm ¨ûW«p Es[ éf£VeL°u Gi¦dûLûV 

®Pd Ïû\YôL CÚjRp úYiÓm, 

 úUtLiP NôRôWQ EÚUôt\eLû[ JÚ A¦«u ÁÕ 

ùNÛjÕYRu êXm AkR A¦ûV HßT¥ Y¥®tÏ G°RôLd 

ùLôiÓ YWØ¥Ùm, 

ùLôsûL (¨ìTQªu± ) : 
 HßT¥ Y¥®p Es[ A¦«u RWUô]Õ AqY¦«p Es[ 

éf£VUt\ ¨ûWL°u Gi¦dûLdÏf NUUôÏm, 

Ï±l× :   
 (1) úUtLiP ¨TkRû]LN°p ¨TkRû] (ii) ®PlThPôÛm 

TôRLªpûX. CR]ôp úUtá±V ùLôsûL Tô§dLlTPôÕ, 

(A,Õ,). JqùYôÚ éf£VUt\ ¨ûW«p YÚm ØRp éf£VUt\ 

Gi 1 ApXôR úYß GiQôLÜm CÚdLXôm, 

 (2) HßT¥ Y¥®u êXm JÚ A¦«u RWjûR Sôm ªL G°§p 

LôQ Ø¥Ùm, CeÏ A¦dúLôûYL°u U§l×Lû[d LôQ 

úYi¥V AY£VªpûX, ùYßm éf£VUt\ ¨ûWL°u 

Gi¦dûLûV UhÓm LôiTÕ úTôÕUô]Õ, 

 JÚ A¦ûV HßT¥ Y¥®tÏ Uôt± ARu RWm LôÔm Øû\ûV 

©uYÚm GÓjÕdLôhÓLs êXm ®[dÏúYôm,  

GÓjÕdLôhÓ 1.13 : 







1    1    − 1

2   − 3    4

3   − 2    3

 Gu\ A¦«u RWm LôiL, 

¾oÜ : A = 







1    1    − 1

2   − 3    4

3   − 2    3

 GuL, 

   







1    1    − 1

0   − 5    6

0   − 5    6

   
R2   →   R2   −  2R1

R3   →   R3   −  3R1
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1    1    − 1

0   − 5    6

0    0    0

  R3 → R3 − R2 

 LûP£ NUô] A¦Vô]Õ HßT¥ Y¥®p Es[Õ, C§p 

CWiÓ éf£VUt\ ¨ûWLs Es[Rôp  ρ(A) = 2 

GÓjÕdLôhÓ 1.14 : 







1   2   3   − 1

2   4   6   − 2

3   6   9   − 3

 Gu\ A¦«u RWm LôiL, 

¾oÜ : A = 







1   2   3   − 1

2   4   6   − 2

3   6   9   − 3

  GuL, 

    









1   2   3   − 1

0   0   0    0

0   0   0    0

 
R2   →   R2   −  2R1

R3   →   R3   −  3R1
 

 LûP£ NUô] A¦Vô]Õ HßT¥ Y¥®p Es[Õ, C§p JúW 

JÚ éf£VUt\ ¨ûW Es[Rôp. ρ(A) = 1. 

GÓjÕdLôhÓ 1.15 : 









4   2   1   3

6   3   4   7

2   1   0   1

 Gu\ A¦«u RWm LôiL, 

¾oÜ : A = 









4   2   1   3

6   3   4   7

2   1   0   1

  GuL, 

   









1    2    4   3

4    3    6   7

0    1   2   1

  C1 ↔  C3 

   









1    2    4    3

0   − 5   − 10   − 5

0    1    2    1

  R2 → R2 − 4R1 

    









1   2   4   3

0   1   2   1

0   1   2   1

 R2 → − 
1
5  R2 
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1   2   4   3

0   1   2   1

0   0   0   0

 R3 → R3 − R2 

 LûP£ NUô] A¦Vô]Õ HßT¥ Y¥®p Es[Õ, úUÛm 

éf£VUt\ ¨ûWL°u Gi¦dûL  2 GuTRôp  ρ(A) = 2 

GÓjÕdLôhÓ 1.16 : 







3    1    − 5   − 1

1   − 2    1    − 5

1    5    − 7    2

 Gu\ A¦«u RWm LôiL, 

¾oÜ : A = 







3    1    − 5   − 1

1   − 2    1    − 5

1    5    − 7    2

    







1   − 2    1    − 5

3    1    − 5   − 1

1    5    − 7    2

  R1 ↔  R2 GuL, 

   







1   − 2    1    − 5

0    7    − 8    14

0    7    − 8    7

  
R2   →   R2   − 3R1

R3   →   R3   −   R1
 

    







1   − 2    1    − 5

0    7    − 8    14

0    0    0    − 7

 R3 → R3  −  R2 

 LûP£ NUô] A¦Vô]Õ HßT¥ Y¥®p Es[Õ, C§p Es[ 

éf£VUt\ ¨ûWL°u Gi¦dûL  3, ∴ ρ(A) = 3   
T«t£ 1.3 

©uYÚm A¦L°u RWm LôiL, 

 (1)  







1    1    − 1

3   − 2    3

2   − 3    4

            (2)  









6   12   6

1    2    1

4    8    4

  (3)  









3   1    2    0

1   0   − 1   0

2   1    3    0

 

 (4) 







0    1    2    1

2   − 3    0    − 1

1    1    − 1    0

  (5) 







1   2   −1    3

2   4    1    − 2

3   6    3    − 7

 (6) 







1    − 2    3    4

− 2    4    − 1   − 3

− 1    2    7    6
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1,5 úS¬V NUuTôÓL°u ùRôÏl©tÏ¬V 
JÚeLûUÜjRuûU   
(Consistency of a system of linear equations) : 
 A±®V−u TpúYß ©¬ÜLs. ùTô±«Vp. ùTôÚ°Vp. 

Y¦L®Vp B¡V TpúYß Õû\L°p úS¬V NUuTôhÓ ùRôÏl×Ls 

CVpTôLúY CPmùTßYûRd LôQXôm, ªu]Ô ÑtßL°u 

TÏlTônÜ. CWôNôV] ùRô¯tNôûXL°u ùY°lTôhûPj 

¾oUô²jRp úTôu\ TpúYß Õû\L°p GÝm ©Wf£û]L°u 

¾oÜLs. AYt±tÏ¬V úS¬V NUuTôÓLû[j ¾olTûRf NôokÕ 

AûU¡u\], G]úY. AjRûLV NUuTôÓLû[j ¾odL 

úUtùLôs[dá¥V Øû\Ls ªLÜm Ød¡VjÕYm 

YônkR]ûYVôÏm, CYt±u ùRôPoTôL. A¦Ls Utßm A¦d 

úLôûYLû[l TVuTÓj§ NUuTôÓLû[j ¾odÏm Øû\Ls ªLÜm 

Ød¡V TeûL Y¡d¡u\], 
 A¦ úSoUôß Øû\«p úS¬V NUuTôhÓ ùRôÏlûTj 

¾olTûRl Tt± Øu]úW TôojúRôm, NUuTôÓL°u Gi¦dûLÙm 

U§l©PúYi¥V Uô±L°u Gi¦dûLÙm NUUô«ÚdÏmúTôÕ 

UhÓúU A¦ úSoUôß Øû\ûVl TVuTÓjR Ø¥Ùm, úUÛm 

ùLÝdL°u A¦ éf£VUt\d úLôûY A¦VôLÜm CÚdL úYiÓm, 

CmØû\«p ùT\lTÓm ¾oÜ JÚ JÚûUj ¾oYôÏm, B]ôp. 

ùTôÕYôL GpXô ©Wf£û]L°Ûm NUuTôÓL°u Gi¦dûLÙm 

U§l©P úYi¥V Uô±L°u Gi¦dûLÙm NUUô«ÚdL úYi¥V 

úRûY«pûX, AlT¥lThP NUVeL°p ©uYÚm êuß ¨ûXLs  

GZ Yônl× EiÓ, NUuTôhÓ ùRôÏl×dÏ (1) JúW JÚ ¾oÜ 

CÚdLXôm (2) JußdÏ úUtThP ¾oÜ CÚdLXôm (3) VôùRôÚ 

¾oÜúU CpXôUp CÚdLXôm, 

 JúW JÚ ¾oúYô ApXÕ VôùRôÚ ¾oÜúU CpXô§ÚdÏm 

ùRôÏl× úUXôn®p VôùRôÚ Ød¡VjÕYØm ùTßY§pûX, úUÛm 

Ju±tÏ úUtThP ¾oÜLs ùLôiP ùRôÏ§«u ¾oÜLs 

Aû]jÕúU Ï±l©PjRdL]Yôn AûUY§pûX, CYtßs £X 

¾oÜLs Ut\ûYLû[d Lôh¥Ûm A§L Ød¡VjÕYm 

YônkR]ûYVôL CÚdÏm, AûYLÞs £\kR ¾o®û] úRokùRÓjRp 

AY£VUôÏm, úS¬V NUuTôhÓj ùRôÏl×Lû[j ¾odL ªLÜm 

ER®VôL CÚdLdá¥V 

 (1) ‘¡úWUo ®§’ Øû\ (ApXÕ A¦dúLôûY Øû\) 

 (2) RW Øû\ B¡VYtû\l Tt± ClTÏ§«p LôiúTôm, 

 CmØû\L°u êXm RWlThP NUuTôhÓ ùRôÏl©tÏ ¾oÜ 

Es[Rô. CpûXúV GuTûR ¾oUô²dL CVÛYúRôÓ UhÓªu±. 

AqYôß ¾oÜ CÚl©u ARû]d LôiTÕm Nôj§VUô¡\Õ,   
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1,5,1 ¾oÜ LQeL°u Y¥®Vp Ti×Ls (The Geometry of Solution sets) : 
 úS¬V NUuTôÓL°u ùRôÏl©u ¾oÜ LQUô]Õ R²jR²f 

NUuTôÓL°u ¾oÜ LQeL°u ùYhÓdLQUôÏm, ARôYÕ 

ùRôÏl©u GkRùYôÚ ¾oÜm. AjùRôÏl©p Es[ JqùYôÚ 

NUuTôhÓdÏm ¾oYôL AûUÙm,  ax = b (a ≠ 0) Gu\ NUuTôh¥tÏ  

x = b/a B]Õ JÚ JÚûUj ¾oÜ BÏm, CÕ úSodúLôh¥u ÁÕ 

AûUkR JÚ ×s°ûVd Ï±dÏm, CqYô\ôL. CÚ Uô±L°p AûUkR 

JúW JÚ úS¬V NUuTôh¥u ¾oÜ LQUô]Õ R[j§p AûUkR JÚ 

úSodúLôPôÏm, êuß Uô±L°p AûUkR JúW JÚ úS¬Vf 

NUuTôh¥u ¾oÜ LQUô]Õ êY[ûY ùY°«p AûUkR JÚ 

R[UôÏm, 

®[dL GÓjÕdLôhÓ  I : (U§l©P úYi¥V Uô±L°u  

Gi¦dûL ≥ NUuTôÓL°u Gi¦dûL) 
 ©uYÚm êuß ùYqúY\ô] NUuTôÓL°u ¾oÜLû[ 

BWônúYôm, 
 (i) 2x = 10      (ii) 2x + y = 10      (iii) 2x + y − z = 10 

S

 
TPm 1.1 

S
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(i)-Cu ¾oÜ :  2x = 10   ⇒  x = 5 
(ii)-Cu ¾oÜ : 2x + y = 10 
 CWiÓ Uô±L°u U§l×Lû[ JúW 

NUuTôh¥−ÚkÕ A±V úYiÓm, 

CRtÏ Sôm x-dÏ HúRàm JÚ 

U§lT°jÕ A§−ÚkÕ y-dÏ ¾oÜ 

LôQXôm, ApXÕ y-dÏ HúRàm JÚ 

U§lT°jÕ A§−ÚkÕ x dÏ ¾oÜ 

LôQXôm,  
 x = k ⇒ y = (10 − 2k) 
CqYô\ôL ¾o®û] ‘k’-Cu êXUôL 

ùTß¡ú\ôm, ‘k’-dÏ Ï±l©hP U§l×Ls 

RÚYRu êXm Sôm Ï±l©hP 

¾oÜLû[l ùT\ Ø¥Ùm, 

GÓjÕdLôhPôL   

k = 1, 2, 5, − 3, 
1
2  G]l ©W§«ÓYRu êXm 

Øû\úV  

(1, 8),  (2, 6), (5, 0), (− 3, 16) Utßm 



1

2 , 9  

B¡V ¾oÜLû[l ùTß¡ú\ôm, 
(iii)-Cu ¾oÜ :  2x + y − z = 10 

��������������������������
��������������������������
��������������������������

Y

X

Z

S

O
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   CeÏ  x, y, z B¡V êuß Uô±L°u U§l×Lû[ JÚ R²f 

NUuTôh¥u êXm LôQ úYi¥Ùs[Õ, CRtÏ. HúRàm CÚ 

Uô±LÞdÏ HúRàm U§l×Lû[ A°jÕ AR²ußm êu\ôYÕ 

Uô±dÏ ¾oÜ LôQXôm, 

    x = s, y = t G]d ùLôiPôp z = 2s + t − 10 BÏm, CûY ¾oÜ 

LQjûRj RÚm, 
    s Utßm t-Cu ùYqúY\ô] U§l×LÞdÏ ùYqúY\ô] ¾oÜLû[ 

AûP¡ú\ôm, 

1,5,2  ‘¡úWUo ®§’ Øû\ (A¦dúLôûY Øû\) (Cramer’s Rule 
Method  [Determinant Method]) : 
 úLl¬Vp ¡úWUo (1704 – 1752) GuTYo JÚ Ñ®v L¦RúUûR, 

CYo RjÕYm. AWÑ ®§. L¦R YWXôß úTôu\ TX RûXl×L°p 

×jRLeLû[ GÝ§Ùs[ôo. CYo JÚ AWÑ AÛYXo. BXVeLû[l 

×Õl©jRp. ×WôR]l ùTôÚsLû[j úRôi¥ GÓjRp úTôu\ 

úYûXL°p DÓTÓm ùRô¯Xô[oLÞdÏ £\l×l T«t£ A°lT§p 

YpXYo, CYo §ÚUQUôLôRYo, RmØûPV £\kR T¦LÞdLôL 

TpúYß ®ÚÕLû[l ùTt\Yo, 

 ¡úWU¬u úRt\Uô]Õ n U§l©P úYi¥V Uô±L°p AûUkR n 
úS¬Vf NUuTôhÓj ùRôÏl×dÏ ¾oÜ LôiTRtÏ ªLÜm ER®VôL 

CÚdLdá¥V JÚ ãj§WjûR SUdÏj RÚ¡\Õ. Cfãj§WjûR 

¡úWU¬u ®§ Gu¡ú\ôm, CRu êXm ¾oÜLû[d L¦lTúRôÓ 

UhÓªu±. AYt±u L¦R Ã§Vô] Ti×Lû[l Tt±Ùm A±V 

Ø¥¡\Õ, 

úRt\m1.1 (¨ìTQªu±)  ¡úWU¬u ®§ : AX = B GuTÕ n U§l©P 

úYi¥V Uô±L°p AûUkR NUuTôhÓj ùRôÏl× GuL, det(A) ≠ 0 

GuL, AqYô\ô«u RWlThP ùRôÏl©tÏ JÚ JÚûUj ¾oÜ LôQ 

Ø¥Ùm, Cj¾oYô]Õ  

 x1 = 
det (A1)
det (A)  ,   x2 = 

det (A2)
det (A) ,  …  xn = 

det (An)
det (A)   

 CeÏ Aj Gu\ A¦Vô]Õ A-Cu j-YÕ ¨W−Ûs[ 

Eßl×LÞdÏl T§XôL B =  









 b1

 b2

 …
bn 

  Gu\ A¦«Ûs[ Eßl×Lû[l 

©W§«Pd ¡ûPdÏm A¦VôÏm, 
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CWiÓ U§l©P úYi¥V Uô±L°p AûUkR NUfºWt\ 

NUuTôÓLÞdÏ¬V ¡úWU¬u ®§ (Cramer’s Rule for Non 
homogeneous equations of 2 unknowns) : 
 CWiÓ U§l©P úYi¥V Uô±Ls ‘x’, ‘y’-Cp AûUkR CWiÓ 

úS¬Vf NUuTôÓLs ùLôiP ùRôÏl©û] GÓjÕd ùLôsúYôm, 

 a11x + a12y = b1 … (i) 

 a21x + a22y = b2 … (ii) 

  Let    ∆ = 






a11   a12

a21   a22
 

  ∴  x . ∆  = x   






a11   a12

a21   a22
 =  







a11x   a12

a21x   a22
 

   = 






b1 − a12y     a12

b2 − a22y     a22
 ((i) Utßm (ii) NUuTôÓL°−ÚkÕ) 

   = 






b1   a12

b2   a22
 − y 







a12   a12

a22   a22
 (A¦dúLôûY Ti×L°uT¥) 

   = 






b1   a12

b2   a22
 − y . 0  (A¦dúLôûY Ti©uT¥) 

  x . ∆ = 






b1   a12

b2   a22
  = ∆x  (GuL) 

  y. ∆ = 






a11   b1

a21   b2
  =  ∆y (GuL) 

 CeÏ ∆xI ∆-Cu ØRp ¨WûX 






b1

b2
-Bp ©W§«ÓYRôÛm  ∆y I ∆-

Cu CWiPôm ¨ûX 






b1

b2
–Bp ©W§«ÓYRôÛm ùT\Xôm,  

 x∆ = ∆x  ⇒   x = 
∆x

∆   

                           y∆ = ∆y  ⇒ y = 
∆y

∆    (∆ ≠ 0BL CÚdÏm YûW) 
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 ∆, ∆x, ∆y B¡VûY JÚûU U§l×ûPVRô]ûY BRôp. úUtLiP 

NUuTôhÓj ùRôÏl©tÏm JÚ JÚûUj ¾oúY ¡ûPdÏm, 

(JÚeLûUÜ Es[Õ), úUúX ®Y¬dLlThP Øû\ûVjRôu ¡úWU¬u 

®§ Gu¡ú\ôm, CÕ ∆ ≠ 0 G] CÚdÏmúTôÕ UhÓúU ùNVtTÓjR 

Ø¥Ùm GuTûR A±L, 
∆ = 0BL CÚdûL«p RWlThP ùRôÏl× JÚeLûUÜ Es[RôLúYô 

ApXÕ JÚeLûUÜ At\RôLúYô CÚdLXôm, 

¨ûX 1 : ∆ = 0 Utßm ∆x = 0, ∆y = 0 úUÛm a11, a12, a21, a22 B¡V 

ùLÝdL°p HúRàm Jußm éf£VUt\Rô«u. ùRôÏl©tÏ 

Gi¦dûLVt\ ¾oÜLs LôQØ¥Ùm, G]úY. Ck¨ûX«p 

NUuTôhÓj ùRôÏl× JÚeLûUÜ EûPVRôÏm, 

¨ûX 2 : ∆ = 0 Utßm ∆x, ∆y-L°p HúRàm Juß éf£VUt\Rô«u. 

ùRôÏl× JÚeLûUÜ At\RôÏm, ARôYÕ. ARtÏ ¾oÜ LôQ Ø¥VôÕ, 

 Ck¨ûXLû[ ®[dÏYRtÏ HÕYôL. CÚ Uô±L°p AûUkR 

©uYÚm êuß NUuTôhÓj ùRôÏl×Lû[ GÓjÕd ùLôsL, 

 (1) x + 2y = 3 (2) x + 2y = 3 (3) x + 2y = 3 
  x + y = 2  2x + 4y = 6  2x + 4y = 8 
¾oÜ (1) : 

  ∆ = 



1   2

1   1
  =  − 1 GuL, 

  ∆x = 



3   2

2   1
  =  − 1 

  ∆y = 



1   3

1   2
  =  − 1 

JúW JÚ ¾oÜ 
Y

X

X+Y = 2

X+2Y = 3

S

O
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 ∆ ≠ 0 GuTRôp. ùRôÏl©tÏ JÚ R²j¾oÜ ¡ûPdÏm, ¡úWU¬u 

®§lT¥.      x = 
∆x
∆   = 1  ;   y = 

∆y
∆   =  1      ∴ (x, y) = (1, 1) 

¾oÜ  (2) : 

  ∆ = 



1   2

2   4
  =  0  GuL, 

  ∆x = 



3   2

6   4
  =  0 

  ∆y = 



1   3

2   6
  =  0 

Gi¦dûLVt\ ¾oÜ 
Y

X

X + 2Y = 3
2X + 4Y = 6

o

S

 
TPm 1.5 
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 ∆ = 0 Utßm ∆x = 0, ∆y = 0. úUÛm a11, a12, a21, a22–L°p Ïû\kRÕ 

Ju\ôYÕ éf£VUt\Rô«u Gi¦dûLVt\ ¾oÜLs CÚdÏm, 

úUtLiP ùRôÏl× x + 2y = 3 Gu\ JÚ R²fNUuTôPôL Uôßm, 

CRû]j ¾odL y = k G]d ùLôiÓ. x = 3 − 2y = 3 − 2k 
 ∴ ¾oYô]Õ x = 3 − 2k, y = k   ;    k ∈ R 
    k-Cu ùYqúYß U§l×LÞdÏ. ùYqúYß ¾oÜLs ùT\Xôm, 

Ï±lTôL (1, 1), (− 1, 2), (5 − 1) Utßm (8, − 2.5) B¡VûY Øû\úV  
k = 1, 2, − 1 Utßm − 2.5 G]l©W§«ÓYRôp ùT\lTÓm ¾oÜL[ôÏm, 
¾oÜ  (3) : 

∆ = 



1   2

2   4
  =  0  ;    

∆x = 



3   2

8   4
=  − 4  ;  ∆y = 



1   3

2   8
 = 2 

 ∆ = 0 Utßm ∆x ≠ 0,  

∆y ≠ 0, G]úY ùRôÏl× 

JÚeLûUÜ CpXôRÕ, BLúY 

¾oÜ LôQ Ø¥VôÕ,  

¾oÜ CpûX 
Y

X

X + 2Y = 3
2X + 4Y = 8

o
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1,5,3 êuß U§l©P úYi¥V Uô±Lû[d ùLôiP NUfºWt\ 

NUuTôÓLs (Non homogeneous equations of three unknowns) :  
 a11x + a12y + a13z = b1 
 a21x + a22y + a23z = b2 
 a31x + a32y + a33z = b3  Gu¡\ úS¬Vf NUuTôhÓj ùRôÏl©û] 

GÓjÕd ùLôsúYôm, 

 Øu× ®Y¬dLlThPÕ úTôXúY ∆, ∆x, ∆y Utßm ∆zI 

YûWVßlúTôm, 

 ∆ = 







a11    a12    a13

a21    a22    a23

a31    a32    a33

 ,   ∆x = 







b1    a12    a13

b2    a22    a23

b3    a32    a33

 

 ∆y = 







a11    b1    a13

a21    b2    a23

a31    b3    a33

 ,     ∆z =   







a11    a12    b1

a21    a22    b2

a31    a32    b3

 

 CWiÓ Uô±LÞdÏ ®Yô§jRÕ úTôXúY. úUtLiP ùRôÏl©u 

¾ojRÛdÏ¬V ®§Øû\Lû[d LôiúTôm, 
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¨ûX 1 : ∆ ≠ 0 G²p RWlThP ùRôÏl× JÚeLûUÜ EûPVRôÏm, 

¡úWUo ®§ûVl TVuTÓj§ ùRôÏl©u ¾oûYd LôQXôm, 

¨ûX 2 : ∆ = 0 G²p êuß Ød¡V (ET¨ûXLû[) AûP¡ú\ôm, 

 ET¨ûX 2(a) :  ∆ = 0 Utßm ∆x, ∆y, ∆z-p HúRàm JÚ U§l× 

éf£VUt\Rô«u. ùRôÏl©tÏ ¾oÜ LôQØ¥VôÕ, Ck¨ûX«p 

NUuTôÓLs ¾odLj RdLûY ApX, 

 ET¨ûX 2(b) : ∆ = 0 Utßm ∆x = ∆y = ∆z = 0  úUÛm ∆-®u 2 × 2 

£t\¦ úLôûY éf£VUt\Rô«u ùRôÏl× JÚeLûUÜ EûPVRôÏm, 

úUÛm Gi¦dûLVt\ ¾oÜLs ¡ûPdÏm, Ck¨ûX«p êuß 

NUuTôÓL[ô]ûY. CWiÓ NUuTôÓL[ôLd Ïû\kÕ ®Óm, 

CRû]j ¾odL CWiÓ RÏkR NUuTôÓLû[ GÓjÕd ùLôsúYôm, 

êuß U§l©P úYi¥V Uô±L°p Ju±tÏ HúRàm JÚ 

U§l©û] RkÕ ARu êXm Ut\ CÚ Uô±L°u U§l×û[Ùm 

LôQXôm, 

 ET¨ûX 2(c) : ∆ = 0 Utßm ∆x = ∆y = ∆z = 0 úUÛm GpXô (2 × 2) 

£t\¦d úLôûYL°u U§l× éf£VeL[ô¡ B]ôp ∆®u Ïû\kRÕ 

JÚ EßlTôYÕ éf£VUt\Rô«u (aij≠ 0). ùRôÏlTô]Õ JÚeLûUÜ 

EûPVRôÏm, Gi¦dûLVt\ ¾oÜLs ¡ûPdÏm, Ck¨ûX«p 

RWlThP ùRôÏlTô]Õ JúW JÚ NUuTôh¥tÏ Ïû\Ùm, CRû]j 

¾odL HúRàm CÚ Uô±LÞdÏ HúRàm U§l×Lû[j RkÕ AYt±u 

êXm êu\ôYÕ Uô±«u U§lûT A±VXôm, 

 ET¨ûX 2(d) : ∆ = 0, ∆x = ∆y = ∆z = 0 úUÛm ∆®p Es[ GpXô  

2 × 2 £t\¦dúLôûYL°u U§l× éf£VeL[ô¡. B]ôp ∆x ApXÕ  

∆y ApXÕ ∆z-u HúRàm JÚ  2 × 2 £t\¦d úLôûY«u U§l× 

éf£VUt\RôL CÚl©u. ùRôÏl× JÚeLûUÜ At\RôÏm, 

úRt\m 1.2  (¨ìTQªu±) : 
 JÚ ANUT¥jRô] úS¬Vf NUuTôhÓj ùRôÏl©p U§l©P 

úYi¥V Uô±L°u Gi¦dûL NUuTôÓL°u Gi¦dûLûV ®P 

A§LUô«ÚkÕ JÚeLûUÜ EûPVRôÙm CÚl©u. AjùRôÏl©tÏ 

Gi¦dûLVt\ ¾oÜLs CÚdÏm, 

 úUtLiP ¨ûXLû[ ®[dÏYRtÏ HÕYôL ©uYÚm 

GÓjÕdLôhÓLû[d LôiúTôm, 

 (1) 2x + y + z = 5 (2) x + 2y + 3z = 6 
  x + y + z = 4  x + y + z = 3 
  x − y + 2z = 1  2x + 3y + 4z = 9 
 (3) x + 2y + 3z = 6 (4) x + 2y + 3z = 6 (5) x + 2y + 3z = 6 
  2x + 4y + 6z = 12  x + y + z = 3  2x + 4y + 6z = 12 
  3x + 6y + 9z = 18  2x + 3y + 4z = 10  3x + 6y + 9z = 24 
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¾oÜ (1) : 

  2x + y + z = 5  ;   x + y + z = 4  ;    x − y + 2z = 1 

 ∆ = 








2    1    1

1    1    1

1   − 1   2
   = 3 

∆x = 








5    1    1

4    1    1

1   − 1   2
  = 3 

JúW JÚ ¾oÜ 
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 ∆y = 








2   5   1

1   4   1
1   1   2

  = 6    ;           ∆z = 








2    1    5

1    1    4

1   − 1   1
  = 3 

 ∆ = 3, ∆x = 3, ∆y = 6, ∆z = 3 

 ‡ ∆ ≠ 0 ¡úWU¬u ®§lT¥ ùRôÏl©tÏ JúW JÚ ¾oÜRôu 

CÚdÏm, 

 x = 
∆x

∆  = 
3
3  = 1,     y = 

∆y

∆   = 
6
3   =  2,     z = 

∆z
∆   = 1 

 ∴ x = 1,  y = 2,  z = 1 ¾oYôÏm, 

  (x, y, z) = (1, 2, 1) 

¾oÜ (2) : 

 x + 2y + 3z = 6  ;   x + y + z = 3  ;  2x + 3y + 4z = 9 

 ∆ = 








1   2   3

1   1   1
2   3   4

   = 0   ;       ∆x = 








6   2   3

3   1   1
9   3   4

  = 0   

 ∆y = 








1   6   3

1   3   1
2   9   4

  = 0     ;       ∆z = 








1   2   6

1   1   3
2   3   9

  = 0  

 ∆ = 0 Utßm ∆x = ∆y = ∆z = 0 B]ôp Ïû\kRÕ JÚ 2 × 2 £t\¦d 

úLôûY«u U§l× éf£VUt\Rô«ÚlTRôp ùRôÏl× JÚeLûUÜ 

EûPVRôÏm, 



 



1   2

1   1
 ≠ 0  Gi¦dûLVt\ ¾oÜLû[l ùTt±ÚdÏm, 
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 RWlThP ùRôÏl× CWiÓ NUuTôÓLÞdÏ Ïû\Ùm z = k G]d 

ùLôsYRu êXm ØRp CÚ NUuTôÓL[ôY]. 

  x + 2y + 3k = 6 
  x + y + k = 3 
 i.e., x + 2y = 6 − 3k 
  x + y = 3 − k 

  ∆ = 



1   2

1   1
 = − 1 

Gi¦dûLVt\ ¾oÜLs 
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  ∆x = 




6 − 3k   2

3 − k    1
 = 6 − 3k − 6 + 2k = − k 

  ∆y = 




1   6 − 3k

1    3 − k
 = 3 − k − 6 + 3k = 2k − 3 

  x = 
∆x

∆   =  
− k
− 1

   =  k 

  y = 
∆y

∆   =  
2k − 3

− 1
 = 3 − 2k 

∴ ¾oYô]Õ x = k, y = 3 − 2k Utßm z = k 

 i.e.  (x, y, z) = (k, 3 − 2k, k).   k ∈ R 

 Ï±lTôL k = 1, 2, 3, 4 G]d ùLôsYRu êXm Øû\úV 

 (1, 1, 1), (2, − 1, 2), (3, − 3, 3), (4, − 5, 4) B¡VYtû\ AûPVXôm, 

¾oÜ (3) : 

 x + 2y + 3z = 6  ;   2x + 4y + 6z = 12  ;    3x + 6y + 9z = 18 

 ∆ = 








1   2   3

2   4   6
3   6   9

  = 0     ;    ∆x = 








6    2   3

12   4   6
18   6   9

  = 0  

 ∆y = 








1    6    3

2   12   6
3   18   9

  = 0    ;   ∆z = 








1   2    6

2   4   12
3   6   18

  = 0              

 CeÏ ∆ = 0 Utßm ∆x = ∆y = ∆z = 0. 
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 úUÛm GpXô 2 × 2 £t\¦d 

úLôûYL°u U§l×Ls éf£Vm 

B¡u\], ∆-u Ïû\kRÕ JÚ 

EßlTôYÕ éf£VUt\RôRXôp 

Gi¦dûLVt\ ¾oÜLs CÚdÏm, 

úUtLiP NUuTôhÓj ùRôÏl× JÚ 

NUuTôhÓdÏ Ïû\Ùm,  

Gi¦dûLVt\ ¾oÜLs 

 
TPm 1.9 

 ùLôÓdLlThP ùRôÏlTô]Õ x + 2y + 3z = 6 BÏm, 

 y = s, z = t GàUôß HúRàªÚ U§l×Lû[j RW. 

 x = 6 − 2y − 3z  =  6 − 2s − 3t 

 ∴ ¾oYô]Õ x = 6 − 2s − 3t,   y = s,  z = t 

 i.e.   (x, y, z) = (6 − 2s − 3t, s, t)   s, t ∈ R 

 s, t-Cu ùYqúYß U§l×LÞdÏ TpúYß ¾oÜLû[ 

AûP¡ú\ôm, 

¾oÜ (4) : 

 x + 2y + 3z = 6  ;     x + y + z = 3  ;      2x + 3y + 4z = 10 

 ∆ = 








1   2   3

1   1   1
2   3   4

  = 0 

 ∆x = 








6    2   3

3    1   1
10   3   4

   = − 1 

¾oÜ CpûX 
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 ∆ = 0, ∆x ≠ 0 GuTRôp NUuTôhÓj ùRôÏl× JÚeLûUÜ 

At\RôÏm, (∆x, ∆y, ∆z-Cp Ïû\kRÕ Ju\ôYÕ éf£VUt\Õ) ∴¾oÜ 

¡ûPVôÕ,  

¾oÜ (5) : 

 x + 2y + 3z = 6  ;       2x + 4y + 6z = 12  ;     3x + 6y + 9z = 24 

 ∆ = 








1   2   3

2   4   6
3   6   9

  = 0   ;        ∆x = 








6    2   3

12   4   6
24   6   9

  = 0 
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 ∆y = 








1    6    3

2   12   6
3   24   9

  = 0   ;     ∆z = 








1   2    6

2   4   12
3   6   24

  = 0  

CeÏ ∆ = 0 Utßm ∆x = ∆y = ∆z = 0. 

     ∆-Cu GpXô 2 × 2 A¦d úLôûY 

U§l×Ls éf£VeLs BÏm, B]ôp  
∆x ApXÕ ∆y-Cu JÚ 2 × 2 

A¦dúLôûY«u U§lTô]Õ 

éf£VUt\RôÙs[Rôp. (∆x-Cp 

Es[ 3-Cu £t\¦dúLôûY 





12   4

24   6
 ≠ 0) 

¾oÜ CpûX 

 

 
 

TPm 1.11 
ùRôÏl× JÚeLûUÜ At\RôÏm, G]úY CRtÏ ¾oÜ ¡ûPVôÕ, 
GÓjÕdLôhÓ 1.17: A¦dúLôûY Øû\«p ©uYÚm NUuTôÓL°u 

ùRôÏl×Lû[j ¾odL, 

 (1) x + y = 3, (2) 2x + 3y = 8, (3) x − y = 2, 

  2x + 3y = 7  4x + 6y = 16  3y = 3x − 7  
¾oÜ   
 (1) : x + y = 3  ;   2x + 3y = 7 

  ∆ = 



1   1

2   3
 = 3 − 2 = 1,  ;   ‡ ∆ ≠ 0  GuTRôp JúW JÚ 

¾oÜRôu EiÓ, 

  ∆x = 



3   1

7   3
 = 9 − 7 = 2  ;  ∆y = 



1   3

2   7
  = 7 − 6 = 1 

  ∆ = 1,    ∆x  =  2,    ∆y  =  1 

 ∴ ¡úWU¬u ®§lT¥. 

  x = 
∆x

∆  =  
2
1  = 2    ;   y  =  

∆y

∆   =  
1
1   =  1 

 ∴ ¾oÜ (x, y) = (2, 1) 

¾oÜ  (2)  : 2x + 3y = 8  ;   4x + 6y = 16  

  ∆ = 



2   3

4   6
 = 12 − 12 = 0 
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  ∆x = 



8    3

16   6
 = 48 − 48 = 0 

  ∆y = 



2    8

4   16
 = 32 − 32 = 0 

 ∆ = 0 Utßm ∆x = ∆y = 0 GuTRôÛm. ∆-Cu Ïû\kRÕ JÚ ùLÝ 

aijBYÕ éf£VUtß CÚlTRôp. ùRôÏl× JÚeLûUÜ EûPVRôÏm, 

Gi¦dûLVt\ ¾oÜLs ¡ûPdÏm, 

 GpXô 2 × 2 £t\¦d úLôûYLs éf£VeL[ôLÜm. Ïû\kRÕ JÚ 

(1 × 1) £t\¦dúLôûY éf£VUt\Õ BRXôp ùRôÏl× JúW JÚ 

R²fNUuTôh¥tÏ Ïû\Ùm, x (ApXÕ y)-dÏ HúRàm JÚ 

U§lT°jÕ y (ApXÕ x)Cu U§lûTd LôQXôm. 

 x = t G]j RW y = 
1
3 (8 − 2t). 

∴G]úY ¾oÜ LQUô]Õ (x, y) = 



t, 

8 − 2t
3  ,   t ∈ R 

 Ï±lTôL (x, y) = (1, 2) t = 1 G²p 

  (x, y) = (− 2, 4)  t = − 2 G²p 

  (x, y) = 



− 

1
2 , 3   t = − 

1
2  G²p 

¾oÜ (3) : x − y = 2 ; 3y = 3x − 7   

  ∆ = 






1   − 1

3   − 3
 = 0,      

  ∆x = 






2   − 1

7   − 3
 = 1 

 ∆ = 0 Utßm ∆x ≠ 0 ∴ ùRôÏl× JÚeLûUÜ At\Õ, ∴ ¾oÜ 

¡ûPVôÕ, 

GÓjÕdLôhÓ 1.18 : ©uYÚm ANUT¥jRô] NUuTôhÓj 

ùRôÏl×Lû[j ¾odL: 
 (1) x + 2y + z = 7 (2) x + y + 2z = 6 (3) 2x + 2y + z = 5 
  2x − y + 2z = 4  3x + y − z = 2  x − y + z = 1 
  x + y − 2z = − 1  4x + 2y + z = 8  3x + y + 2z = 4 
 (4) x + y + 2z = 4 (5) x + y + 2z = 4 
  2x + 2y + 4z = 8  2x + 2y + 4z = 8 
  3x + 3y + 6z = 12  3x + 3y + 6z = 10 
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¾oÜ :  x + 2y + z = 7,       2x − y + 2z = 4,        x + y − 2z = − 1 

  ∆ = 







1    2    1

2   − 1    2

1    1    − 2

 = 15   

 ∴ ∆ ≠ 0 GuTRôp JúW JÚ ¾oÜRôu EiÓ, 

  ∆x = 







7    2    1

4    − 1    2

− 1    1    − 2

 = 15       ;   ∆y =  









1   7    1

2   4    2

1− 1   − 2

 = 30 

  ∆z = 







1    2    7

2   − 1    4

1    1    − 1

 = 30 

 ∆ = 15,    ∆x = 15,    ∆y = 30,    ∆z = 30 
 ¡úWUo ®§lT¥. 

 x = 
∆x

∆   =  1,     y = 
∆y

∆  = 2,    z = 
∆z

∆  = 2 

 ∴ ¾oÜ (x, y, z) = (1, 2, 2) 
¾oÜ (2) : x + y + 2z = 6,       3x + y − z = 2,       4x + 2y + z = 8 

  ∆ = 









1   1    2

3   1   − 1

4   2    1

 = 0,     ∆x = 









6   1    2

2   1   − 1

8   2    1

 = 0, 

  ∆y = 









1   6    2

3   2   − 1

4   8    1

 = 0,     ∆z = 









1   1   6

3   1   2

4   2   8

 = 0 

 ∆ = 0 Utßm ∆x = ∆y = ∆z = 0 úUÛm ∆-®u (2 × 2) £t\¦d 

úLôûYL°p HúRàm Juß éf£VUt\Õ, BRXôp. ùRôÏl× 

JÚeLûUÜ EûPVÕ úUÛm Gi¦dûLVt\ ¾oÜLs ùTt±ÚdÏm, 

 CÚ RÏkR NUuTôÓLû[ GÓjÕd ùLôiÓ. HúRàm JÚ 

Uô±dÏ HúRàm JÚ U§l× RÚYRu êXm Ut\ CÚ Uô±L°u 

U§l×Lû[d LôQXôm, 

z = k ∈ R GuL, 

  x + y =6 − 2k 
  3x + y = 2 + k 
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  ∆ = 



1   1

3   1
 = 1 − 3 = − 2 

  ∆x = 






6 − 2k   1

2 + k    1
 = 6 − 2k − 2 − k = 4 − 3k 

  ∆y = 






1   6 − 2k

3    2 + k
 = 2 + k − 18 + 6k = 7k − 16 

 ∴ ¡WôU¬u ®§lT¥ 

  x = 
∆x

∆   =  
4 − 3k

− 2
  =  

1
2 (3k − 4) 

  y = 
∆y

∆   =  
7k − 16

− 2
   =  

1
2  (16 − 7k) 

 ∴ ¾oÜ LQUô]Õ 

  (x, y, z) = 



3k − 4

2 ,  
16 − 7k

2  ,  k          k ∈ R 

 k = − 2 Utßm 2dÏ¬V. Ï±l©hP ¾oÜL[ô]ûY. Øû\úV  
(− 5, 15, − 2) Utßm (1, 1, 2) BÏm 

¾oÜ  (3) : 2x + 2y + z = 5,       x − y + z = 1,         3x + y + 2z = 4 

  ∆ = 









2    2    1

1   − 1   1

3    1    2

  = 0      ;    ∆x  =  









5    2    1

1   − 1   1

4    1    2

  ≠ 0 

 ∆ = 0 Utßm ∆x ≠ 0 (∆x, ∆y, ∆z-u U§l×L°p Ïû\kRÕ HúRàm 

Juß éf£VUt\Õ) GuTRôp. ùRôÏl× JÚeLûUÜ At\Õ, ARôYÕ 

CRtÏ ¾oÜ ¡ûPVôÕ, 

¾oÜ (4) :  x + y + 2z = 4,      2x + 2y + 4z = 8,        3x + 3y + 6z = 12 

  ∆ = 









1   1   2

2   2   4

3   3   6

 = 0       ∆x = 









4    1   2

8    2   4

12   3   6

 = 0 

  ∆y = 









1    4    2

2    8    4

3   12   6

 = 0,     ∆z = 









1   1    4

2   2    8

3   3   12

 = 0 
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 ∆ = 0 Utßm ∆x = ∆y = ∆z = 0 úUÛm ∆, ∆x, ∆y, ∆z-Cu GpXô 2 × 2 
£t\¦d úLôûY U§l×LÞm éf£VeLs BRXôp ¨ûX 2(c)-CuT¥ 

AÕ JÚeLûU× EûPVÕ, Gi¦dûLVt\ ¾oÜLû[l ùTt±ÚdÏm, 
(‡ ∆-Cu Ïû\kRÕ JÚ ùLÝ aijBYÕ éf£VUt\RôÙs[Rôp. 

CjùRôÏl× JúW JÚ NUuTôh¥tÏ Ïû\Ùm) 

 x = s Utßm y = t GuL, ØRp NUuTôh¥−ÚkÕ 

 z = 
1
2  (4 − s − t)  ∴  ¾oÜ L]Uô]Õ  

  (x, y, z) = 



s,  t,  

4 − s − t
2 ,   s, t ∈ R 

  s = t = 1 G²p (x, y, z) = (1, 1, 1)   

  s = − 1, t = 2 G²p (x, y, z) = 



− 1,  2,  

3
2    

¾oÜ (5) :  x + y + 2z = 4,        2x + 2y + 4z = 8,      3x + 3y + 6z = 10 

  ∆ = 









1   1   2

2   2   4

3   3   6

 = 0       ∆y = 









1    4    2

2    8    4

3   10   6

 = 0 

  ∆x = 









4    1   2

8    2   4

10   3   6

 = 0,     ∆z = 









1   1    4

2   2    8

3   3   10

 = 0 

 ∆ = 0 Utßm ∆x = ∆y = ∆z = 0. úUÛm ∆-u GpXô 2 × 2 £t\¦d 

úLôûYL°u U§l×Ls éf£VUôYRôÛm. ∆x, ∆y Utßm ∆z-Cu £X 

£t\¦d úLôûYLs éf£VUt\RôÙs[Rôp ùRôÏl× JÚeLûUÜ 

At\Õ, G]úY ARtÏ ¾oÜ ¡ûPVôÕ, 

GÓjÕdLôhÓ 1.19 : JÚ ûT«p ì, 1. Utßm ì, 2. Utßm ì,5 

SôQVeLs Es[], ìTôn 100 U§l©tÏ ùUôjRm 30 SôQVeLs 

Es[], AqYô\ô«u JqùYôÚ YûL«Ûm Es[ SôQVeL°u 

Gi¦dûLûV LôiL, 

¾oÜ : 
 ì,1, ì,2 Utßm ì, 5 YûL«p Es[ SôQVeL°u Gi¦dûLLs 

Øû\úV x, y Utßm z GuL, RWlThP ®YWlT¥ 

  x + y + z = 30   (i) 
  x + 2y + 5z = 100 (ii) 
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 êuß U§l©P úYi¥V Uô±LÞm B]ôp CWiÓ 

NUuTôÓLÞm UhÓúU Es[], zdÏ HúRàm JÚ U§l× k A°jÕ x 

Utßm  y-Cu U§lûT LôQXôm, 

 NUuTôÓLs (i) Utßm (ii) B]Õ 

 (i)  ⇒ x + y = 30 − k   

 (ii)  ⇒ x + 2y  = 100 − 5k k ∈ R 

 ∆=



1   1

1   2
 = 1,  ∆x = 







30 − k    1

100 − 5k   2
 = 3k − 40,   ∆y = 







1    30 − k

1   100 − 5k
= 70 − 4k 

 ¡úWU¬u ®§lT¥ 

 x  =  
∆x

∆  = 3k − 40,      y = 
∆y

∆  = 70 − 4k 

 ¾oÜ (x, y, z)  =  (3 k − 40, 70 − 4k, k)   k ∈ R. 

 SôQVeL°u Gi¦dûL JÚ Ïû\Vt\ ØÝ Gi BRXôp  
k = 0, 1, 2 … 

 úUÛm 3k − 40 ≥ 0,    Utßm  70 − 4k ≥ 0   ⇒   14 ≤ k ≤ 17 

  G]úY. (2, 14, 14), (5, 10, 15), (8, 6, 16) Utßm (11, 2, 17) B¡VûY 

Nôj§Vj ¾oÜL[ôÏm, 

1,5,4 NUT¥jRô] úS¬V NUuTôhÓj ùRôÏl× (Homogeneous linear 
system) :  
 YXlTdLj§Ûs[ Uô±− Eßl×Ls VôÜm éf£VeL[ôLd 

ùLôiP úS¬Vf NUuTôhÓj ùRôÏl× NUT¥jRô] úS¬Vf 

NUuTôhÓj ùRôÏlTôÏm, CRu AûUl× 

 a11 x1 + a12 x2 + ………… + a1n xn = 0 

 a21 x1 + a22 x2 +  ………… + a2n xn = 0 

 …………………………………………. 

 …………………………………………. 
 am1x1 +  am2 x2 + ……….. + amn xn = 0 

 CjùRôÏl× GlúTôÕúU JÚeLûUÜ EûPVRôÏm, Hù]²p  
x1 = 0, x2 = 0 …… xn = 0 CRu JÚ ¾oYôÏm, Cj¾o®û] ùY°lTûPj 

¾oÜ GuTo, Ut\ ¾oÜLs CÚdÏUô«u AYtû\ ùY°lTûPVt\ 

¾oÜLs GuTo, 
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 NUT¥jRô] úS¬Vf NUuTôhÓj ùRôÏl©tÏ ©uYÚUôß 

¾oÜLs AûUV Yônl× Es[Õ, 

 (i) ùY°lTûPj ¾oÜ UhÓúU AûUYÕ 

 (ii) ùY°lTûPj ¾oÜ UhÓUpXôUp Gi¦dûLVt\ 

ùY°lTûPVt\ ¾oÜLÞm AûUYÕ, 
 GÓjÕdLôhPôL CWiÓ 

Uô±L°p AûUkR CWiÓ 

NUT¥jRô] úS¬Vf NUuTôÓLû[ 

GÓjÕd ùLôsúYôm, 

  x + y = 0 

  x − y = 0 
 Cq®Ú NUuTôÓLÞm 

B§Y¯úVf ùNpÛm CWiÓ 

úSoúLôÓLû[j RÚ¡u\], G]úY 

ùY°lTûP ¾oYô]Õ Cq®Ú 

úSodúLôÓLÞm ùYh¥dùLôsÞm 

×s°Vô] B§VôÏm, 

 
 
 
 
 
 
 
 

 
TPm 1. 12 

 ¸úZ RWlThÓs[ ùRôÏl× 

  x − y = 0 

  2x − 2y = 0 
 B§ Y¯úV ùNp¡u\ JúW JÚ 

úSodúLôPôÏm, G]úY ùRôÏl©tÏ 

Gi¦dûLVt\ ¾oÜLs CÚdÏm, 

Y

X

X + Y = 0
2X + 2Y = 0

O

 
TPm 1.13 

Uô±L°u Gi¦dûL NUuTôÓL°u Gi¦dûLûV ®P A§LUôL 

CÚdûL«p ùY°lTûPVt\ ¾oÜLs ¨fNVUôL ¡ûPlTRtÏ 

Yônl×Ls EiÓ, 
úRt\m 1.3 : (¨ìTQªu±) 

 Uô±L°u Gi¦dûL NUuTôÓL°u Gi¦dûLûV ®P 

A§LUôL ùLôiP NUT¥jRô] úS¬Vf NUuTôhÓj ùRôÏl©tÏ 

GiQt\ ¾oÜLs ¡ûPdÏm, 

GÓjÕdLôhÓ 1.20 :  

¾o : x + y + 2z = 0 

 2x + y − z = 0 
 2x + 2y + z = 0 

 Y

X  − Y = 0

X + Y = 0

Xo

S

Y

X  − Y = 0

X + Y = 0

Xo

S
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¾oÜ : 

 ∆ = 









1   1    2

2   1   − 1

2   2    1

 = 3 

 ‡ ∆ ≠ 0 BRXôp ùRôÏl× JúW JÚ ¾o®û]d ùLôi¥ÚdÏm, 

G]úY úUtLiP NUT¥jRô] ùRôÏl× ùY°lTûPj ¾oÜ UhÓúU 

ùTt±ÚdÏm, 

 (x, y, z) = (0, 0, 0). 
GÓjÕdLôhÓ  1.21 :  

¾o : x + y + 2z = 0 
 3x + 2y + z = 0 
 2x + y − z = 0 

¾oÜ :   ∆ = 






1   1    2

3   2    1

2   1   − 1

 = 0   

‡ ∆ = 0 GuTRôp Gi¦dûLVt\ ¾oÜLs CÚdÏm, úUÛm ∆®u 

Ïû\kRÕ JÚ 2 × 2 £t\¦d úLôûY éf£VUt\Rôn CÚlTRôp 

CjùRôÏlTô]Õ CWiÓ NUuTôÓL[ôLd Ïû\Ùm, G]úY HúRàm 

JÚ Uô± HúRàm JÚ U§l×m Ut\ CÚ Uô±L°u U§l©û] CRu 

êXm LôQXôm, ,z = k GuL, ØRp Utßm LûP£ NUuTôÓL°−ÚkÕ 

Sôm GkR CWiÓ NUuTôÓLs úYiÓUô]ôÛm GÓjÕd 

ùLôs[Xôm) 

  x + y = − 2k 
  2x + y = k 

 ∴ ∆ = 



1   1

2   1
 = − 1,      ∆x = 







− 2k   1

k    1
 = − 3k,       ∆y = 







1   − 2k

2    k
 = 5k  

 ¡úWU¬u ®§lT¥ 

 x = 3k,    y = − 5k 

 ∴ (x, y, z) = (3k, − 5k,  k) ¾oYôÏm, 

T«t£ 1.4 
¸úZ ùLôÓdLlThÓs[ ANUT¥jRô] úS¬Vf NUuTôhÓj 

ùRôÏl©û] A¦dúLôûY Øû\«p ¾odL : 
  (1) 3x + 2y = 5 (2) 2x + 3y = 5 
   x + 3y = 4  4x + 6y = 12 
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  (3) 4x + 5y = 9 (4) x + y + z = 4 
   8x + 10y = 18  x − y + z = 2 
     2x + y − z = 1 
  (5) 2x + y − z = 4 (6) 3x + y − z = 2 

   x + y − 2z = 0  2x − y + 2z = 6 

   3x + 2y − 3z = 4  2x + y − 2z = − 2 

  (7) x + 2y + z = 6 (8) 2x − y + z = 2 

   3x + 3y − z = 3  6x − 3y + 3z = 6 

   2x + y − 2z = −3  4x − 2y + 2z = 4 

  (9) 
1
x + 

2
y − 

1
z = 1 ;   

2
x  + 

4
y + 

1
z = 5  ;    

3
x  − 

2
y − 

2
z = 0 

  (10) JÚ £±V LÚjRWeÏ Aû\«p 100 SôtLô−Ls ûYlTRtÏ 

úTôÕUô] CPØs[Õ, êuß ùYqúY\ô] ¨\eL°p 

SôtLô−Ls YôeL úYi¥Ùs[Õ, (£Ll×. ¿Xm Utßm 

TfûN), £Ll× YiQ SôtLô−«u ®ûX ì,240. ¿XYiQ 

SôtLô−«u ®ûX ì.260. TfûNYiQ SôtLô−«u ®ûX 

ì.300, ùUôjRm ì.25,000 U§l×s[ SôtLô−Ls 

YôeLlThPÕ, AqYô\ô«u JqùYôÚ YiQj§Ûm 

YôeLjRdL SôtLô−L°u Gi¦dûLdÏ Ïû\kRThNm 

êuß ¾oÜLû[d LôiL, 

1,5,5 RW Øû\ (Rank method) :  

 x1, x2, x3, … xn Gu\ n U§l©P úYi¥V Uô±L°p AûUkR m 

úS¬Vf NUuTôÓLû[ GÓjÕd ùLôsúYôm, (TÏ§ 1,2-Cp 

Es[ÕúTôp) CfNUuTôÓLû[ 

 AX = B Gu\ A¦fNUuTôPôL GÝ§d ùLôsúYôm, CeÏ  m × n 

A¦ AB]Õ ùLÝdL°u A¦VôÏm (coefficient matrix), ùRôÏl©p 

Es[ NUuTôÓLû[j ¾odLdá¥V x1, x2, x3 … xn-Cu U§l×Lû[ 

ùRôÏl©tÏ¬V JÚ ¾oYôLd ùLôsYo, 

 Ïû\kRThNm JÚ ¾oYôYÕ ùTt\ NUuTôhÓj ùRôÏlûT 

JÚeLûUf NUuTôÓLs GuTo, JÚeLûUf NUuTôhÓj 

ùRôÏl©tÏ Juß ApXÕ Gi¦dûLVt\ ¾oÜLs CÚdLXôm. JúW 

JÚ ¾oÜ UhÓm ùLôi¥Úl©u Aj¾oÜ JÚûUj ¾oÜ G]lTÓm, 

¾oÜ GÕÜúU ùT\ôR NUuTôhÓj ùRôÏl©û] JÚeLûUVôf 

NUuTôhÓj ùRôÏl× GuTo, 
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a11    a12    a13    …    a1n    b1

a21    a22    a23    …    a2n    b2

a31    a32    a33    …    a3n    b3

…    …    …    …    …     …
am1   am2   am3    …    amn   bm

 Gu¡\ m × (n + 1) A¦ûV 

ùRôÏl©u ®¬ÜTÓjRlThP A¦  (augmented matrix) GuTo, 

 AX = B Gu¡\ úS¬Vf NUuTôhÓj ùRôÏl× 

JÚeLûUkRRô«ÚdL úRûYVô]Õm úTôÕUô]ÕUô] ¨V§ 

VôùR²p A Utßm [A, B] –Cu RWeLs NUUô«ÚjRúX BÏm, 

 NôRôWQ EÚUôt\eLû[ úUtùLôsYRu êXm RWlThP 

úS¬Vf NUuTôhÓj ùRôÏl©u ¾oÜ Uô\lúTôY§pûX, G]úY. 

RWlThP NUuTôhÓj ùRôÏl©û] NôRôWQ EÚUôt\eLû[l 

TVuTÓj§ JÚ NUô]j ùRôÏl©tÏ Uôt± JÚeLûUjRuûUûV 

BWônkÕ ¾oûY G°§p LôQXôm, 

JÚeLûUjRuûUûV BWôV úUtùLôs[ úYi¥V ¨ûXLs : 
 (i) RWlThP NUuTôhÓj ùRôÏlûT AX = B Gu¡\ 

A¦fNUuTôPôL Uôt± GÝÕL, 
 (ii) ®¬ÜTÓjRlThP A¦ [A, B]–Id LôiL 
 (iii) A Utßm [A, B]–dL°u RWeLû[d LôQ ¨ûWLû[ UhÓúU 

EhTÓj§ NôRôWQ EÚUôt\eLû[ úUtùLôsL, ¨WpL°u 

ÁRô] EÚUôt\eLû[ úUtùLôs[dáPôÕ, 

 (iv) (A) A-Cu RWm  ≠ [A, B]-Cu RWm. G²p NUuTôhÓj 

ùRôÏl× JÚeLûUVôRRôÏm, Ck¨ûX«p RWlThP 

NUuTôhÓj ùRôÏl©tÏ ¾oÜ ¡ûPVôÕ, 

  (B) A-Cu RWm = [A, B] –Cu RWm = n GuL, CeÏ n GuTÕ 

U§l©P úYi¥V Uô±L°u Gi¦dûLVôÏm, 

Ck¨ûX«p AB]Õ éf£VUt\ úLôûY A¦VôÏm, 

úUÛm RWlThP NUuTôhÓj ùRôÏl× JÚeLûUf 

NUuTôhÓj ùRôÏlTôÏm,  CjùRôÏl©tÏ JúW JÚ 

¾oûY UhÓm LôQXôm, 

  (C) A-Cu RWm = [A, B]-Cu RWm < n GuL, Ck¨ûX«Ûm 

NUuTôhÓj ùRôÏl× JÚeLûUkRRôÏm, B]ôp 

Gi¦dûLVt\ ¾oÜLû[l ùTt±ÚdÏm, 

GÓjÕdLôhÓ 1.22 : RWlThP NUuTôhÓj ùRôÏl× JÚeLûUkRRô 

G] N¬TôojÕ. AqYôß JÚeLûUkRRô«u ARû]j ¾odL : 

 2x + 5y + 7z = 52, x + y + z = 9,      2x + y − z = 0 
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¾oÜ : RWlThP NUuTôhÓj ùRôÏl©û] ©uYÚUôß A¦f 

NUuTôPôL Uôt± GÝRXôm, 

  









2   5    7

1   1    1

2   1   − 1

  









 x

 y

 z 

 = 









 52

 9

 0 

 

  A X = B 

 ®¬TÓjRlThP A¦Vô]Õ  

  [A, B] = 









2   5    7    52

1   1    1    9

2   1   − 1    0

  

    









1   1    1    9

2   5    7    52

2   1   − 1    0

 R1 ↔ R2 

   









1    1    1    9

0    3    5    34

0   − 1   − 3   − 18

  
R2   →   R2   −  2R1

R3   →   R3   −  2R1
 

    









1    1    1    9

0   − 1   − 3   − 18

0    3    5    34

  R2 ↔ R3 

   







1    1    1    9

0   − 1   − 3   − 18

0    0    − 4   − 20

  R3 → R3 + 3R2 

 LûP£ NUô] A¦Vô]Õ HßT¥ Y¥®p Es[Õ, AÕ êuß 

éf£VUt\ ¨ûWLû[l ùTtßs[Rôp. ρ[A, B] = 3 BÏm, 

 úUÛm A   







1    1    1

0   − 1   − 3

0    0    − 4

 

 C§p êuß éf£VUt\ ¨ûWLs CÚlTRôp. ρ(A) = 3 

 ρ(A) = ρ[A, B] = 3 = U§l©P úYi¥V Uô±L°u Gi¦dûL,  
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 G]úY. CÕ JÚeLûUf NUuTôhÓj ùRôÏlTôÏm, úUÛm 

CRtÏ JúW JÚ ¾oÜRôu LôQ Ø¥Ùm, 

 Aj¾o®û] AûPV. RWlThP NUuTôhÓj ùRôÏl©tÏf 

NUô]Uô] A¦f NUuTôhûP GÓjÕd ùLôsúYôm, 

  







1    1    1

0   − 1   − 3

0    0    − 4

  









 x

 y

 z 

 = 







 9

 − 18

 − 20 

 

  x + y + z = 9 … (1) 

  − y − 3z = − 18 (2) 

  − 4z = − 20 … (3) 

   (3) ⇒  z = 5  ; (2) ⇒ y =  18 − 3z = 3  ; (1) ⇒ x = 9 − y − z  ⇒ x = 9−3−5 = 1 
 ∴ ¾oYô]Õ x = 1,   y = 3,   z = 5 
GÓjÕdLôhÓ  1.23 : ©uYÚm NUuTôÓL°u JÚeLûUÜj 

RuûUûV BWônL,  

 2x − 3y + 7z = 5, 3x + y − 3z = 13,  2x + 19y − 47z = 32 
¾oÜ : RWlThP NUuTôhÓj ùRôÏl©û] A¦fNUuTôPôL 

©uYÚUôß GÝRXôm, 

  







2   − 3    7

3    1    − 3

2    19    − 47

  









 x

 y

 z 

 = 









 5

 13

 32 

 

  A X = B 
 ®¬TÓjRlThP A¦Vô]Õ 

  [A, B] = 







2   − 3    7    5

3    1    − 3    13

2    19    − 47   32

   









1   − 

3
2    

7
2    

5
2

3    1    − 3    13

2    19    − 47   32

 R1 → 
1
2  R1 

     







1   − 

3
2    

7
2    

5
2

0    
11
2    − 

27
2    

11
2

0    22    − 54   27

  
R2   →   R2   −  3R1

R3   →   R3   −  2R1
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1   − 

3
2    

7
2    

5
2

0    
11
2    − 

27
2    

11
2

0    0    0    5

  R3 → R3 − 4R2 

 LûP£ NUô] A¦Vô]Õ HßT¥ Y¥®p Es[Õ, AÕ êuß 

éf£VUt\ ¨ûWLû[l ùTtßs[Rôp. ρ[A, B] = 3 
 úUÛm. CWiÓ éf£VUt\ ¨ûWLs CÚlTRôp. ρ(A) = 2 BÏm, 
 ρ(A) ≠ ρ[A, B] 
 G]úY RWlThP NUuTôhÓj ùRôÏl× JÚeLûUÜ CpXôRÕ 

GuTRôp ¾oÜ LôQ Ø¥VôÕ, 

Ï±l× : CdLQd¡û] R1-I 2Bp YÏdLôUp R2 → 2R2 − 3R1úTôu\ 

EÚUôt\eLû[ TVuTÓj§Ùm LôQXôm, 

GÓjÕdLôhÓ  1.24 : x + y + z = 6, x + 2y + 3z = 14,  x + 4y + 7z = 30 B¡V 

NUuTôÓLs JÚeLûUY] G]dLôh¥ AYtû\j ¾odLÜm, 
¾oÜ : RWlThP ùRôÏl×dÏ¬V A¦f NUuTôPô]Õ 

  









1   1   1

1   2   3

1   4   7

  









 x

 y

 z 

 = 









 6

 14

 30 

    

  A X =  B 
 ®¬ÜTÓjRlThP A¦Vô]Õ  

 [A, B] = 









1   1   1    6

1   2   3   14

1   4   7   30

   









1   1   1    6

0   1   2    8

0   3   6   24

  
R2   →   R2   −  R1

R3   →   R3   −  R1
 

     









1   1   1   6

0   1   2   8

0   0   0   0

  R3 → R3 − 3R2 

 LûP£ NUô] A¦«p CWiÓ éf£VUt\ ¨ûWLs Es[Rôp. 

ρ(A, B) = 2 BÏm, 
 A-Cp CWiÓ éf£VUt\ ¨ûWLs Es[Rôp ρ(A) = 2 BÏm, 
  ∴  ρ(A) = ρ(A, B) = 2 < 3 
 G]úY RWlThP NUuTôhÓj ùRôÏl× JÚeLûUÜ 

EûPVRôÏm, B]ôp RWj§u ùTôÕ U§lTô]Õ U§l©PúYi¥V 

Uô±L°u Gi¦dûLûV ®Pd Ïû\YôL Es[Rôp. RWlThP 

ùRôÏl©tÏ Gi¦dûLVt\ ¾oÜLs CÚdÏm, AYtû\d LôiúTôm, 
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 RWlThP NUuTôhÓj ùRôÏlTô]Õ. ©uYÚm A¦f 

NUuTôhÓdÏf NUô]Uô]RôÏm, 

  









1   1   1

0   1   2

0   0   0

  









 x

 y

 z 

 = 









6

  8

  0

 

  x + y + z = 6 … (1) 

  y + 2z = 8 … (2) 

   (2) ⇒  y = 8 − 2z ; (1) ⇒ x = 6 − y − z = 6  − (8 − 2z) − z = z − 2 

 z = k G] GÓjÕd ùLôsYRu êXm x = k − 2,    y = 8 − 2k ;  G] 

AûP¡ú\ôm, k ∈ R  

 k = 1 G²p. x = − 1, y = 6, z = 1-I JÚ ¾oYôLl ùTß¡ú\ôm, 

CqYô\ôL k-dÏ ùYqúYß U§l×Ls RÚYRu êXm. RWlThP 

NUuTôhÓj ùRôÏl×dÏ Gi¦dûLVt\ ¾oÜLû[ AûPVXôm, 

GÓjÕdLôhÓ 1.25 : RWlThP NUuTôhÓj ùRôÏl× JÚeLûUÜ 

EûPVRô G] N¬TôojÕ. AqYôß JÚeLûUÜ EûPVRô«u 

ARû]j ¾odLÜm, 

 x− y + z = 5,      − x + y − z = − 5,      2x − 2y + 2z = 10 

¾oÜ : RWlThP ùRôÏl©tÏ¬V A¦f NUuTôPô]Õ 

  







1    − 1    1

− 1    1    − 1

2    − 2    2

  









 x

 y

 z 

 = 









 5

 −5

 10 

 

  A X = B 

 ®¬ÜTÓjRlThP A¦  

  [A, B] = 







1    − 1    1    5

− 1    1    − 1   − 5

2    − 2    2    10

  

     









1   − 1   1   5

0    0    0   0

0    0    0   0

  
R2   →   R2   +  R1

R3   →   R3   −  2R1
 

 LûP£ NUô] A¦«p JúW JÚ éf£VUt\ ¨ûWRôu Es[Õ, 

G]úY ρ[A, B] = 1 

 úUÛm  JúW JÚ éf£VUt\ ¨ûWRôu Es[Õ ∴ ρ(A) = 1 
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 G]úY ρ(A) = ρ[A, B] = 1 G]úY RWlThP ùRôÏl× JÚeLûUÜ 

EûPVRôÏm, CÚl©àm RWeL°u ùTôÕYô] U§lTô]Õ U§l©P 

úYi¥V Uô±L°u Gi¦dûLûV ®Pd Ïû\YôL CÚlTRôp. 

Gi¦dûLVt\ ¾oÜLs CÚdÏm, AYtû\d LôiúTôm, RWlThP 

ùRôÏlTô]Õ ©uYÚm A¦fNUuTôh¥tÏ NUô]Uô]RôÏm, 

  









1   − 1 1

0    0    0

0    0    0

  









 x

 y

 z 

 = 









5

0

0

 

 x − y + z = 5. y = k1, z = k2 G²p  x = 5 + k1 − k2. k1, k2-Cu TpúYß 

U§l×LÞdÏ SUdÏ Gi¦dûLVt\ ¾oÜLs ¡ûPdÏm, (k1, k2 ∈ R) 

GÓjÕdLôhÓ 1.26 : λ, µ-Cu GmU§l×LÞdÏ  
x + y + z = 6,   x + 2y + 3z = 10,  x + 2y + λz = µ Gu\ NUuTôÓLs  
(i) VôùRôÚ ¾oÜm ùTt±WôÕ  (ii) JúW JÚ ¾oûY ùTt±ÚdÏm  

(iii) Gi¦dûLVt\ ¾oÜLû[l ùTt±ÚdÏm GuTRû] BWônL, 
¾oÜ :  
 RWlThP NUuTôhÓj ùRôÏl©tÏ¬V A¦f NUuTôPô]Õ 

  









1   1   1

1   2   3

1   2   λ
  









 x

 y

 z 

 = 









 6

 10

 µ 

 

  A X = B 
 ®¬ÜTÓjRlThP A¦ 

  [A, B] = 









1   1   1    6

1   2   3   10

1   2   λ    µ
  

     









1   1    1    6

0   1    2    4

0   0   λ−3   µ−10

  
R2   →   R2   −  R1

R3   →   R3   −  R2
 

¨ûX (i) : λ − 3 = 0 Utßm µ − 10 ≠ 0   i.e. λ = 3 Utßm µ ≠ 10. 

 Ck¨ûX«p  ρ(A) = 2 Utßm ρ[A, B] = 3  ∴ ρ(A) ≠ ρ[A, B] 

 G]úY RWlThP ùRôÏl× JÚeLûUÜ CpXôRÕ, G]úY ¾oÜ 

¡ûPdLôÕ, 

¨ûX (ii) : λ − 3 ≠ 0 Utßm µ ∈ R  i.e.,  λ ≠ 3 Utßm µ ∈ R  

   Ck¨ûX«p   ρ(A) = 3  Utßm ρ[A, B] = 3 
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  ρ(A) = ρ[A, B] = 3 = U§l©P úYi¥V Uô±L°u 

Gi¦dûL,  
 ∴ RWlThP ùRôÏl× JÚeLûUÜ Es[Õ, G]úY JúW JÚ 

¾o®û] ùTt±ÚdÏm, 

¨ûX (iii) : 
 λ − 3 = 0 Utßm µ − 10 = 0  i.e.,  λ = 3 Utßm µ = 10 
 Ck¨ûX«p ρ(A) = ρ[A, B] = 2 < U§l©P úYi¥V Uô±L°u 

Gi¦dûL, 
 ∴  RWlThP NUuTôhÓj ùRôÏl× JÚeLûUÜ Es[Õ, B]ôp 

Gi¦dûLVt\ ¾oÜLû[l ùTt±ÚdÏm, 

1,5,6 NUT¥jRô] úS¬Vf NUuTôÓLs (Homogeneous linear 
Equations) :  
 NUT¥jRô] úS¬Vf NUuTôhÓj ùRôÏl× ©uYÚUôß: 
 a11 x1 + a12 x2 + a13 x3 + ……...……+ a1n xn = 0 
 a21 x1 + a22 x2 + a23 x3 +  …………. + a2n xn = 0 

 …………………………………………………… 
 …………………………………………………… 
 am1x1 +  am2 x2 + am3 x3 + …………… + amn xn = 0 

 ARtÏ¬V ®¬ÜTÓjRlThP A¦Vô]Õ 

 [A, B] =  









a11    a12   …    a1n    0

a21    a22   …    a2n    0

…    …    …    …    …

…    …    …    …    …

am1   am2   …   amn    0

  = [A, O] 

 A-Cu RWm = [A, O]-Cu RWm GuTÕ GlùTôÝÕm 

EiûUVôRXôp. NUT¥jRô] ùRôÏlTô]Õ GlùTôÝÕm 

JÚeLûUÜ EûPVRô«ÚdÏm, 

 x1 = 0, x2 = 0, x3 = 0 … xn = 0 GuTÕ GlùTôÝÕm CRu JÚ 

¾oYôÏm, Cj¾oûY JÚ ùY°lTûPj ¾oYôLd LÚÕYo, 

A-Cu RWm [A, B]-Cu RWj§tÏ NUUôLÜm U§l©P úYi¥V 

Uô±L°u Gi¦dûLVô] n-I ®Pd Ïû\YôLÜm CÚl©u 

CjùRôÏl©tÏ ùY°lTûPVô] ¾oÜPu ùY°lTûPVt\ ¾oÜLs 

¡ûPdÏm, A-Cu RWm n-BL CÚl©u. CjùRôÏl©tÏ 

ùY°lTûPVô] ¾oÜ UhÓúU CÚdÏm, 
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GÓjÕdLôhÓ 1.27 : ©uYÚm NUT¥jRô] úS¬Vf NUuTôÓLû[j 

¾odLÜm,  

x + 2y − 5z = 0,   3x + 4y + 6z = 0,    x + y + z = 0 

¾oÜ : RWlThP NUuTôhÓj ùRôÏl×dÏ¬V A¦fNUuTôÓ 

  









1   2   − 5

3   4    6

1   1    1

  









 x

 y

 z 

 = 









 0

 0

 0 

   ⇒    A X = B 

 ®¬ÜTÓjRlThP A¦  

  [A, B] = 









1    2    − 5    0

3    4     6     0

1    1     1     0

  

     







1     2     − 5    0

0    − 2     21     0

0    − 1     6     0

  
R2   →   R2   − 3R1

R3   →   R3   −   R1
 

     







1     2     − 5    0

0    − 1     6     0

0    − 2     21     0

  R2 ↔ R3 

     







1     2     − 5    0

0    − 1     6     0

0     0     9     0

  R3 → R3 −  2R2 

 éf£VUt\ ¨ûWL°u Gi¦dûL 3 

 ρ[A, B] = 3. úUÛm A   







1    2    − 5

0   − 1    6

0    0    9

  éf£VUt\ ¨ûWL°u 

Gi¦dûL 3  ∴ ρ(A) = 3 

  ∴ ρ(A) = ρ[A, B] = 3 = U§l©P úYi¥V Uô±L°u 

Gi¦dûL 

 G]úY RWlThP ùRôÏl× JÚeLûUÜ EûPVRôÏm, CÕ JúW 

JÚ ¾oûYl ùTt±ÚdÏm, 

 ARôYÕ  x = 0,   y = 0  and z = 0 
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Ï±l× : ρ(A) = 3 GuTRôp | A | ≠ 0  ∴ A éf£VUt\ úLôûY 

A¦VôÏm, Ck¨ûX«p x = 0, y = 0, z = 0 Gu\ ùY°lTûPj ¾oÜ 

UhÓúU ¡ûPdÏm, 

GÓjÕdLôhÓ 1.28 : µ-Cu GmU§l©tÏ 

x + y + 3z = 0,     4x + 3y + µz = 0,    2x + y + 2z = 0  Gu\ 

ùRôÏl©tÏ (i) ùY°lTûPj ¾oÜ (ii) ùY°lTûPVt\ ¾oÜ 

¡ûPdÏm, 

¾oÜ : RWlThP NUuTôÓLû[ AX = B G] GÝRXôm, 

  









1   1   3

4   3   µ

2   1   2

  









 x

 y

 z 

 = 









 0

 0

 0 

 

  [A, B] = 









1    1   3   0

4    3    µ   0

2    1    2   0

  

     







1    1    3    0

0   − 1   µ−12   0

0 − 1    − 4    0

  
R2   →   R2   −  4R1

R3   →   R3   −  2R1
 

     







1    1    3    0

0   − 1   µ−12   0

0    0    8−µ    0

  R3 → R3 −  R2 

¨ûX (i) : µ ≠ 8 G²p 8 − µ ≠ 0 G]úY 3 éf£VUt\ ¨ûWLs Es[], 

 ∴  ρ[A] = ρ[A, B] = 3 = U§l©P úYi¥V Uô±L°u Gi¦dûL, 

 G]úY RWlThP ùRôÏl©tÏ x = 0,   y = 0,   z = 0 Gu¡\ 

ùY°lTûPj ¾oÜ ¡ûPdÏm, 

¨ûX (ii) : 

 µ = 8  G²p   ρ[A, B] = ρ(A) = 2 

 ∴ ρ(A) = ρ[A, B] = 2 < U§l©P úYi¥V Uô±L°u Gi¦dûL 

 Ck¨ûX«p ùRôÏl× JÚeLûUÜ EûPVRôÏm, úUÛm 

Gi¦dûLVt\ ùY°lTûPVt\ ¾oÜLû[l ùTßm, AYtû\d 

LôiúTôm, RWlThP NUuTôhÓj ùRôÏlTô]Õ   x + y + 3z = 0  ;     
y + 4z = 0-dÏf NUô]Uô]RôÏm,  
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  ∴  y = − 4z  ;       x = z, z = k G]d ùLôsúYôUô«u 

 x = k, y = − 4k, z = k    [ ]k ∈ R − {0}  CûY ùY°lTûPVt\ 

¾oÜL[ôÏm, 

Ï±l× : ¨ûX (ii)-Cp ùRôÏl× ùY°lTûPVô] ¾oÜPu 

Gi¦dûLVt\ ùY°lTûPVt\ ¾oÜLs ùTt±ÚdÏm. 

ùY°lTûPVt\ ¾oÜLû[ UhÓm LôQ Sôm k = 0-I ¿d¡Ùsú[ôm. 

T«t£ 1.5 
  (1) ©uYÚm NUuTôÓL°u ùRôÏl× JÚeLûUÜ EûPVRô 

GuTûR BWônL, JÚeLûUÜ EûPVRô«u AYtû\j ¾odL : 

  (i) 4x + 3y + 6z = 25 x + 5y + 7z = 13 2x + 9y + z = 1 
  (ii) x − 3y − 8z = − 10 3x + y − 4z = 0 2x + 5y + 6z − 13 = 0 
  (iii) x + y + z = 7 x + 2y + 3z = 18 y + 2z = 6 
  (iv) x − 4y + 7z = 14 3x + 8y − 2z = 13 7x − 8y + 26z = 5 
  (v) x + y − z = 1 2x + 2y − 2z = 2 − 3x − 3y + 3z = − 3 
 (2) λ-Cu GpXô U§l×LÞdÏm ©uYÚm NUuTôhÓj ùRôÏl©u 

¾oÜLû[ BWônL. 

  x + y + z = 2,  2x + y −2z = 2, λx + y + 4z = 2 
 (3) k-Cu GmU§l×LÞdÏ ©uYÚm NUuTôhÓj ùRôÏl×  

  kx + y + z = 1, x + ky + z = 1, x + y + kz = 1 have 
  (i) JúW JÚ ¾oÜ    (ii) JußdÏ úUtThP ¾oÜ   

  (iii) ¾oÜ CpXôûU ùTßm 
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2, ùYdPo CVtL¦Rm 

(VECTOR ALGEBRA) 

2,1 A±ØLm : 

 ùYdPo áhPp. L¯jRp Gu\ CWiÓ ùNVpLû[l Tt±  

XI-Bm YÏl©p Sôm T¥júRôm, CkRl TÏ§«p Ut\ JÚ ùNVp CÚ 

ùYdPoL°u ùTÚdLp Tt± TôodLXôm, CWiÓ ùYdPoLû[ 

CWiÓ ®ReL[ôLl ùTÚdLXôm, AûY §ûN«−l ùTÚdLp Utßm 

ùYdPo ùTÚdLp GuT] BÏm, CYtû\ YûWVßlTRtÏ Øu 

CWiÓ ùYdPoLÞdÏ CûPlThP úLôQjûRl Tt± TôolúTôm, 

2,2 CWiÓ ùYdPoLÞdÏ CûPlThP úLôQm  

(Angle between two vectors) : 

 CWiÓ ùYdPoLs a
→

 Utßm b
→

I Øû\úV OA
→

, OB
→

 G] GÓjÕd 

ùLôsL, a
→

dÏm b
→

dÏm CûPlThP úLôQm GuTÕ Aq®Ú 

ùYdPoL°u §ûNLÞdÏ CûPlThP úLôQm BÏm, Cq®Ú 

§ûNLÞúU ùYhÓm ×s°«p CÚkÕ Ï®Vd á¥V]ûYVôLúYô 

ApXÕ ®¬Vd á¥VûYVôLúYô CÚdLXôm,  

 
 
 
 
 

TPm 2. 1 

 
 
 
 
 
 

TPm 2. 2 

 CÚ ùYdPoLÞdÏ CûPlThP úLôQj§u A[Ü θ G²p  
0 ≤ θ ≤ π GuTÕ ùR°YôÏm, 

2,3 §ûN«−l ùTÚdLm ApXÕ ×s°l ùTÚdLm 
(The Scalar product or Dot product) : 

 a
→

 Utßm b
→

 Gu¡u\ éf£VUt\ CWiÓ ùYdPoL°u 

CûPlThP úLôQm θ GuL, CYt±u §ûN«−l ùTÚdLm a
→

 . b
→

 

O
A

B

a

b

O
A

B

a

b

a

b

θ

aa

bb

θ
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Guß Ï±l©PlTÓm úUÛm CÕ | |a
→

 | |b
→

cos θ G] 

YûWVßdLlTÓm,  i.e.,  a
→

 . b
→

  = | |a
→

 | |b
→

 cos θ = ab cos θ 

Ï±l× :  CWiÓ ùYdPoL°u §ûN«−l ùTÚdLm êXm SUdÏ 

¡ûPlTÕ JÚ §ûN«−, G]úY ClùTÚdLm §ûN«−l ùTÚdLm 

G] AûZdLlTÓ¡u\Õ, Utßm a
→

 , b
→

 Gu\ CWiÓ ùYdPoLÞdÏ 

SÓúY ×s° ûYlTRôp CRû] ×s° ùTÚdLm Gußm á\Xôm, 

§ûN«−l ùTÚdLj§u Y¥Yd L¦R ®[dLm : 

 OA
→

 = a
→

,  OB
→

 = b
→

 GuL, a
→

 

Utßm b
→

Cu CûPlThPd 

úLôQjûR θ GuL, BC−ÚkÕ 
OAdÏ BL Gu\ ùNeÏjÕd úLôÓ 

YûWL, 

OL GuTÕ a
→

Cu ÁÕ b
→

Cu 

ÅZp BÏm, 

 ∆OLBCÚkÕ  cos θ = 
OL
OB 

 
 
 
 
 
 
 

TPm 2.3 

 ⇒  OL = (OB) (cos θ) 

 ⇒  OL = | |b
→

 (cos θ) … (1) 

 YûWVû\lT¥      a
→

 . b
→

 = | |a
→

 | |b
→

 cos θ 

  = | |a
→

 (OL) [‡ (1)C−ÚkÕ] 

 ∴ a
→

 . b
→

 = | |a
→

 [ ]a
→

-Cu ÁÕ b
→

-Cu ÅZp  

 a
→

-Cu ÁÕ b
→

-Cu ÅZp = 
a
→

 . b
→

| |a
→

 = 
a
→

| |a
→

 . b
→

 = a
∧

 . b
→

 

 b
→

-Cu ÁÕ a
→

-Cu ÅZp = 
a
→

 . b
→

| |b
→

 = a
→

 . 
b
→

| |b
→

  = a
→

 .  b
∧

 

a

b

θ

O L A

B

a

bb

θ

O L A

B
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2,3,1 §ûN«−l ùTÚdLj§u Ti×Ls 

Ti× 1 :   
 CWiÓ ùYdPoL°u §ûN«−l ùTÚdLm T¬Uôtßl TiûT 

ùTtßs[Õ,  

 (i.e.,)    JqùYôÚ ú_ô¥ ùYdPoLs a
→

, b
→

dÏm a
→

 . b
→

 = b
→

 . a
→

  

¨ìTQm :  

 a
→

, b
→

 GuT] HúRàm CWiÓ ùYdPoLs Utßm θ GuTÕ 

AYt±u CûPlThP úLôQm 

   a
→

 . b
→

 = | |a
→

 | |b
→

 cos θ … (1) 

   ∴ b
→

 . a
→

 = | |b
→

 | |a
→

 cos θ 

   b
→

 . a
→

 = | |a
→

 | |b
→

 cos θ … (2) 

 (1) Utßm (2)-C−ÚkÕ 

   a
→

 . b
→

 = b
→

 . a
→

 
 ∴ ×s°l ùTÚdLm T¬Uôtßl TiûT ùTtßs[Õ, 
Ti× 2 :  JúW úSo úLôhPûU ùYdPoL°u §ûN«−l ùTÚdLm  : 

 (i) a
→

, b
→

 GuT] JúW úSodúLôh¥p AûUkÕ JúW §ûN«p 

CÚl©u θ = 0 

  ∴ a
→

 . b
→

 = | |a
→

 | |b
→

 cos θ = | |a
→

  | |b
→

 (1)  = ab … (1)  

 (ii) a
→

, b
→

 GuT] JúW úLôh¥p AûUkÕ G§o §ûN 

ùTt±Úl©u θ = π 

  ∴ a
→

 . b
→

 = | |a
→

 | |b
→

 cos θ = | |a
→

 | |b
→

(cos π) … (1) 

    = | |a
→

 | |b
→

 (− 1) = − ab 

Ti× 3 : ×s°l ùTÚdL−u Ï± : 

 ×s°l ùTÚdLm a
→

 . b
→

 ªûL ApXÕ Ïû\ ùUnùViQôLúYô 

ApXÕ éf£VUôLúYô CÚdLXôm, 

 (i) CWiÓ ùYdPoL°u CûPlThP úLôQm ÏßeúLôQm 

G²p (i.e., 0 < θ < 90°) cos θ-Cu U§l× ªûL Gi, 

Ck¨ûX«p ×s°l ùTÚdLm Ko ªûL Gi BÏm, 
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 (ii) CWiÓ ùYdPoL°u CûPlThP úLôQm ®¬úLôQUôL 

CÚl©u (i.e., 90 < θ < 180) cos θ-Cu U§l× JÚ Ïû\ Gi, 

Ck¨ûX«p ×s°l ùTÚdLm Ko Ïû\ Gi BÏm, 

 (iii) CWiÓ ùYdPoL°u CûPlThP úLôQm 90° G²p   
(i.e., θ = 90°) cos θ = cos 90° = 0. Ck¨ûX«p ×s°l ùTÚdLm 

U§l× éf£Vm BÏm, 

Ï±l× :  a
→

 . b
→

 = 0 G²p ©uYÚm êuß ¨ûXLû[ AûP¡uú\ôm, 

 a
→

. b
→

 = 0  ⇒  | |a
→

 | |b
→

 cos θ = 0 

 (i) | |a
→

 = 0  (i.e.,) a
→

 Ko éf£V ùYdPo Utßm b
→

 HúRàm Ko 

ùYdPo, 

 (ii) | |b
→

 = 0  (i.e.,) b
→

 Ko éf£V ùYdPo Utßm a
→

 HúRàm Ko 

ùYdPo, 

 (iii) cos θ = 0  (i.e.,) θ = 90°  (i.e.,) a
→

m b
→

m ùNeÏjÕ ùYdPoLs, 
Ød¡V Ø¥Ü : 

 a
→

, b
→

 GuT] CWiÓ éf£VªpXô ùYdPoLs G²p  

a
→

. b
→

 = 0  ⇔ a
→

 ⊥ b
→

 
Ti× 4 : CWiÓ NU ùYdPoL°u ×s°l ùTÚdLm : 

   a
→

 . a
→

 = | |a
→

 | |a
→

 cos 0 = | |a
→

 | |a
→

 = | |a
→

2

 = a2 

UW× :   ( )a
→ 2

 = a
→

 . a
→

 = | |a
→

2

 = a
→2 = a2 

Ti×  5 :  

 (i) i
→

 . i
→

 = j
→

. j
→

 = k
→

 . k
→

 = 1 

 (ii)  i
→

 . j
→

 = j
→

 . i
→

 = j
→

 . k
→

 = k
→

 . j
→

 = k
→

 . i
→

 = i
→

 . k
→

 = 0 

   i
→

 . i
→

 = | |i
→

 | |i
→

 cos 0 = (1) (1) (1) = 1 

   i
→

 . j
→

 = | |i
→

 | |j
→

 cos 90 = (1) (1) (0) = 0 

Ti× 6 :  a
→

, b
→

 GuT] CWiÓ ùYdPoLs Utßm m GuTÕ HúRàm 

Ko §ûN«−Vô«u  ( )m a
→

 . b
→

 = m( )a
→

 . b
→

 = a
→

 . ( )m b
→
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Ti× 7 :   

 m, n GuT] HúRàm CWiÓ §ûN«−Ls Utßm a
→

, b
→

 GuT] 

CWiÓ ùYdPoLs G²p  

   m a
→

 . n b
→

 = mn( )a
→

 . b
→

 = ( )mn a
→

 . b
→

 = a
→

 . ( )mn b
→

 

Ti× 8 :   
 §ûN«−l ùTÚdLp áhPûXl ùTôßjÕ Te¸hÓl TiûT 

ùTtßs[Õ, 

 a
→

, b
→

, c
→

 GuT] HúRàm êuß ùYdPoLs G²p  

a
→

 . ( )b
→

 + c
→

 = a
→

 . b
→

 + a
→

 . c
→

  

¨ìTQm :  

  OA
→

 = a
→

  

  OB
→

 = b
→

 

  BC
→

 = c
→

  GuL 

  OC
→

 = OB
→

 + BC
→

  

   = b
→

 + c
→

 

 BL ⊥ OA Utßm CM ⊥ OA YûWL, 

 
 
 
 
 
 
 

 

TPm 2.4 

  ∴ OL = a
→

-Cu ÁÕ b
→

 ÅZp 

      LM = a
→

-Cu ÁÕ c
→

 ÅZp 

      OM = a
→

-Cu ÁÕ ( )b
→

 + c
→

 ÅZp 

  a
→

 . b
→

 = | |a
→

 ( ) a
→

-Cu ÁÕ b
→

 ÅZp  

  ⇒  a
→

 . b
→

 = | |a
→

 (OL) … (1) 

 úUÛm a
→

 . c
→

 = | |a
→

 ( ) a
→

-Cu ÁÕ c
→

 ÅZp  

   ⇒  a
→

 . c
→

 = | |a
→

 (LM) … (2) 

   a
→

 .( )b
→

 + c
→

 = | |a
→

  a
→

-Cu ÁÕ ( )b
→

 + c
→

 ÅZp  

a

b

O L M A

C

B
c

b 
c+

aa

bb

O L M A

C

B
cc

b 
c+b b 
cc+
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    = | |a
→

 (OM) = | |a
→

 (OL + LM) 

    = | |a
→

 (OL) + | |a
→

 (LM) 

    = a
→

 . b
→

 + a
→

 . c
→

  [(1) Utßm (2)-Cu T¥] 

 G]úY a
→

 .( )b
→

 + c
→

 = a
→

 . b
→

 + a
→

 . c
→

 

¡û[j úRt\m : a
→

 .( )b
→

 − c
→

 = a
→

 . b
→

 − a
→

 . c
→

 

Ti× 9 :   (i) a
→

 Utßm b
→

 Gàm HúRàm CÚ ùYdPoLÞdÏ 

  ( )a
→

 + b
→

2

  = ( )a
→ 2

 + 2 a
→

 . b
→

  + ( )b
→ 2

 = a2 + 2 a
→

 . b
→

 + b2 

¨ìTQm : ( )a
→

 + b
→

2

 = ( )a
→

 + b
→

 . ( )a
→

 + b
→

 

   = a
→

. a
→

 + a
→

. b
→

 + b
→

. a
→

 + b
→

. b
→

 (Te¸hÓl Ti×) 

   = ( )a
→ 2

+ a
→

. b
→

 + a
→

. b
→

 + ( )b
→ 2

  ( )‡ a
→

. b
→

 = b
→

. a
→

  

   = ( )a
→ 2

+ 2 a
→

. b
→

 + ( )b
→ 2

 = a2 + 2 a
→

. b
→

 + b2 
CúR úTôp   

(ii)  ( )a
→

 − b
→

2

  = ( )a
→ 2

 − 2 a
→

 . b
→

  + ( )b
→ 2

 = a2 − 2 a
→

 . b
→

 + b2 

(iii)  ( )a
→

 + b
→

 . ( )a
→

 − b
→

 = ( )a
→ 2

− ( )b
→ 2

 = a2 − b2 

¨ìTQm : ( )a
→

 + b
→

 . ( )a
→

 − b
→

 = a
→

 . a
→

 − a
→

 . b
→

 + b
→

 . a
→

 − b
→

 . b
→

 

   = ( )a
→ 2

− ( )b
→ 2

 = a2 − b2 

Ti× 10 :  áßL°u Yô«XôL §ûN«−l ùTÚdLm  : 

  a
→

  = a1 i
→

 + a2 j
→

 + a3 k
→

           b
→

  = b1 i
→

 + b2 j
→

 + b3 k
→

 GuL 

  a
→

 . b
→

  =  a1 i
→

 + a2 j
→

 + a3 k
→

 .  b1 i
→

 + b2 j
→

 + b3 k
→

 

   = a1b1 ( )i
→

. i
→

 + a1b2 ( )i
→

. j
→

 + a1b3 ( )i
→

. k
→

 + a2b1 ( )j
→

. i
→

  

+ a2b2 ( )j
→

. j
→

 + a2b3 ( )j
→

. k
→

 + a3b1 ( )k
→

. i
→

 + a3b2 ( )k
→

. j
→

 + 

a3b3( )k
→

. k
→
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   = a1b1(1) + a1b2(0) + a1b3(0) + a2b1(0) + a2b2(1) + a2b3(0) 

+ a3b1(0) + a3b2(0) + a3b3(1)  

   = a1b1 + a2b2 + a3b3 

 CqYô\ôL CÚ ùYdPoL°u §ûN«−l ùTÚdLXô]Õ 

AYt±u JjR áßL°u ùTÚdLpL°u áÓRÛdÏf NUUôÏm, 

Ti× 11 :   CÚ ùYdPoLÞdÏ CûPlThP úLôQm : 

 a
→

,  b
→

 Gu\ CÚ ùYdPoLÞdÏ CûPlThP úLôQm θ GuL, 

CqYô\ô«u a
→

 . b
→

  = | |a
→

 | |b
→

  cos θ 

  ⇒ cos θ = 
a
→

 . b
→

| |a
→ | |b

→
 
   ⇒ θ = cos−1 









a

→
 . b
→

| |a
→ | |b

→
 

  

  a
→

 = a1 i
→

 + a2 j
→

 + a3 k
→

  Utßm b
→

 = b1 i
→

 + b2 j
→

 + b3 k
→

   

 G²p.  a
→

 . b
→

  = a1b1 + a2b2 + a3b3 

  | |a
→

 = a1
2 + a2

2 + a3
2  ;  | |b

→
 = b1

2 + b2
2 + b3

2 

  ∴  θ = cos−1 






a1b1 + a2b2 + a3b3

a1
2 + a2

2 + a3
2 b1

2 + b2
2 + b3

2
 

Ti× 12 : HúRàm CÚ ùYdPoLs a
→

 Utßm b
→

dÏ  

  | |a
→

 + b
→

 ≤ | |a
→

 + | |b
→

  (ØdúLôQ NU¨−) 

  | |a
→

 + b
→

2

 = | |a
→ 2

+ | |b
→ 2

 + 2( )a
→

 . b
→

  

  ⇒  | |a
→

 + b
→

2

 = | |a
→ 2

+ | |b
→ 2

 + 2| |a
→

 | |b
→

 cos θ 

   ≤ | |a
→ 2

+ | |b
→ 2

 + 2| |a
→

 | |b
→

  [‡ cosθ ≤ 1] 

  ⇒  | |a
→

 + b
→

2

 ≤  | |a
→

 + | |b
→ 2

 

  ⇒  | |a
→

 + b
→

 ≤ | |a
→

 + | |b
→
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GÓjÕdLôhÓ 2.1 : ©uYÚTûYdÏ a
→

 . b
→

-Id LôiL, 

 (i) a
→

 = i
→

 − 2 j
→

 + k
→

 Utßm b
→

 = 4 i
→

 − 4 j
→

 + 7 k
→

 

 (ii) a
→

 = j
→

 + 2 k
→

 Utßm b
→

 = 2 i
→

 + k
→

 

 (iii) a
→

 = j
→

 − 2 k
→

 Utßm b
→

 = 2 i
→

 + 3 j
→

 − 2 k
→

 
¾oÜ : 

 (i)   a
→

 . b
→

  = ( )i
→

 − 2 J
→

 + k
→

 . ( )4 i
→

 − 4 j
→

 + 7 k
→

 

    = (1) (4) + (− 2) (− 4) + (1) (7) = 19 

 (ii)  a
→

 . b
→

  = ( )j
→

 + 2 k
→

 . ( )2 i
→

 + k
→

 = (0) (2) + (1) (0) + (2) (1) = 2 

 (iii) a
→

 . b
→

  = ( )j
→

 − 2 k
→

 . ( )2 i
→

+ 3 j
→

 − 2 k
→

  

    = (0) (2) + (1) (3) + (− 2) (− 2) = 7 

GÓjÕdLôhÓ 2.2 : m-Cu GmU§l×dÏ a
→

 Utßm b
→

 JußdùLôuß 

ùNeÏjRô] ùYdPoL[ôÏm GuTûRd LôiL, 

 (i) a
→

 = m i
→

 + 2 j
→

 + k
→

 Utßm b
→

 = 4 i
→

 − 9 j
→

 + 2 k
→

 

 (ii) a
→

 = 5 i
→

 − 9 j
→

 + 2 k
→

  Utßm b
→

 = m i
→

 + 2 j
→

 + k
→

 

¾oÜ : (i)  a
→

 ⊥ b
→

 RWlThÓs[Õ 

  ∴ a
→

 . b
→

 = 0  ⇒  ( )m i
→

 + 2 j
→

 + k
→

 . ( )4 i
→

 − 9 J
→

 + 2 k
→

 = 0 

  ⇒  4m − 18 + 2 = 0   ⇒   m = 4 

 (ii)  ( )5 i
→

 − 9 J
→

 + 2 k
→

 . ( )m i
→

 + 2 j
→

 + k
→

 = 0 

  ⇒  5m − 18 + 2 = 0   ⇒   m = 
16
5  

GÓjÕdLôhÓ 2.3 : a
→

 Utßm b
→

 B¡V CÚ ùYdPoLs  

| |a
→

 = 4, | |b
→

 = 3 Utßm a
→

 . b
→

 = 6 GàUôß CÚl©u a
→

dÏm b
→

dÏm 

CûPlThP úLôQm LôiL, 

¾oÜ :  cos θ = 
a
→

 . b
→

| |a
→ | |b

→
 = 

6
(4)  (3)  = 

1
2       ⇒  θ = 

π
3 



 58

GÓjÕdLôhÓ 2.4 :  3 i
→

 − 2 j
→

 − 6 k
→

 Utßm 4 i
→

 − j
→

 + 8 k
→

 B¡V 

ùYdPoLÞdÏ CûPlThP úLôQm LôiL, 

¾oÜ : a
→

 = 3 i
→

 − 2 j
→

 − 6 k
→

   ;  b
→

 = 4 i
→

 − j
→

 + 8 k
→

. 
   ‘θ’ GuTÕ CYt±tÏ CûPTThP úLôQm GuL, 

   a
→

 . b
→

 = 12 + 2 − 48 = − 34 

   | |a
→

 = 7,  | |b
→

 = 9 

 cos θ  =  
a
→

 . b
→

| |a
→ | |b

→
 = 

− 34
7 × 9

 

   θ = cos−1 



− 

34
63  

GÓjÕdLôhÓ 2.5 : a
→

 Utßm b
→

  

CeÏ a
→

 = i
→

 − j
→

  Utßm b
→

 = j
→

 − k
→

  

¾oÜ :  cos θ = 
a
→

 . b
→

| |a
→ | |b

→
 = 

( )i
→

 − j
→

  . ( )j
→

 − k
→

| |i
→

 − j
→

   | |j
→

 − k
→

 
 

   ⇒  cos θ = 
(1) (0)  +  (− 1) (1)  +  (0) (− 1)

2 × 2
 

   ⇒  cos θ = − 
1
2  ⇒  θ = 

2π
3  

GÓjÕdLôhÓ 2.6 : HúRàm Ko ùYdPo r
→

dÏ  

r
→

 = ( )r
→

 . i
→

 i
→

 + ( )r
→

 . j
→

 j
→

+ ( )r
→

 . k
→

 k
→

 G] ¨ßÜL, 

¾oÜ : r
→

 = x i
→

 + y j
→

 + z k
→

 GuTÕ HúRàm Ko ùYdPo GuL, 

   r
→

. i
→

 = ( )x i
→

 + y j
→

 + z k
→

 . i
→

 = x 

   r
→

. j
→

 = ( )x i
→

 + y j
→

 + z k
→

 . j
→

 = y 

   r
→

. k
→

 = ( )x i
→

 + y j
→

 + z k
→

 . k
→

 =  z 

  ( )r
→

 . i
→

 i
→

 + ( )r
→

 . j
→

 j
→

+ ( )r
→

 . k
→

 k
→

= x i
→

 + y j
→

 + z k
→

 = r
→
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GÓjÕdLôhÓ 2.7 : 2 i
→

 + 6 j
→

 + 3 k
→

 Gu\ ùYdP¬u ÁÕ   

7 i
→

 + j
→

 − 4 k
→

 Gu\ ùYdP¬u ÅZp LôiL, 

¾oÜ :     a
→

 = 7 i
→

 + j
→

 − 4 k
→

  ;  b
→

 = 2 i
→

 + 6 j
→

 + 3 k
→

 GuL, 

 b
→

 ÁÕ a
→

-Cu ÅZp  = 
a
→

 . b
→

| |b
→

 = 
( )7 i

→
 + j
→

 − 4 k
→

 . ( )2 i
→

 + 6 j
→

 + 3 k
→

| |2 i
→

 + 6 j
→

 + 3 k
→

 

  = 
14 + 6 − 12

4 + 36 + 9
  =  

8
7 

GÓjÕdLôhÓ 2.8 : a
→

, b
→

 GuT] HúRàm CWiÓ ùYdPoLs G²p  

| |a
→

 + b
→

2

 + | |a
→

 − b
→ 2

 = 2 



| |a

→ 2
 + | |b

→ 2
  G]d LôhÓL, 

¾oÜ :   | |a
→

 + b
→

2

 = ( )a
→

 + b
→

2

 = | |a
→ 2

+ | |b
→ 2

 + 2 a
→

 . b
→

 … (1) 

   | |a
→

 − b
→

2

 = ( )a
→

 − b
→

2 

= | |a
→ 2

+ | |b
→ 2

 − 2 a
→

 . b
→

 … (2) 

(1), (2)I áhÓL 

 | |a
→

 + b
→

2

 + | |a
→

 − b
→

2

 = | |a
→ 2

+ | |b
→ 2

 + 2 a
→

 . b
→

 + | |a
→ 2

 

+ | |b
→ 2

 − 2 a
→

 . b
→

  

  = 2| |a
→ 2

+ 2| |b
→ 2

  = 2



| |a

→ 2
+ | |b

→ 2
 

GÓjÕdLôhÓ 2.9 : a
∧

, b
∧

  GuT] CÚ AXÏ ùYdPoLs Utßm 

AYt±u CûPlThP úLôQm θ G²p sin 
θ
2  =  

1
2   a

∧
 − b
∧

 G] ¨ì©, 

¾oÜ :       a
∧

 − b
∧ 2

 =  a
∧2 + b

∧2 − 2a
∧

 . b
∧

 = 1 + 1 − 2  a
∧

  b
∧

 cos θ 

    = 2 − 2 cos θ  =  2 (1 − cos θ) = 2 



2 sin2 
θ
2  

   ∴  a
∧

 − b
∧

 = 2 sin 
θ
2   ⇒   sin 

θ
2 = 

1
2   a

∧
 − b
∧
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GÓjÕdLôhÓ 2.10 : a
→

 + b
→

 + c
→

 = 0
→

,  | |a
→

= 3,  | |b
→

= 5 Utßm  

| |c
→

 = 7, G²p. a
→

dÏm  b
→

dÏm CûPlThP úLôQjûRd LôiL, 

¾oÜ :    a
→

 + b
→

 + c
→

 = 0
→

 

   a
→

 + b
→

  = − c
→

 

   ( )a
→

 + b
→

2

 = ( )− c
→ 2

 

   ⇒   ( )a
→ 2

 +  ( )b
→ 2 

+ 2 a
→

 . b
→

 = ( )c
→ 2 

  ⇒   | |a
→ 2

 +  | |b
→ 2 

+ 2| |a
→

 | |b
→

cos θ = | |c
→

2

 

   ⇒  32 + 52 + 2(3) (5) cos θ = 72 

   cos θ = 
1
2   ⇒   θ = 

π
3 

GÓjÕdLôhÓ 2.11 :  2 i
→

 − j
→

 + k
→

,  i
→

 − 3 j
→

 − 5 k
→

, −3 i
→

 + 4 j
→

 + 4 k
→

 
Gu\ ùYdPoLs Ko ùNeLôQ ØdúLôQj§u TdLeL[ôL AûUÙm 

G] ¨ì©, 

¾oÜ : a
→

 = 2 i
→

 − j
→

 + k
→

 ; b
→

 = i
→

 −3 j
→

 −5 k
→

  ; c
→

= −3 i
→

 + 4 j
→

 + 4 k
→

 GuL, 

 CeÏ a
→

 + b
→

  + c
→

 = 0
→

 G] LôQXôm, 

 ∴  a
→

, b
→

, c
→

 Ko ØdúLôQjûR EÚYôdÏ¡\Õ, 

 úUÛm  a
→

 . b
→

 = ( )2 i
→

 − j
→

 + k
→

  . ( )i
→

 − 3 j
→

 − 5 k
→

  

    = 2 + 3 − 5 = 0  ⇒  a
→

 ⊥ b
→

   
∴ CqùYdPoLs Ko ùNeúLôQ ØdúLôQjûR EÚYôdÏ¡u\], 

T«t£ 2.1 

  (1) a
→

 = 2 i
→

 + 2 j
→

 − k
→

, b
→

 = 6 i
→

 − 3 j
→

 + 2 k
→

 G²p  a
→

 . b
→

 -Id LôiL, 

 (2) a
→

 = i
→

 + j
→

 + 2 k
→

, b
→

 = 3 i
→

 + 2 j
→

 − k
→

 G²p 

  ( )a
→

 + 3 b
→

 . ( )2 a
→

 − b
→

 -Id LôiL, 

 (3) 2 i
→

 + λ j
→

 + k
→

, i
→

 − 2 j
→

 + k
→

 GuT] ùNeÏjÕ ùYdPoLs G²p 

λ-Cu U§l× LôiL, 
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 (4) a
→

 = 3 i
→

 + 2 j
→

 + 9 k
→

, b
→

 = i
→

 + m j
→

 + 3 k
→

 GuT]  

  (i) ùNeÏjÕ ùYdPoLs  

  (ii) CûQ ùYdPoLs G²p m-Cu U§l×Lû[d LôiL, 

 (5) i
→

 − j
→

 + 2 k
→

 Gu\ ùYdPo BV AfÑLÞPu HtTÓjÕm 

úLôQeLû[d LôiL, 

 (6) i
→

  + j
→

 + k
→

 Gu\ ùYdPo BV AfÑdL°p NU úLôQjûR 

HtTÓjÕm G]d LôhÓ, 

 (7) a
∧

, b
∧

 GuT] CÚ AXÏ ùYdPoLs Utßm CYt±u 

CûPlThP úLôQm θ  G²p 

  (i) cos 
θ
2 = 

1
2  a

∧
 + b
∧

 (ii)  tan 
θ
2  =  

 a
∧

 − b
∧

 a
∧

 + b
∧   G] ¨ì©, 

 (8) CWiÓ AXÏ ùYdPoL°u áÓRp Ko AXÏ ùYdPo G²p 

AYt±u ®j§VôNj§u Gi A[Ü 3 G]d LôhÓL, 

 (9) a
→

 , b
→

, c
→

 GuTûY JußdùLôuß ùNeÏjRô] êuß AXÏ 

ùYdPoLs G²p | |a
→

 + b
→

 + c
→

 = 3 G] ¨ßÜL, 

 (10) | |a
→

 + b
→

 = 60,  | |a
→

 − b
→

 = 40  Utßm | |b
→

 = 46  G²p | |a
→

-u 

U§l× LôiL, 

 (11) u
→

, v
→

 Utßm w
→

  B¡V ùYdPoLs u
→

 + v
→

 + w
→

 = 0
→

.  

  GàUôß Es[], | |u
→

 = 3, | |v
→

 = 4  Utßm | |w
→

 = 5 G²p  

u
→

. v
→

 + v
→

. w
→

 + w
→

. u
→

-Cu U§lûTd LôiL, 

 (12) 3 i
→

 − 2 j
→

 + k
→

, i
→

 − 3 j
→

 + 5 k
→

, 2 i
→

 + j
→

 − 4 k
→

  GuTûY JÚ 

ùNeúLôQ ØdúLôQjûR EÚYôdÏm G]d LôhÓL, 

 (13)  4 i
→

 − 3 j
→

 + k
→

, 2 i
→

 − 4 j
→

 + 5 k
→

, i
→

 − j
→

 Gu\ ¨ûX 

ùYdPoLû[ÙûPV ×s°Ls AûUdÏm ØdúLôQm Ko 

ùNeúLôQ ØdúLôQm G]d LôhÓL, 
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 (14) (i) z-Af£u ÁÕ  i
→

 − j
→

 

  (ii) 2 i
→

 − j
→

 + 5 k
→

Cu ÁÕ  i
→

 + 2 j
→

 − 2 k
→

  

  (iii) 4 i
→

 − j
→

 + 2 k
→

-Cu ÁÕ 3 i
→

 + j
→

 − k
→

  

     ÅZûXd LôiL, 

2,3,2 ×s°l ùTÚdL−u Y¥Yd L¦Rl TVuTôÓLs 

(Geometrical Application of dot product) : 
ùLôûNu ãj§Wm (Cosine formulae) :  

GÓjÕdLôhÓ 2.12 : YZdLUô] Ï±ÂhÓLÞPu 

 (i) cos A=
b2 + c2 − a2

2bc   ;  (ii) cos B = 
c2 + a2 − b2

2ac   (iii) cos C = 
a2 + b2 − c2

2ab  

¾oÜ  (i) : 
 TPj§−ÚkÕ 

 AB
→

 + BC
→

 + CA
→

 = 0
→

 ⇒ a
→

+ b
→

+ c
→

 = 0
→

 

 a
→

 = − ( )b
→

 + c
→

 

 ( )a
→ 2

 = ( )b
→

 + c
→ 2

 

 ⇒  a2 = b2 + c2 + 2 b
→

 . c
→

 

 

 

 

 

 

 

TPm 2.5 

 ⇒ a2 = b2 + c2 + 2bc cos(π − A) 

                a2 = b2 + c2 − 2bc cos A  

  2bc cosA = b2 + c2 − a2 

            cos A = 
b2 + c2 − a2

2bc  

 CûRlúTôp  (ii) Utßm (iii)I ¨ì©dLXôm, 

ÅZp ãj§Wm (Projection Formulae) : 

GÓjÕdLôhÓ 2.13 : YZdLUô] Ï±ÂhÓLÞPu 

 (i) a = b cos C+c cos B   (ii) b = a cos C+c cos A   (iii) c = a cos B+b cos A 

 

a

b
π - A A

CB

c

aa

bb
π - A A

CB

cc
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¾oÜ  (i) : TPj§−ÚkÕ 

  AB
→

 + BC
→

 + CA
→

 = 0
→

  

 ⇒ a
→

+ b
→

+ c
→

 = 0
→

 

 a
→

 = − b
→

 − c
→

 

 a
→

 . a
→

 = − a
→

. b
→

 − a
→

. c
→

 

 
 
 
 
 

TPm 2.6 

  a2 = − ab cos (π − C) − ac cos (π − B) 

  a2 = − ab (− cos C) − ac (− cos B) 

 ⇒ a2 =  ab cos C + ac cos B 

 ⇒                                a = b cos C + c cos B  

 CûRlúTôp  (ii) Utßm (iii)I ¨ì©dLXôm, 
GÓjÕdLôhÓ 2.14 : Jo AûWYhPj§p Es[ úLôQm JÚ 

ùNeúLôQm, CRû] ùYdPo Øû\«p ¨ì©dL, 

¾oÜ : O-I ûUVUôLd ùLôiP YhPj§u ®hPm AB GuL, 

AûWYhPj§u ÁÕ  P HúRàm Ko ×s° GuL, 

APB  = 90°  G]d LôhPúYiÓm 

CeÏ OA = OB = OP   (BWeLs) 

  PA
→

 = PO
→

 + OA
→

 

 úUÛm PB
→

 = PO
→

 + OB
→

 

  = PO
→

 − OA
→

 

 
 
 
 
 
 
 

TPm 2.7 

  ∴ PA
→

 . PB
→

 =  PO
→

 + OA
→

 .  PO
→

 − OA
→

 

   =  PO
→ 2

 −  OA
→ 2

 

   = PO2  −  OA2 = 0 

  ∴ PA
→

  ⊥ PB
→

   ⇒   APB  = 
π
2 

 ∴ AûWYhPj§p Es[ úLôQm Ko ùNeúLôQm B¡u\Õ, 

GÓjÕdLôhÓ 2.15 : Ko Nôn NÕWj§u êûX ®hPeLs Juû\ 

Juß ùNeÏjRôL ùYh¥d ùLôsÞm GuTRû] ùYdPo Øû\«p 

¨ßÜL, 

a

b

π - B

A

C
B

c

aa

bb

π - B

A

C
B

cc

A O B

P

A O B

P
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¾oÜ : ABCD GuTÕ Ko Nôn NÕWm GuL,  

 AB
→

 = a
→

  Utßm AD
→

 = b
→

  GuL, 

 CeÏ AB = BC = CD = DA 

 i.e.,  | |a
→

 = | |b
→

 … (1) 

  AC
→

 = AB
→

 + BC
→

 = a
→

 + b
→

 

úUÛm  BD
→

 = BC
→

 + CD
→

 

   = AD
→

 − AB
→

 = b
→

 − a
→

 

 
 
 
 
 
 
 

TPm 2.8 

  ∴ AC
→

 . BD
→

 = ( )a
→

 + b
→

 . ( )b
→

 − a
→

 

   = ( )b
→

 + a
→

 . ( )b
→

 − a
→

 

   = ( )b
→ 2

 − ( )a
→ 2

 = 0    ‡| |a
→

 = | |b
→

 

  úUÛm   AC
→

 . BD
→

 = 0   ⇒  AC
→

 ⊥ BD
→

 

 ∴ Ko NônNÕWj§u êûX ®hPeLs Juû\ Juß ùNeÏjRôL 

ùYh¥d ùLôs¡u\], 

GÓjÕdLôhÓ 2.16 : JÚ ØdúLôQj§u ÏjÕdúLôÓLs JúW 

×s°«p Nk§dÏm GuTRû] ùYdPo Øû\«p ¨ßÜL, 

¾oÜ : 

 ∆ABC-Cp ÏjÕdúLôÓLs AD, BE-Ùm O-Cp Nk§d¡u\], 

ÏjÕdúLôÓLs JúW ×s° Y¯úVf ùNpÛm GuTûR ¨ßY  

CO B]Õ AB-dÏ ùNeÏjRôL CÚdÏm G]d Lôh¥]ôp úTôÕm, 
 O-I B§VôLd ùLôsL, A, B, C-Cu ¨ûX ùYdPoLs Øû\úV  

 a
→

, b
→

, c
→

 GuL,  

 OA
→

 = a
→

  ; OB
→

 = b
→

 ;   OC
→

 = c
→

 

AD ⊥ BC 

 ⇒ OA
→

 ⊥ BC
→

 

 
 

 
 
 

TPm 2.9 

a

b

A

C

B

D

aa

bb

A

C

B

D

A

CB D

E
F

O

A

CB D

E
F

O
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  ⇒                OA
→

 . BC
→

 = 0 

  ⇒       a
→

 . ( )c
→

 − b
→

 = 0 

  ⇒   a
→

 . c
→

 − a
→

 . b
→

 = 0 …(1)  

  BE ⊥ CA  ⇒  OB
→

 ⊥  CA
→

 

  ⇒  OB
→

 . CA
→

 = 0   ⇒  b
→

 . ( )a
→

 − c
→

 = 0 

  ⇒  b
→

 . a
→

 − b
→

 . c
→

 = 0 … (2) 
 (1) Utßm (2)Id áhP 

  a
→

 . c
→

 − b
→

 . c
→

 = 0   ⇒   ( )a
→

 − b
→

 . c
→

 = 0 

  ⇒   BA
→

 . OC
→

 = 0   ⇒   OC
→

  ⊥ AB
→

 
 G]úY êuß ÏjÕd úLôÓLÞm JúW ×s°«p Nk§dÏm 

úLôÓL[ôÏm, 

GÓjÕdLôhÓ 2.17 : cos (A − B) = cos A cos B + sin A  sin B G] ¨ßÜL, 
¾oÜ : 
 O-I ûUVUôLd ùLôiP AXÏ 

YhPj§u T¬§«p  P, Q Gu\ CÚ 

×s°Lû[ GÓjÕd ùLôsL, OP  

Utßm OQ B]ûY x-AfÑPu 

HtTÓjÕm úLôQm Øû\úV A, B  
GuL, 

 ∴ POQ  = POx  − QOx  = A − B 

 
 
 
 
 
 
 
 

TPm 2.10 
P, Q Cu BVj ùRôûXLs Øû\úV (cos A, sin A) Utßm (cos B, sin B) . 

i
→

, j
→

 Gu\ AXÏ ùYdPoLû[x, yAfÑj §ûNL°p GÓjÕd ùLôsL, 

 ∴ OP
→

 = OM
→

 + MP
→

 = cos A i
→

 + sin A j
→

 

 OQ
→

 = OL
→

 + LQ
→

  =  cos B i
→

 + sin B j
→

 

 OP
→

 . OQ
→

 = ( )cos A i
→

 + sin A j
→

 . ( )cos B i
→

 + sin B j
→

 ..(1) 
  = cos A  cos B + sin A  sin B 

YûWVû\«uT¥  OP
→

 . OQ
→

 =  OP
→

   OQ
→

 cos (A − B) = cos (A − B) .. (2) 

Q (Cos B, Sin B)

P (Cos A, Sin A)

O M L

A
B

X

Y

Q (Cos B, Sin B)

P (Cos A, Sin A)

O M L

A
B

X

Y
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 (1) Utßm (2)-C−ÚkÕ   
  cos (A − B) = cos A  cos B + sin A sin B 
2,3,4 CVt©V−p §ûN«−l ùTÚdLj§u TVuTôÓLs 

 ®ûN ùNnR úYûX (Work done by force) : 
 ®ûN ùNnR úYûX JÚ §ûN«− BÏm, CÕ ®ûN«u 

GiQ[ûY Aq®ûN«u §ûN«p AûUkR CPlùTVof£«u 

á±]ôp ùTÚd¡ LQd¡PlTÓYÕ BÏm, 

 JÚ ÕL[ô]Õ O Gu\ ×s°«p 

ûYdLlThÓs[Õ, OB
→

Gu\ ùYdPWôp 

Ï±dLlTÓm F
→

Gu\ ®ûNVô]Õ 

AjÕL°u ÁÕ O®p ùNVpTÓ¡\Õ, 

Cq®ûN«u ùNVpTôh¥]ôp 

AjÕL[ô]Õ  OA
→

-Cu §ûNdÏ 

SLojRlTÓ¡u\Õ,  

 
 
 
 
 
 
 
 

TPm 2.11 

 OA
→

 B]Õ CPlùTVof£ ùYdPûWj RÚm, úUÛm OL B]Õ F
→

-

Cu §ûN«p ÕL°u CPlùTVof£ RÚm ùNeúLôQ ∆ OLA-Cp 

 OL = OA cos θ  = | |d
→

 cos θ  


θ GuTÕ F

→
 dÏm d

→
 dÏm

CûPlThP úLôQm BÏm
 

   ®ûN ùNnR úYûX = (®ûN«u GiQ[Ü)  
     (®ûN«u §ûN«p CPlùTVof£) 

    =  F
→

 OL =  F
→

 | |d
→

 cos θ 

   ®ûN ùNnR úYûX = F
→

 . d
→

 
Ï±l× :  
 JÚ ÕL°u ÁÕ TpúYß ®ûNLs ùNVpTÓmúTôÕ R²jR² 

®ûNLs ùNnÙm úYûXL°u áÓRXô]Õ ®û[Ü ®ûN ùNnÙm 

úYûXdÏf NUUôÏm, 
GÓjÕdLôhÓ 2.18 : JÚ ÕLs A Gu\ ×s°«−ÚkÕ  B Gu\ 

×s°dÏ F
→

 = i
→

 + 3 j
→

 − k
→

 Gu\ ®ûN«u ùNVpTôh¥]ôp SLojRl 

ùTt\ôp Aq®ûN ùNnÙm úYûXV[ûYd LôiL, CeÏ  

A-Cu ¨ûX ùYdPo 2 i
→

 − 6 j
→

 + 7 k
→

 Utßm B-Cu ¨ûX ùYdPo  

3 i
→

 − j
→

 − 5 k
→

 G]d ùLôsL, 

d

O

A

L B

θ

F

dd

O

A

L B

θ

FF
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¾oÜ : 

 F
→

 = i
→

 + 3 j
→

 − k
→

  ;   OA
→

 = 2 i
→

 − 6 j
→

 + 7 k
→

 ; OB
→

 = 3 i
→

 − j
→

 − 5 k
→

 

   d
→

 = AB
→

 = OB
→

 − OA
→

 = i
→

 + 5 j
→

 − 12 k
→

 

   ®ûN ùNnÙm úYûX = F
→

 . d
→

 

    = ( )i
→

 + 3 j
→

 − k
→

 . ( )i
→

 + 5 j
→

 − 12k
→

 

    = (1) (1) + 3(5) + 12 = 28 

GÓjÕdLôhÓ 2.19 : JÚ ®ûN F
→

 = a i
→

 + j
→

 + k
→

-Cu 

ùNVpTôh¥]ôp JÚ ×s°Vô]Õ (1, 1, 1) Gàm ¨ûX«−ÚkÕ  

(2, 2, 2) Gàm ¨ûXdÏ JÚ úSodúLôh¥u Y¯úV SLojRlTÓmúTôÕ 

ùNnR úYûX 5 AXÏLs G²p a-Cu U§lûTd LôiL, 

¾oÜ :  F
→

 = a i
→

 + j
→

 + k
→

 ;  OA
→

 = i
→

 + j
→

 + k
→

 ;  OB
→

 = 2 i
→

 + 2 j
→

 + 2 k
→

 

   ®ûN ùNnÙm úYûX = 5  AXÏLs 

   d
→

 = AB
→

 = OB
→

 − OA
→

  = i
→

 + j
→

 + k
→

 

   ®ûN ùNnÙm úYûX = F
→

 . d
→

 

   5 = ( )a i
→

 + j
→

 + k
→

 . ( )i
→

 + j
→

 + k
→

 

   5 = a + 1 + 1  ⇒ a  =  3   

T«t£ 2.2 
ùYdPo Øû\«p ¨ßÜL : 

 (1) JÚ CûQLWj§u êûX ®hPeLs NUm G²p AkR 

CûQLWm Ko ùNqYLm G] ¨ßÜL, 

 (2) JÚ ùNeúLôQ ØdúLôQj§u LoQj§u SÓl×s° ARu 

Ef£L°p CÚkÕ NU ùRôûX®p CÚdÏm, 

 (3) Ko CûQLWj§u êûX ®hPeL°u YodLeL°u áÓRp 

TdLeL°u YodLeL°u áÓRÛdÏf NUm, 

 (4) cos (A + B) = cos A  cos B − sin A  sin B 
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  (5) JÚ ÕLs 2 i
→

 + 2 j
→

 + 2 k
→

 Gàm ¨ûX«p CÚkÕ 3 i
→

 + 4 j
→

 + 5 k
→

Gàm ¨ûXdÏ JÚ ®ûN F
→

 = 2 i
→

 + j
→

 + k
→

-Bp SLojRlThPôp 

Aq®ûN ùNnR úYûXûV LQd¡Ó, 

 (6) 2 i
→

 − 2 j
→

 + k
→

 Gàm ùYdPÚdÏ CûQVô]Õm GiQ[Ü 5 
EûPVÕUô] ®ûN JÚ ÕLû[ (1, 2, 3) Gu\ ×s°«p CÚkÕ 

(5, 3, 7) Gu\ ×s°dÏ SLojÕUô«u Aq®ûN ùNnÙm 

úYûXûVd LQd¡ÓL, 

 (7) JÚ ÕLs 4 i
→

 − 3 j
→

 − 2 k
→

 Gàm ¨ûX«−ÚkÕ 6 i
→

 + j
→

 − 3 k
→

 

Gàm ¨ûXdÏ 2 i
→

 − 5 j
→

 + 6 k
→

, − i
→

 + 2 j
→

 − k
→

 Utßm 2 i
→

 + 7 j
→

 
Gu\ Uô\ôR ®ûNL°u ùNVpTôh¥]ôp SLojRlùTt\ôp 

Aq®ûNLs úNokÕ ùNnÙm úYûXûVd LôiL, 

 (8) 3 Utßm 4 AXÏLs GiQ[Ü Es[ Øû\úV 6 i
→

 + 2 j
→

 + 3 k
→

 

Utßm 3 i
→

 − 2 j
→

 + 6 k
→

 Gu\ §ûNL°p AûUkR ®ûNLs JÚ 

ÕLû[ (2, 2, − 1) Gu\ ¨ûX«p CÚkÕ (4, 3, 1) Gu\ ¨ûXdÏ 

SLojÕm úTôÕ ùNnVlTÓm úYûXûVd LQd¡ÓL, 

2,4 ùYdPo ùTÚdLm (Vector product) : 
2,4,1 YXdûL Utßm CPdûL AûUl× (Right-handed and left 
handed systems) : 

 a
→

 , b
→

 , c
→

 GuTûY B§ O Y¯VôLf ùNpXdá¥V JÚT¥f NôWô 

ùYdPoLs GuL, CûY JÚT¥f NôWôRûYVôRXôp GkR CÚ 

ùYdPoLÞm CûQj§ûNLs ùT\ôRûYVôÙm. GpXô 

ùYdPoLÞúU JúW R[j§p AûUVôRRôÙm CÚdÏm,  a
→

dÏm  

b
→

dÏm CûPlThP £±V úLôQm θ GuL, (i.e. 0 < θ < π) B§ O-I 

GlùTôÝÕm R]dÏ CPl×\UôL CÚdÏUôß JÚYo a
→

-C−ÚkÕ  

b
→

-I úSôd¡ θ çWm SPlTRôLd ùLôsúYôm, a
→

 Utßm b
→

  

Es[Pd¡V R[j§u Gl×\j§p c
→

 AûU¡\úRô AkRl TdLj§p 

AkST¬u RûXlTôLm AûUkRôp. a
→

 , b
→

 , c
→

  B]Õ YXdûL 

AûUl× ùLôiP ùYdPoLs G]lTÓm,  
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 c
→

 B]Õ G§o §ûN ùTt±Úl©u. a
→

 , b
→

 , c
→

 B]Õ CPdûL 

AûUl× ùLôiPûY G]lTÓm, 

 
 
 
 
 
 

TPm 2. 12 

YûWVû\ : a
→

 , b
→

 Gu\ CÚ ùYdPoL°u ùYdPo ùTÚdLûX  

a
→

 × b
→

  G]d Ï±l©ÓYo, CRu Gi A[Ü | |a
→

 | |b
→

 sin θ  BÏm, CeÏ 

θ GuTÕ a
→

dÏm b
→

dÏm CûPlThP úLôQm BÏm, 0 ≤ θ ≤ π Utßm 

a
→

 × b
→

-Cu §ûNVô]Õ a
→

 Utßm b
→

 B¡V CWiÓdÏúU 

ùNeÏjRô]RôL CÚdÏm, úUÛm a
→

, b
→

 Utßm a
→

 × b
→

 B¡V êuß 

ùYdPoLÞm YXdûL AûUlûT ùLôiPûYVôL CÚdÏm, 
úYß®RUôLf ùNôpúYôUô«u. 

 a
→

 × b
→

 = | |a
→

 | |b
→

 sin θ  n
∧

,  

θ GuTÕ a
→

dÏm b
→

dÏm 

CûPlThP úLôQm Utßm  

n
∧

 GuTÕ a
→

dÏm b
→

dÏm  

ùNeÏjRô] Ko AXÏ ùYdPo, 

 
 
 
 
 
 

TPm 2.13 

úUÛm  a
→

 , b
→

, n
∧
 GuT] YXdûL AûUlûT EûPV ùYdPoLs, 

Ï±l× : 

(1) a
→

, b
→

, n
∧

 GuT] YXdûL AûUlûT ùTtßs[Õ GuTRu 

ùTôÚ[ô]Õ a
→

-C−ÚkÕ b
→

-I úSôd¡ JÚ YXdûL §ÚLô¦ûV 

ÑZtßúYôUô«u Aj§ÚLô¦ Øuú]ßm §ûN n
∧
-Cu §ûN«p 

AûUÙm GuTRôÏm,  n
∧

 B]Õ a
→

 Utßm b
→

-I Es[Pd¡V 

R[j§tÏf ùNeÏjÕj §ûN«p CÚdÏm, 

a

b

O

c

a

b

O

c

y

z

x

y

x

z

a

b

O

c

aa

bb

O

cc

a

b

O

c

aa

bb

O

cc

y

z

x

y

z

x

y

x

z

y

x

z

a

b

a bx

n

< n

<

aa

bb

a bxa a bbx

n

<

n

< n

<

n

<
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(2) a
→

-dÏm b
→

-dÏm CûP«p ÏßdÏ Ï± CÚlTRôp a
→

 × b
→

-I CÚ 

ùYdPoL°u ÏßdÏl ùTÚdLm G] AûZdLXôm, 

2,4,2 ùYdPo ÏßdÏ ùTÚdLj§u Y¥Yd L¦R ®[dLm 
(Geometrical interpretation of Vector product) : 

     OA
→

 = a
→

 ,  OB
→

 = b
→

 GuL, 

   θ  GuTÕ a
→

-dÏm b
→

-dÏm 

CûPlThP úLôQm GuL, OA
→

, OB
→

ùYdPoLû[ AÓjRÓjR 

TdLeL[ôLd ùLôiP OACB Gu\ 

CûQLWjûR YûWL, 

 ùNeúLôQ ØdúLôQm ONBCp  

 BN = | |b
→

 sin θ 

 
 
 
 
 
 

TPm 2.14 

  a
→

 × b
→

  = | |a
→

 | |b
→

 sin θ n
∧

 

  | |a
→

  ×  b
→

 = | |a
→

 | |b
→

 sin θ  

   = (OA)  (BN) 

   = A¥lTdLm × EVWm 
   = OACB Gu\ CûQLWj§u TWl× 

  ∴ | |a
→

  ×  b
→

 = 


 a
→

 Utßm b
→

-I AÓjRÓjR TdLeL[ôLd

ùLôiP CûQLWj§u TWl×
 

úUÛm,  ∆OABCu TWl×  = 
1
2  OACB Gu\ CûQLWj§u TWl× 

   = 
1
2  | |OA

→
  ×  OB

→
 =  

1
2 | |a

→
  ×  b

→
 

∆OABCu ùYdPo TWl×  = 
1
2  ( )a

→
  ×  b

→
 

£X Ød¡V Ø¥ÜLs : 

  (1) a
→

, b
→

-I AÓjRÓjR TdLeL[ôLd ùLôiP CûQLWj§u 

TWl× = | |a
→

  ×  b
→

 

a

b

θ

A

CB

n

<

NO
aa

bb

θ

A

CB

n

<

n

<

NO
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 (2) a
→

, b
→

-I AÓjRÓjR TdLeL[ôLd ùLôiP CûQLWj§u 

ùYdPo TWl× a
→

 × b
→

 

 (3) a
→

, b
→

-Il TdLeL[ôLd ùLôiP ∆j§u TWl× = 
1
2 | |a

→
  ×  b

→
 

 (4) ∆ABC-Cu TWl× = 
1
2  AB

→
 × AC

→
 (ApXÕ) 

1
2  BC

→
 × BA

→
  (ApXÕ)  

1
2   CA

→
 × CB

→
 

2,4,3 ùYdPo ùTÚdLj§u Ti×Ls : 
Ti× (1) : ùYdPo ùTÚdLm T¬Uôtßl TiûT ¨û\Ü ùNnVôÕ 

(Non-Commutativity of Vector product) : 
 ùYdPo ùTÚdLp T¬Uôtßl Ti×dÏhThPRuß (i.e.)  

a
→

 Utßm b
→

 GuT] HúRàm CWiÓ ùYdPoLs G²p  

a
→

 × b
→

 ≠ b
→

 × a
→

,    B]ôp a
→

 × b
→

 = − ( )b
→

 × a
→

 . 

 a
→

 Utßm b
→

  GuT] CWiÓ 

éf£VUt\ Utßm CûQVt\ 

ùYdPoLs GuL, θ GuTÕ 

AYt±u CûPlThP úLôQm 

G²p. 

 a
→

 × b
→

 = | |a
→

 | |b
→

 sinθ n
∧

,  

n
∧
GuTÕ a

→
, b
→

dÏm ùNeÏjRô] 

Ko AXÏ ùYdPo, 

 
 
 
 
 
 
 

TPm 2.15 

 b
→

 × a
→

 = | |b
→

 | |a
→

 sin(θ) (− n
∧

) = − | |a
→

 | |b
→

 sin θ  n
∧

 = − ( )a
→

 × b
→

 

 CeÏ b
→

, a
→

, − n
∧
 GuT] YXdûL AûUlûT EûPV ùYdPoLs, 

 G]úY   a
→

 × b
→

 ≠ b
→

 × a
→

.  B]ôp a
→

 × b
→

 = − ( )b
→

 × a
→

 
Ti× (2) : 
JúW úSodúLôhPûU (CûQ) ùYdPoL°u ùYdPo ùTÚdLm 

(Vector product of Collinear (Parallel) Vectors) : 

 a
→

, b
→

 GuT] JúW úSodúLôhPûU (CûQ) ùYdPoLs G²p  

a
→

 × b
→

 = 0
→

 

a

b

A

B

2π - θ θ

n

<

- n

<

− θ

aa

bb

A

B

2π - θ θ

n

<

n

<

- n

<

- n

<

− θ
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 a
→

, b
→

 GuT] JúW úSodúLôhPûU ApXÕ CûQ ùYdPoLs 

G²p θ = 0, π 

    θ = 0, π  G²p sin θ = 0 

  G]úY  a
→

 × b
→

 = | |a
→

 | |b
→

 sin θ  n
∧

  

   = | |a
→

 | |b
→

 (O) n
∧

  = 0
→

 

Ø¥Ü : 
 CWiÓ éf£VUt\ ùYdPoL°u ùYdPo ùTÚdLm éf£Vm 

G²p AkR ùYdPoLs CûQVô]ûY (úSodúLôhPûUkRûY), 

CRu UßRûXÙm EiûU, 

     i.e.,  a
→

 × b
→

 = o
→

  ⇔  a
→

 CûQ b
→

,  Utßm a
→

, b
→

 GuT] CWiÓ 

éf£VUt\ ùYdPoLs, 

¨ìTQm : 

  a
→

 × b
→

 = O
→

 G] GÓjÕd ùLôiPôp 

     | |a
→

 | |b
→

 sin θ  n
∧

 = O
→

   CeÏ | |a
→

≠ 0  & | |b
→

≠ 0, n
∧

 ≠ O
→

 

  ⇒   sin θ = 0      ⇒  θ = 0 or  π 

 ⇒  a
→

  Utßm b
→

 JúW úLôhPûUkRûY (CûQVô]ûY) 

  UßRûXVôL       a
→

  || b
→

  G²p  

  θ = O  ApXÕ π 

  ⇒   sin θ = O 

  ⇒  a
→

 × b
→

 = | |a
→

 | |b
→

 sin θ  n
∧

 = o
→

 

  ⇒  a
→

 × b
→

 = o
→

 

Ï±l× : a
→

 × b
→

 = o
→

 G²p ©uYÚm êuß ¨ûXLû[ 

AûP¡uú\ôm, 

 (i)  a
→

 Ko éf£V ùYdPo Utßm b
→

 HúRàm Ko ùYdPo 

 (ii) b
→

 Ko éf£V ùYdPo Utßm a
→

 HúRàm Ko ùYdPo 

 (iii) a
→

m b
→

m CûQ ùYdPoLs (JúW úLôhPûUkRûY) 
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Ti× (3) : CWiÓ NUùYdPoL°u ùYdPo ùTÚdLm (Cross Product 
of Equal Vectors) : 

   a
→

 × a
→

 = | |a
→

 | |a
→

 sin θ  n
∧

  

    = | |a
→

 | |a
→

 (0) n
∧

 

    = o
→

 

 ∴  JqùYôÚ éf£VUt\ a
→

-dÏm  a
→

 × a
→

 = o
→

BÏm, 

Ti× (4) : i
→

, j
→

, k
→

 GuT] KWXÏ ùYdPoL°u ùYdPo ùTÚdLm 

(Cross product of Unit Vectors  i
→

, j
→

, k
→

) 
 úUtÏ±l©hP Ti©uT¥ 

   i
→

 × i
→

 = j
→

 × j
→

 = k
→
× k
→

 = O
→

 
 
 
 
 
 
 

TPm 2. 16 

 úUÛm i
→

 × j
→

 = | |i
→

 | |j
→

 sin 90° k
→

 = (1) (1) (1) k
→

 = k
→

 

 CúRlúTôp j
→

 × k
→

 = i
→

,    k
→

 × i
→

 = j
→

 

 Utßm j
→

 × i
→

 = − k
→

,   k
→

 × j
→

 = − i
→

,   i
→

 × k
→

 = − j
→

 

 

Ti× (5) : m Ko §ûN«− Utßm a
→

, b
→

 GuT] CWiÓ ùYdPoLs. 

CYt±tÏ CûPlThP úLôQm θ G²p  

   m a
→

 × b
→

 = m ( )a
→

 × b
→

  = a
→

 × m b
→

 

Ti× (6) : ùYdPo ùTÚdLm áhPûXl ùTôßjÕ Te¸hÓl TiûTl 

ùTtßs[Õ (Distributivity of vector product over vector addition) :  

 a
→

, b
→

, c
→

 GuT] HúRàm êuß ùYdPoLs G²p 

i

X

Z

Y

j

k

O

ii

X

Z

Y

jj

kk

O

i

j

k

ii

jj

kk
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 (i)  a
→

 × ( )b
→

+ c
→

 = ( )a
→

 × b
→

 + ( )a
→

 × c
→

  (CPÕ Te¸Ó) 

 (ii)  ( )b
→

+ c
→

 × a
→

 = ( )b
→

 × a
→

 + ( )c
→

 × a
→

  (YXÕ Te¸Ó) 

Ø¥Ü : 
ùYdPo ùTÚdLj§u A¦dúLôûY AûUl× (Vector Product in the 
determinant form) : 

   a
→

 = a1 i
→

 + a2 j
→

 +  a3 k
→

 GuL 

   b
→

 = b1 i
→

 + b2 j
→

 +  b3 k
→

  GuT] CÚ ùYdPoLs G²p 

   a
→

 × b
→

 =  a1 i
→

 + a2 j
→

 +  a3 k
→

 ×  b1 i
→

 + b2 j
→

 +  b3 k
→

 

    = a1b1( )i
→

 × i
→

 + a1b2( )i
→

 × j
→

 + a1b3( )i
→

 × k
→

 

+ a2b1( )j
→

 × i
→

 + a2b2( )j
→

 × j
→

 + a2b3( )j
→

 × k
→

 

+ a3b1( )k
→

 × i
→

 + a3b2( )k
→

 × j
→

 + a3b3( )k
→

 × k
→

 

    = a1b2 k
→

 + a1b3( )− j
→

 + a2b1( )− k
→

  + a2b3 i
→

  

+ a3b1 j
→

 + a3b2( )− i
→

   

    = ( a2b3 − a3b2) i
→

 − (a1b3 − a3b1) j
→

 + ( a1b2 − a2b1) k
→

 

    = 





i

→
   j
→

   k
→

a1   a2   a3

b1   b2   b3

 

Ti× (7) : CWiÓ ùYdPoL°u CûPlThP úLôQm : 

 a
→

, b
→

 GuT] CWiÓ ùYdPoLs. CYt±u CûPlThP 

úLôQm θ G²p 

     a
→

 × b
→

 = | |a
→

 | |b
→

 sin θ  n
∧

  

   ⇒ | |a
→

 × b
→

 =  | |a
→

 | |b
→

 sin θ  n
∧
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   ⇒  | |a
→

 × b
→

 = | |a
→

 | |b
→

sin θ   

   ⇒  sin θ = 
| |a
→

 × b
→

| |a
→

 | |b
→

  ⇒  θ = sin−1 









| |a

→
 × b
→

| |a
→

 | |b
→

 

Ï±l× : 

 CeÏ θ GuTÕ ÏßeúLôQUôLúY ¡ûPdÏm, Cq®Rm Sôm 

ùYdPo ùTÚdLûXl TVuTÓj§d úLôQ A[Ü LQd¡hPôp 

ÏßeúLôQm UhÓm ¡ûPdÏm, 

 BLúY úLôQ A[Ü LôÔm LQdÏL°p ×s°l ùTÚdLjûRl 

TVuTÓjRúX Suß. AÕúY úLôQm θ AûU¡u\ ¨ûXûVj 

ùR°YôdÏm, 

Ti× (8) : ùLôÓdLlThP CWiÓ ùYdPoLÞdÏ ùNeÏjRô] 

KWXÏ ùYdPoLû[d LôQp (Unit vectors perpendicular to two given 
vectors) :   

 (i.e.)  RWlThP CÚ ùYdPoLû[ Es[Pd¡V R[j§tÏf 

ùNeÏjRô] Ko AXÏ ùYdPo, 

 a
→

, b
→

 GuT] CÚ éf£VUt\. CûQ ApXôR ùYdPoLs GuL. 

Utßm CYt±tÏ CûPlThP úLôQm θ GuL, 

   a
→

 × b
→

 = | |a
→

 | |b
→

 sin θ  n
∧

  … (1) 

 CeÏ a
→

-dÏm b
→

-dÏm ùNeÏjRô] KWXÏ ùYdPo n
∧

 BÏm, 

   | |a
→

 × b
→

 = | |a
→

 | |b
→

 sin θ … (2)  

(1) Utßm (2)-C−ÚkÕ  n
∧

 = 
a
→

 × b
→

| |a
→

 × b
→

   

Ï±l× :  
a
→

 × b
→

| |a
→

 × b
→

 GuTÕm a
→

dÏm b
→

dÏm ùNeÏjRô] Ko AXÏ 

ùYdPo BÏm, 

 G]úY. a
→

, b
→

dÏ ùNeÏjRô] Ko AXÏ ùYdPoL[ô]ûY 
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   ± n
∧

 = ± 
a
→

 × b
→

| |a
→

 × b
→

 

 Gi A[Ü µ EûPVÕm a
→

, b
→

-I Es[Pd¡V R[j§tÏf 

ùNeÏjRô]ÕUô] ùYdPo ± 
µ ( )a

→
 × b
→

| |a
→

 × b
→

 

GÓjÕdLôhÓ  2.20 :   

   a
→

, b
→

 GuT] CWiÓ ùYdPoLs G²p  

 | |a
→

 × b
→

2

+ ( )a
→

 . b
→

2

= | |a
→

2

 | |b
→

2

  

¾oÜ : 

 a
→

dÏm b
→

dÏm CûPlThP úLôQm θ GuL, 

 ∴    a
→

 × b
→

 = | |a
→

 | |b
→

 sin θ  n
∧

  

 | |a
→

 × b
→

 = | |a
→

 | |b
→

 sin θ   

 | |a
→

 × b
→

2

 = | |a
→

2

 | |b
→

2

 sin2 θ   

 ( )a
→

 . b
→

2

 = | |a
→

2

 | |b
→

2

 cos2θ 

 | |a
→

 × b
→

2

+ ( )a
→

 . b
→

2

  =  | |a
→

2

 | |b
→

2

 (sin2θ + cos2θ) = | |a
→

2

 | |b
→

2

  

GÓjÕdLôhÓ 2.21 :  4 i
→

 − j
→

 + 3 k
→

, − 2 i
→

 + j
→

 − 2 k
→

 Gàm 

ùYdPoLÞdÏ ùNeÏjRô]Õm Gi A[Ü 6 EûPVÕUô] 

ùYdPoLû[d LôiL, 

¾oÜ : 

                a
→

  = 4 i
→

 − j
→

 + 3 k
→

  ;  b
→

 = − 2 i
→

 + j
→

 − 2 k
→

 GuL 

   a
→

 × b
→

 = 







i

→
   j
→

   k
→

4    − 1    3

− 2    1    − 2

 = − i
→

 + 2 j
→

 + 2 k
→

 

   | |a
→

 × b
→

 = (− 1)2 + (2)2 + (2)2 = 3 
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úRûYVô] ùYdPoLs  = 6 











± 









a

→
 × b
→

| |a
→

 × b
→

 

    = ± ( )− 2 i
→

 + 4 j
→

 + 4 k
→

 

GÓjÕdLôhÓ 2.22 :  | |a
→

 = 13, | |b
→

 = 5  Utßm a
→

. b
→

 = 60 G²p 

| |a
→

 × b
→

 LôiL, 
¾oÜ : 

 | |a
→

 × b
→

2

 + ( )a
→

 . b
→

2

 =  | |a
→

2

 | |b
→

2

  

   | |a
→

 × b
→

2

 = | |a
→

2

 | |b
→

2

 − ( )a
→

 . b
→

2

  

    = (13)2 (5)2 − (60)2 = 625 

   ⇒  | |a
→

 × b
→

 = 25 

GÓjÕdLôhÓ 2.23 : 2 i
→

 + j
→

 − k
→

 Utßm i
→

 + 2 j
→

 + k
→

  Gàm 

ùYdPoLÞdÏ CûPlThP úLôQjûR ùYdPo ùTÚdLjûRl 

TVuTÓj§ LôiL, 

¾oÜ : 

                    a
→

  = 2 i
→

 + j
→

 − k
→

  ;   b
→

 = i
→

 + 2 j
→

 + k
→

  GuL 

 a
→

, b
→

dÏ CûPlThP úLôQm θ  GuL, 

   ∴  θ = sin−1 









| |a

→
 × b
→

| |a
→

 | |b
→

 

   a
→

 × b
→

 = 







i

→
   j
→

   k
→

2    1    − 1

1    2    1

 = 3 i
→

 − 3 j
→

 + 3 k
→

 

 | |a
→

 × b
→

 = 32 + (− 3)2 + 32 = 3 3 

 | |a
→

 = 22 + 12 + (− 1)2 = 6 
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 | |b
→

 = 12 + 22 + 12 = 6 

 ∴  sin θ =   









| |a

→
 × b
→

| |a
→

 | |b
→

 = 




3 3

6  6
 =  



3

2  

 θ = 
π
3 

GÓjÕdLôhÓ 2.24 :  p
→

 = − 3 i
→

 + 4 j
→

 − 7 k
→

, q
→

 = 6 i
→

 + 2 j
→

 − 3 k
→

 G²p 

p
→

 × q
→

 LQd¡hÓ p
→

m p
→

 × q
→

m JußdùLôuß ùNeÏjÕ G]Üm  

q
→

m p
→

 × q
→

m JußdùLôuß ùNeÏjÕ G]Üm N¬TôodL, 

¾oÜ : 

                p
→

 × q
→

 = 







i

→
   j
→

   k
→

− 3    4    − 7

6    2    − 3

 

    = 2 i
→

 − 51 j
→

 − 30 k
→

 

 CeÏ  p
→

 . ( )p
→

 × q
→

 = ( )− 3 i
→

 + 4 j
→

 − 7 k
→

 . ( )2 i
→

 − 51 j
→

 − 30 k
→

 

    = − 6 − 204 + 210 = 0 

 p
→

m p
→

 × q
→

m JußdùLôuß ùNeÏjRô¡\Õ, 

 CeÏ q
→

 . ( )p
→

 × q
→

 = ( )6 i
→

 + 2 j
→

 − 3 k
→

 . ( )2 i
→

 − 51 j
→

 − 30 k
→

 

    = 12 − 102 + 90 = 0 

 q
→

m p
→

 × q
→

m JußdùLôuß ùNeÏjRô¡\Õ, 

GÓjÕdLôhÓ 2.25 : i
→

 + 2 j
→

 + 3 k
→

, 4 i
→

 + j
→

 + 5 k
→

 Utßm 7( )i
→

 + k
→

 
Gu\ ¨ûX ùYdPoLû[ÙûPV ×s°Ls Øû\úV A, B, C G²p  

AB
→

 × AC
→

  LôiL, 

¾oÜ : OA
→

 = i
→

 + 2 j
→

 + 3 k
→

 ,    OB
→

 = 4 i
→

 + j
→

 + 5 k
→

  ;  OC
→

 = 7 i
→

 + 7 k
→

 

  AB
→

 = OB
→

 − OA
→

 =  ( )4 i
→

 + j
→

 + 5 k
→

 − ( )i
→

 + 2 j
→

 + 3 k
→
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  AB
→

 = 3 i
→

 − j
→

 + 2 k
→

 

 AC
→

 = OC
→

 − OA
→

 = 6 i
→

 − 2 j
→

 + 4 k
→

 

 AB
→

 × AC
→

 = 







i

→
   j
→

   k
→

3    − 1    2

6    − 2    4

 = 0
→

 

 AB
→

, AC
→

 ùYdPoLs CûQVô]ûY Utßm CYt±tÏ JÚ ùTôÕ 

×s° A Es[Õ, 

 ∴ AB
→

m AC
→

m JúW úLôh¥p AûUÙm, 

 ∴ A, B, C JúW úLôhPûUkR ×s°Ls, 

T«t£ 2.3 

  (1) a
→

 = 2 i
→

 + k
→

, b
→

 = i
→

 + j
→

 + k
→

 G²p a
→

 × b
→

-Cu GiQ[Ü 

LôiL, 

 (2) | |a
→

 = 3,  | |b
→

 = 4 Utßm a
→

. b
→

 = 9 G²p | |a
→

 × b
→

  

 (3) 2 i
→

 + j
→

 + k
→

 Utßm i
→

 + 2 j
→

 + k
→

 B¡V ùYdPoLû[d ùLôiP 

R[j§tÏf ùNeÏjRô] Ko AXÏ ùYdPoLû[d LôiL, 

 (4) a
→

 = 3 i
→

 + j
→

 − 4 k
→

 Utßm b
→

 = 6 i
→

 + 5 j
→

 − 2 k
→

 dÏ 

ùNeÏjRô]RôLÜm Gi A[Ü 5  EûPVÕUô] ùYdPûWd 

LQd¡ÓL, 

 (5) | |a
→

 × b
→

 = a
→

. b
→

 G²p. a
→

dÏm b
→

dÏm CûPlThP úLôQjûRd 

LôiL, 

 (6) | |a
→

 = 2, | |b
→

 = 7 Utßm a
→

 × b
→

 = 3 i
→

 − 2 j
→

 + 6 k
→

 G²p a
→

dÏm b
→

dÏm CûPlThP úLôQjûRd LôiL, 

 (7) a
→

 = i
→

 + 3 j
→

 − 2 k
→

 , b
→

 = − i
→

 + 3 k
→

 G²p a
→

 × b
→

 LôiL. Utßm 

a
→

-m b
→

-m a
→

 × b
→

-dÏ R²jR²VôL ùNeÏjRô G]f úNô§dL, 

 (8) a
→

, b
→

, c
→

 GuT] HúRàm êuß ùYdPoLs G²p 

  a
→

 × ( )b
→

 + c
→

 + b
→

 × ( )c
→

 + a
→

 + c
→

 × ( )a
→

 + b
→

 = 0
→
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 (9) a
→

, b
→

, c
→

 GuT] Ko AXÏ ùYdPoLs,  

  úUÛm a
→

 . b
→

 = a
→

 . c
→

 = 0 Utßm b
→

-dÏm c
→

-dÏm CûPlThP 

úLôQm 
π
6 G²p a

→
 = ± 2( )b

→
 × c
→

 G]d LôhÓ, 

 (10) a
→

 × b
→

 = c
→

 × d
→

 , a
→

 × c
→

 = b
→

 × d
→

  G²p a
→

 − d
→

 Utßm b
→

 − c
→

 
CûQ ùYdPoLs G]d LôhÓL, 

2,4,4 ùYdPo ùTÚdLj§u Y¥Yd L¦Rl TVuTôÓLs 

(Geometrical applications of cross product) : 
GÓjÕdLôhÓ 2.26 : AC Utßm BD-I êûX®hPeL[ôLd ùLôiP 

SôtLWm  ABCD-Cu TWl× 
1
2   AC

→
 × BD

→
  G]d LôhÓL, 

¾oÜ : 

 


SôtLWm ABCD-Cu

 ùYdPo TWl×  = 


∆ABC-Cu ùYdPo TWl× +
∆ACD-Cu ùYdPo TWl×

 

 = 
1
2  AB

→
 × AC

→
 + 

1
2  AC

→
 × AD

→
 

 = − 
1
2  AC

→
 × AB

→
 + 

1
2  AC

→
 × AD

→
 

 = 
1
2 AC
→

 ×  − AB
→

 + AD
→

 

 = 
1
2 AC
→

 ×  BA
→

 + AD
→

 

     =  
1
2 AC
→

 × BD
→

   

 

 

 

 

 

TPm 2.17 

 ∴ SôtLWm ABCD-Cu TWl× = 
1
2  AC

→
 × BD

→
 

CR²ußm : 

 d
→

1, d
→

2-I êûX®hPeL[ôLd ùLôiP CûQLWj§u TWl× = 
1
2  

 d
→

1 × d
→

2  G]j RÚ®dLXôm, 

A B

C

D

A B

C

D
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GÓjÕdLôhÓ 2.27 :   

 ØdúLôQm ABC-Cu Ef£L[ô]   A, B, C-«u ¨ûXùYdPoLs  

a
→

, b
→

, c
→

 G²p. ØdúLôQm ABC-Cu TWlTô]Õ  

1
2| |a
→

 × b
→

 + b
→

 × c
→

 + c
→

 × a
→

G] ¨ßÜL, CR²ußm a
→

, b
→

, c
→

 JúW 

úSodúLôhPûU ùYdPoL[ô«ÚdL ¨TkRû]ûVd LôiL, 

¾oÜ :   ∆ ABC-Cu TWl× = 
1
2  AB

→
 × AC

→
 

  AB
→

 = OB
→

 − OA
→

 = b
→

 − a
→

  

  AC
→

 = OC
→

 − OA
→

 = c
→

 − a
→

 

 G]úY. ∆ABC-Cu TWl×  = 
1
2  AB

→
 × AC

→
 = 

1
2  ( )b

→
 − a
→

 × ( )c
→

 − a
→

 

   = 
1
2  | |b

→
 × c
→

 − b
→

 × a
→

 − a
→

 × c
→

 + a
→

 × a
→

 

   = 
1
2  | |b

→
 × c
→

 + a
→

 × b
→

 + c
→

 × a
→

 

  ∆ABC-Cu TWl× = 
1
2  | |a

→
 × b
→

 + b
→

 × c
→

 + c
→

 × a
→

 

 A, B, C B¡V ×s°Ls JúW úSodúLôhPûUY]Yô«u.  

∆ABC-Cu TWl× = 0 BÏm, 

  ⇒  
1
2 | |a

→
 × b
→

 + b
→

 × c
→

 + c
→

 × a
→

 = 0 

  ⇒  | |a
→

 × b
→

 + b
→

 × c
→

 + c
→

 × a
→

 = 0 

 (ApXÕ)  a
→

 × b
→

  +  b
→

 × c
→

  +  c
→

 × a
→

 = 0
→

 

   G]úY. a
→

 × b
→

  + b
→

 × c
→

  +  c
→

 × a
→

 = 0
→

 GuTÕ úRûYVô] 

¨TkRû]VôÏm, 

GÓjÕdLôhÓ 2.28 : YZdLUô] Ï±ÂhÓLÞPu 
a

sin A = 
b

sin B = 
c

sin C 

G] ¨ßÜL, 

¾oÜ : BC
→

 = a
→

,   CA
→

 = b
→

,    AB
→

 = c
→

 GuL, 
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 ØdúLôQj§tÏ¬V TWl× Ti©uT¥.  

 
1
2  | |a

→
 × b
→

 = 
1
2  | |b

→
 × c
→

 = 
1
2  | |c

→
 × a
→

 

⇒  | |a
→

 × b
→

= | |b
→

 × c
→

 = | |c
→

 × a
→

 
ab sin (π−C) = bc sin(π−A) = ca sin (π−B) 
⇒  ab sinC = bc sinA  =  ca sinB 
abc-Bp YÏdL 

 
sinC

c  = 
sinA

a   =  
sin B

b  

 

 
 
 
 
 
 

TPm 2.18 

  RûX¸r LôQ   
a

sin A = 
b

sin B   =  
c

sin C  

GÓjÕdLôhÓ 2.29 :  sin(A + B) = sinA cosB + cosA sinB G] ¨ßÜL, 
¾oÜ : 
 O-I ûUVUônd ùLôiP 

AXÏYhPj§u ÁÕ P Utßm 

Q GuTûY HúRàm CÚ 

×s°Ls GuL, x-AfÑPu OP 
Utßm OQ GuTûY 

HtTÓjÕm úLôQeLs 

Øû\úV A, BGuL, 

∴ POQ  = POx  + QOx  = A + B 

 
 
 
 
 

 

TPm 2.19 

 P Utßm Q-Cu AfÑjçWeLs Øû\úV (cosA, sinA) Utßm  

(cosB, − sinB) BÏm,   x Utßm y AfÑdL°u Y¯úV Øû\úV i
→

 Utßm 

j
→

 Gu¡\ AXÏ ùYdPoLû[ GÓjÕd ùLôsL, 

  OP
→

 = OM
→

 + MP
→

 =  cos A i
→

 + sin A j
→

 

  OQ
→

 = ON
→

 + NQ
→

 = cos B i
→

 + sin B( )− j
→

   ‡  NQ
→

 = sinB 

   = cos B i
→

 −sin B j
→

 

  OQ
→

 × OP
→

 =  OQ
→

   OP
→

 sin (A + B) k
→

  =  sin (A + B) k
→

                … (1) 

  OQ
→

 × OP
→

 = 







i

→
   j
→

   k
→

cosB   − sinB    0
cosA    sinA    0

 = k
→

 [sinA cosB + cosA sinB] …(2) 

a

b

A

C
B

c

π - A

π - B

π - C

aa

bb

A

C
B

cc

π - A

π - B

π - C

Q
(C

os
B

, -
Si

n 
B
)

(Cos A, Sin A)
P

O

M NA

B
X

Y

Q
(C

os
B

, -
Si

n 
B
)

(Cos A, Sin A)
P

O

M NA

B
X

Y
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 (1) Utßm (2)–C−ÚkÕ 

  sin (A + B) = sinA cosB + cosA sinB 

GÓjÕdLôhÓ 2.30 :  3 i
→

 + j
→

 − 2 k
→

 Utßm i
→

 − 3 j
→

 + 4 k
→

 B¡VYtû\ 

êûX ®hPeL[ônd ùLôiP CûQLWj§u TWl× 5 3 G]d 

LôhÓL, 
¾oÜ :   

 d
→

1 = 3 i
→

 + j
→

 − 2 k
→

   Utßm d
→

2 = i
→

 − 3 j
→

 + 4 k
→

  

 d
→

1 Utßm d
→

2-I êûX ®hPeL[ônd ùLôiP CûQLWj§u 

TWl× = 
1
2  d

→
1 × d

→
2  

  d
→

1 × d
→

2 = 







i

→
   j
→

   k
→

3    1    − 2

1    −3    4

 = − 2 i
→

 − 14 j
→

 − 10 k
→

 

  ⇒   d
→

1 × d
→

2  = (− 2)2 + (− 14)2 + (− 10)2 

   = 300  = 10 3 

  CûQLWj§u TWl× = 
1
2  d

→
1 × d

→
2 = 

1
2 10 3 = 5 3 N,A, 

2,4,5 CVt©V−p ùYdPo ùTÚdLj§u TVuTôÓLs : 
HúRàm JÚ ×s°ûVl ùTôßjÕ JÚ ®ûN«u §Úl×j§\u  

(Moment of a force about a point) : 
 JÚ Lh¥ßdLl ùTôÚ°u HúRàm 

JÚ ×s° P-Cp F
→

Gu¡\ ®ûN 

ùNÛjRlTÓYRôLd ùLôsúYôm, O Gu\ 

×s°ûVl ùTôßjÕ F
→

Cu §Úl×j 

§\]ô]Õ ùTôÚû[   O-Il ùTôßjÕ 

§Úl×¡u\ CVp©u A[YôÏm, 

Cq®VpTô]Õ O-Il ùTôßjÕ 

CPgÑ¯j §ûN«−Úl©u §Úl×j 

§\û] ªûLVôLÜm. AqYôß 

CpûXVô«u Ïû\VôLÜm LÚÕYo, 

 
 
 
 
 
 
 
 

TPm 2.20 

F

r

N

O

P

r Fx

θ

θ FF

rr

N

O

P

r Fxr r FFx

θ

θ
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F
→

 Gu\ ®ûN«u ÁÕ P GuTÕ HúRàm JÚ ×s°,  O-Il ùTôßjR  

P-Cu ¨ûXùYdPo r
→

 GuL,  O-Il ùTôßjR F
→

-Cu §Úl×j §\u 

GiQ[Yô]Õ. F
→

-Cu GiQ[Ü Utßm O-C−ÚkÕ F
→

 ùNVtTÓm 

úSodúLôh¥tÏ YûWVlThP ùNeÏj§u ¿[m B¡VYt±u 

ùTÚdLXôÏm, 

 ∴ §Úl×j§\²u GiQ[Ü =  F
→

 (ON) 
 ùNeúLôQ ØdúLôQm ONP-Cp 

  sinθ = 
ON
OP = 

ON

 | |r
→

 

  | |r
→

 sin θ = ON 

 ∴ §Úl×j§\²u GiQ[Ü =  F
→

 (ON) 

   = | |r
→

  F
→

 sin θ 

   =  r
→

 × F
→

 

 G]úY O-Il ùTôßjR F
→

-Cu §Úl×j§\u (ApXÕ) 

ØßdÏj§\u (Torque) M
→

 = r
→

 × F
→

 Gu\ ùYdPWôp YûWVßdLlTÓm, 

GÓjÕdLôhÓ 2.31 : 3 i
→

 + 2 j
→

 − 4 k
→

 Gu\ ùYdPWôp RWlTÓm 

®ûNVô]Õ (1, − 1, 2) Gu\ ×s°«p ùNÛjRlTÓ¡\Õ, (2, − 1, 3) 
Gu\ ×s°ûVl ùTôßjÕ ®ûN«u §Úl×j§\u LôiL, 
¾oÜ : 

  F
→

 = 3 i
→

 + 2 j
→

 − 4 k
→

  

  OP
→

 = i
→

 − j
→

 + 2 k
→

 

  OA
→

 = 2 i
→

 − j
→

 + 3 k
→

 

 
 
 
 
 

TPm 2.21 

   r
→

 = AP
→

 = OP
→

 − OA
→

 

r

F

A(2,-1,3)

P(1,-1,2)

rr

FF

A(2,-1,3)

P(1,-1,2)
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    = ( )i
→

 − j
→

 + 2 k
→

 − ( )2 i
→

 − j
→

 + 3 k
→

 

   r
→

 = − i
→

 − k
→

 

 A Gu\ ×s°ûVl ùTôßjÕ F
→

 Gu\ ®ûN«u §Úl×j§\u M
→

 

B]Õ  

   M
→

 = r
→

 × F
→

 = 







i

→
   j
→

   k
→

− 1    0    − 1

3    2    − 4

 = 2 i
→

 − 7 j
→

 − 2 k
→

  

T«t£ 2.4 
  (1) A(− 5, 2, 5), B(− 3, 6, 7), C(4, − 1, 5)  Utßm D(2, − 5, 3) B¡VYtû\ 

Ef£L[ônd ùLôiP CûQLWj§u TWl× LôiL, 

 (2) 2 i
→

 + 3 j
→

 + 6 k
→

 Utßm 3 i
→

 − 6 j
→

 + 2 k
→

B¡VYtû\ 

êûX®hPeL[ônd ùLôiP CûQLWj§u TWl× LôiL, 

 (3) i
→

 + 2 j
→

 + 3 k
→

 Utßm − 3 i
→

 − 2 j
→

 + k
→

 B¡VYtû\ TdLeL[ônd 

ùLôiP CûQLWj§u TWl× LôiL, 

 (4) (3, − 1, 2), (1, − 1, − 3) Utßm (4, − 3, 1)  B¡VYtû\ Ef£L[ônd 

ùLôiP ØdúLôQj§u TWl× LôiL, 
 (5) JúW A¥lTdLØm. JúW CûQ úSodúLôÓLÞdÏm 

CûPlThP CûQLWeLs NUTWl×ûPVûY GuTûR ùYdPo 

Øû\«p ¨ßÜL, 
 (6) JÚ CûQLWj§u êûX®hPeLû[ AÓjÕs[ TdLeL[ônd 

ùLôiP CûQLWj§u TWlTô]Õ ØkûRV CûQLWj§u 

TWl× úTôp CÚUPeÏ G] ¨ßÜL, 

 (7) Sin (A − B) = sin A cos B − cos A sin B G] ùYdPo Øû\«p ¨ì©, 

  (8) 4 i
→

 − 3 j
→

 − 2 k
→

 Gu\ ×s°ûV ¨ûX ùYdPWônd ùLôiP 

×s° PCp ùNVpTÓm ®ûNLs 2 i
→

 + 7 j
→

, 2 i
→

 − 5 j
→

 + 6 k
→

 

Utßm − i
→

 + 2 j
→

 − k
→

 BÏm, CûYL°u ®û[Ü ®ûN«u 

§Úl×j §\û]  6 i
→

 + j
→

 − 3 k
→

-I ¨ûX ùYdPWôLd ùLôiP 

×s°ûVl ùTôßjÕd LôiL, 
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 (9) B(5, 2, 4) Gu\ ×s° Y¯f ùNVpTÓm ®ûN 4 i
→

 + 2 j
→

 + k
→

-Cu 

ùYdPo §Úl×j §\u A(3, − 1, 3) Gu\ ×s°ûVl ùTôßjÕ  

i
→

 + 2 j
→

 − 8 k
→

 G]d LôhÓL, 

 (10) 2 i
→

 + 3 j
→

 + 6 k
→

 Gàm ®ûN B§Y¯VôLf ùNVpTÓ¡\Õ G²p 

(1, − 2, 3) Gàm ×s°ûVl ùTôßjÕ ARu §Úl×j§\²u 

GiQ[Ü Utßm §ûNd ùLôûNuLs CYtû\d LôiL, 

2,5 êuß ùYdPoL°u ùTÚdLm (Product of three vectors): 

 a
→

, b
→

, c
→

 GuTûY GûYúVàm êuß ùYdPoLs GuL, 

( )a
→

 . b
→

 . c
→

  ,   ( )a
→

 . b
→

 × c
→

,  ( )a
→

 × b
→

 . c
→

 Utßm ( )a
→

 × b
→

 × c
→

 , 

( )a
→

 . b
→

 . c
→

 GÓjÕd ùLôsL, 

    CeÏ a
→

 . b
→

 GuTÕ JÚ §ûN«−, JÚ ùYdPo Utßm §ûN«−«u 

×s°l ùTÚdLm Tt± YûWVßdLlTP®pûX, G]úY ( )a
→

 . b
→

 . c
→

 
GuTÕ ùTôÚ[t\RôÏm, 

 CûRlúTôp ( )a
→

 . b
→

 × c
→

 ùTôÚ[t\Õ, B]ôp ( )a
→

 × b
→

 . c
→

 

GuTÕ ùTôÚs EûPVÕ, LôWQm a
→

 × b
→

 JÚ ùYdPo Utßm 

 ( )a
→

 × b
→

 . c
→

 GuTÕ a
→

 × b
→

dÏm c
→

dÏm ×s°l ùTÚdLm 

GÓlTRôÏm, 

 CúRl úTôp  ( )a
→

 × b
→

 × c
→

  ùTôÚs EûPVÕ, 

2,5,1 §ûN«− ØlùTÚdLm (Scalar Triple Product) : 

 a
→

, b
→

, c
→

 GuTÕ êuß ùYdPoLs G²p ( )a
→

 × b
→

 . c
→

 GuTÕ 

§ûN«− ØlùTÚdLm BÏm, 

§ûN«− ØlùTÚdLj§u Y¥Yd L¦R ®[dLm  : 

 a
→

, b
→

, c
→

 GuTûY JúW R[j§p AûUVôR êuß ùYdPoLs 

GuL, OA, OB, OC-I ®°m×L[ôLd ùLôiP CûQLWj§iUj§p 

OA
→

 = a
→

, OB
→

 = b
→

 UtßmOC
→

 = c
→

 BÏm, 
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 a
→

 × b
→

 Gu\ ùYdPo  

a
→

, b
→

 Gu\ ùYdPoLs 

CÚdÏm R[j§tÏf 

ùNeÏjÕ BÏm, 

 φ GuTÕ c
→

 Utßm  

a
→

 × b
→

-dÏ CûPlThP 

úLôQm GuL, 

 
 
 
 
 
 
 

TPm 2.22 

 CeÏ CL B]Õ OADBdÏf ùNeÏjÕ BÏm, CeÏ CLB]Õ 

CûQLWj§iUj§u EVWm BÏm, 

 CeÏ CL-m  a
→

 × b
→

-m AúR R[j§tÏ ùNeÏjRô]ûY, 

 CL-m  a
→

 × b
→

-m CûQVô]ûY, 

 ⇒  OCL  = φ  (AÓjRÓjR úLôQeLs) 

 ùNeúLôQ ØdúLôQm OLC-Cp   CL = | |c
→

 cos φ 

 


∴ CûQLWj§iUj§u

EVWm CL  = | |c
→

 cos φ 

  

CûQLWj§iUj§u

A¥TWl×  = 


 a
→
, b
→

 AÓjRÓjR TdLeLû[d

ùLôiP CûQLWj§u TWl×
 

  

CûQLWj§iUj§u

A¥TWl×  = | |a
→

 × b
→

 

  ( )a
→

 × b
→

 . c
→

 = | |a
→

 × b
→

 | |c
→

 cos φ  

   = [A¥lTWl×]   [EVWm] 

  ( )a
→

 × b
→

 . c
→

 = 



 a
→

 , b
→

 , c
→

-I JúW ×s°«p Nk§dÏm

®°m×Lû[d ùLôiÓ AûUÙm

CûQLWj§iUj§u L] A[Ü 
 

 ∴ §ûN«− ØlùTÚdLm ( )a
→

 × b
→

 . c
→

 GuTÕ JúW Øû]«p 

Nk§d¡u\ YXdûL AûUlûT ùTt\ a
→

, b
→

, c
→

 Gu¡\ êuß 

ùYdPoLs AûUdÏm CûQLWj§iUj§u L] A[Ü GuTRôÏm, 

a

b

O

c

a bx

ϕ

A

D

G

B
C

F

L

E

ϕ

aa

bb

O

cc

a bxa a bbx

ϕ

A

D

G

B
C

F

L

E

ϕ
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2,5,2 §ûN«− ØlùTÚdLj§u Ti×Ls  : 
Ti× (1) : 

 ( )a
→

 × b
→

 . c
→

 = ( )b
→

 × c
→

 . a
→

 = ( )c
→

 × a
→

 . b
→

    [ÑtßYhP 

Øû\«p] 

¨ìTQm : 
 YXdûL AûUlûT ùTt\. JúW Øû]«p Nk§d¡u\ êuß 

ùYdPoLs a
→

, b
→

, c
→

 Ko CûQLWj§iUjûR EÚYôdÏ¡\Õ, G]úY 

CRu L] A[Ü V = ( )a
→

 × b
→

 . c
→

 

 ùR°YôL b
→

, c
→

, a
→

 Utßm c
→

, a
→

, b
→

 B¡VûYÙm YXdûL 

AûUl× ùLôiÓ úUtùNôu] AúR CûQLWj§iUj§u ùTôÕ 

Øû] ùLôiP ®°m×L[ôL AûUÙm, 

 ∴ V = ( )b
→

 × c
→

 . a
→

 Ut\m V = ( )c
→

 × a
→

 . b
→

 BÏm, 

 ∴V = ( )a
→

 × b
→

 . c
→

 = ( )b
→

 × c
→

 . a
→

 = ( )c
→

 × a
→

 . b
→

 … (1) 
 ×s°l ùTÚdLm T¬Uôtßl TiûT ùTtßs[Õ,  

G]úY (1) ⇒ V = c
→

 . ( )a
→

 × b
→

 = a
→

 . ( )b
→

 × c
→

 = b
→

 . ( )c
→

 × a
→

 … (2) 

 (1) Utßm (2)-C−ÚkÕ 

  ( )a
→

 × b
→

 . c
→

 = a
→

 . ( )b
→

 × c
→

 
 C§−ÚkÕ JÚ §ûN«− ØlùTÚdLj§p ×s° Utßm ÏßdÏ 

Ï±ÂÓLû[ T¬Uôt\m ùNnVXôm G] A±¡ú\ôm, 

 ClTi©u êXm §ûN«− ØlùTÚdLj§û] ©uYÚm 

Ï±ÂhPôp GÝRXôm, 

  ( )a
→

 × b
→

 . c
→

 = a
→

 . ( )b
→

 × c
→

 = [ ]a
→

  b
→

 c
→

 

  ∴ [ ]a
→

  b
→

 c
→

 = [ ]b
→

 c
→

  a
→

 = [ ]c
→

  a
→

  b
→

 

Ti× (2) : 
 JÚ §ûN«− ØlùTÚdLj§p YÚm ùYdPoL°u ÑtßYhP 

Y¬ûNûV UôtßYRôp §ûN«− ØlùTÚdLj§u Ï±«p Uôt\m 

HtTÓúU R®W GiQ[®p VôùRôÚ Uôt\Øm CWôÕ,  

 (i.e.) [ ]a
→

  b
→

 c
→

 = − [ ]b
→

  a
→

  c
→

 = − [ ]c
→

  b
→

  a
→

 = − [ ]a
→

  c
→

  b
→
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¨ìTQm : 

  [ ]a
→

  b
→

 c
→

 = ( )a
→

 × b
→

 . c
→

 

   = − ( )b
→

 × a
→

 . c
→

   ‡ a
→

 × b
→

 = − b
→

 × a
→

 

  [ ]a
→
,  b
→
, c
→

 = − [ ]b
→

  a
→

  c
→

 … (1) 
 CûRlúTôp Sôm Ut\ Ø¥ÜLû[l ùT\Xôm, 
Ti× (3) : §ûN«− ØlùTÚdLj§u HúRàm CÚ ùYdPoLs 

NUùU²p. ®û[Ü éf£VUôÏm, 

¨ìTQm :  a
→

 , b
→

, c
→

 GuT] êuß ùYdPoLs 

 a
→

 = b
→

 G²p 

  [ ]a
→

  b
→

 c
→

 = ( )a
→

 × b
→

 . c
→

 

   = o
→

 . c
→

  = 0       [ ]‡  a
→

 × b
→

= o
→

 

 CûRlúTôp Sôm b
→

 = c
→

 Utßm c
→

 = a
→

 GuT]Yt±tÏm 

¨ì©dLXôm, 

Ti× (4) : 

  a
→

 , b
→

, c
→

  GuTûY êuß ùYdPoL[ôLÜm λ JÚ §ûN«−VôLÜm 

CÚl©u [ ]λ a
→

  b
→

 c
→

 = λ [ ]a
→

  b
→

 c
→

 

¨ìTQm :   [ ]λ a
→

  b
→

 c
→

 = ( )λ a
→

 × b
→

 . c
→

  = λ ( )a
→

 × b
→

 . c
→

 

   = λ [ ]a
→

  b
→

 c
→

 

Ti× (5) : 
 êuß ùYdPoL°p HúRàm CWiÓ CûQVôLúYô ApXÕ 

JúW úSodúLôhPûUkRRôLúYô CÚl©u AYt±u §ûN«− 

ØlùTÚdLm éf£VUôÏm, 

¨ìTQm :  a
→

 , b
→

, c
→

  GuT] êuß ùYdPoLs Utßm a
→

-m b
→

-m JÚ 

R[ ùYdPoLs ApXÕ CûQ ùYdPoLs G²p a
→

 = λ b
→

, λ GuTÕ 

JÚ §ûN«−, 

  [ ]a
→

  b
→

 c
→

 = [ ]λ b
→

  b
→

 c
→

 = λ (0)  = 0 
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Ti× (6)  (¨ìTQªu±) : 

 a
→

 , b
→

, c
→

 Gu\ êuß éf£VUt\ Utßm CûQ ApXôR 

ùYdPoLs JúW R[ ùYdPoL[ôL AûUVj úRûYVô]Õm Utßm 

úTôÕUô]ÕUô] ¨TkRû] [ ]a
→

  b
→

 c
→

 = 0 

 i.e.,   a
→

 , b
→

, c
→

 R[AûU ùYdPoLs  ⇔  [ ]a
→

  b
→

 c
→

 = 0 

Ï±ól× :  

 [ ]a
→

  b
→

 c
→

 = 0 BLd á¥V êuß ¨ûXLs ©uYÚUôß : 

 (i) a
→

, b
→

, c
→

-Cp Ïû\kRÕ HúRàm Ju\ôYÕ JÚ éf£V 

ùYdPo, 

 (ii) a
→

, b
→

, c
→

-p HúRàm CWiÓ CûQ ùYdPoLs, 

 (iii) a
→

, b
→

, c
→

 GuT] JúW R[ AûU ùYdPoLs,  

 ¨ûXLs (i) Utßm (ii)-Ij R®ojÕ ¨ûX (iii) ùY°lTûPVôL 

EiûUVôYûRd LôQXôm, 

Ø¥Ü : 
§ûN«− ØlùTÚdLjûR áßL°u Yô«XôL GÝÕRp (Scalar Triple 
Product in terms of components) : 

  a
→

 = a1 i
→

 + a2 j
→

 + a3 k
→

,    b
→

 = b1 i
→

 + b2 j
→

 + b3 k
→

,   G²p 

      c
→

 = c1 i
→

 + c2 j
→

 + c3 k
→

,    

   [ ]a
→

  b
→

 c
→

 = 







a1   a2   a3

b1   b2   b3

c1   c2   c3

 

¨ìTQm :  a
→

 × b
→

 = 





i

→
   j
→

   k
→

a1   a2   a3

b1   b2   b3

 

    = (a2b3 − a3b2) i
→
−(a1b3 − a3b1) j

→
 + (a1b2 − a2b1) k

→
 

 ∴ [ ]a
→

  b
→

 c
→

 = ( )a
→

 × b
→

 . c
→

  =  ( )a
→

 × b
→

 .  c1 i
→

 + c2 j
→

 + c3 k
→
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   = (a2b3 − a3b2) c1 − (a1b3 − a3b1)c2 + (a1b2 − a2b1) c3 

   = 







a1   a2   a3

b1   b2   b3

c1   c2   c3

 

ÏßdÏl ùTÚdLm ùYdPo áhPûXl ùTôßjÕ Te¸hÓl TiûT 

ùTtßs[Õ (Distributivity of Cross product over Vector addition) : 
Ø¥Ü : 

 a
→

, b
→

, c
→

  Gu\ êuß ùYdPoLÞdÏ 

 a
→

 × ( )b
→

 + c
→

 = ( )a
→

 × b
→

 + ( ) a
→

 × c
→

 
 Cd ùLôsûLûV ÏßdÏl ùTÚdLj§tÏ¬V A¦dúLôûY 

AûUlûTd ùLôiÓ ¨ßYXôm, 

GÓjÕdLôhÓ 2.32 : a
→

 = − 3 i
→

 + 7 j
→

 + 5 k
→

,  b
→

 = − 5 i
→

 + 7 j
→

 − 3 k
→

,     

c
→

 = 7 i
→

 − 5 j
→

 − 3 k
→

 Gu\ ùYdPoLs JÚ Øû]«p Nk§dÏm 

®°m×L[ôLd ùLôiP CûQLWj§iUj§u L] A[Ü LôiL, 

¾oÜ : 

 CûQLWj§iUj§u L] A[Ü = [ ]a
→

  b
→

 c
→

 

  = 







− 3    7    5

− 5    7    − 3

7    − 5   − 3

 = − 264 

 L] A[Ü Ïû\ GiQôL CÚdL Ø¥VôÕ, 

∴ G]úY CûQLWj§iUj§u L] A[Ü = 264 L] AXÏLs, 

Ï±l× : §ûN«− ØlùTÚdLm  Ïû\ GiQôLÜm CÚdLXôm, 

GÓjÕdLôhÓ 2.33 :  a
→

  b
→

 c
→

 Gu\ HúRàm êuß ùYdPoLÞdÏ 

[ ]a
→

 + b
→

   b
→

 + c
→

   c
→

 + a
→

 = 2 [ ]a
→

  b
→

 c
→

 G] ¨ì©, 

¾oÜ :  [ ]a
→

 + b
→

   b
→

 + c
→

   c
→

 + a
→

 

  = 



( )a

→
 + b
→

 × ( )b
→

 + c
→

  . ( )c
→

 + a
→
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  = 



( )a

→
 × b
→

 + ( )a
→

 × c
→

  + ( )b
→

 × b
→

 + ( )b
→

 × c
→

 . ( )c
→

 + a
→

 

  = { }a
→

 × b
→

 +   a
→

 × c
→

 +   b
→

 × c
→

 . ( )c
→

 + a
→

    

  = ( )a
→

 × b
→

 . c
→

  + ( )a
→

 × c
→

 . c
→

+ ( )b
→

 × c
→

. c
→

 

                                          +  ( )a
→

 × b
→

 . a
→

 + ( )a
→

 × c
→

 . a
→

 + ( )b
→

 × c
→

. a
→

 

  = [ ]a
→

  b
→

 c
→

 + [ ]b
→

 c
→

 a
→

  =  2 [ ]a
→

  b
→

 c
→

 

GÓjÕdLôhÓ 2.34 :  x
→

 . a
→

 = 0,  x
→

 . b
→

 = 0,  x
→

. c
→

 = 0  úUÛm x
→

 ≠ 0
→

G²p a
→

 , b
→

,  c
→

 JúW R[ AûU ùYdPoLs G]d LôhÓL, 

¾oÜ :  

 x
→

 . a
→

 = 0  Utßm x
→

 . b
→

 = 0  G²p a
→

-m b
→

-m x
→

-dÏ ùNeÏjÕ 

BÏm, 

 ∴ a
→

 × b
→

 CûQ x
→

 

   ∴  x
→

 = λ( )a
→

 × b
→

 

  CeÏ  x
→

. c
→

 = 0   ⇒  λ( )a
→

 × b
→

 . c
→

 = 0 ⇒  [ ]a
→

  b
→

 c
→

 = 0 

 ⇒  a
→

 , b
→

,  c
→

  JÚ R[ ùYdPoLs, 

2,5,3 ùYdPo ØlùTÚdLm (Vector Triple Product ) : 
YûWVû\ : 

 a
→

 , b
→

, c
→

 GuT] HúRàm êuß ùYdPoLs G²p a
→

 × 

( )b
→

 × c
→

 Utßm ( )a
→

 × b
→

  × c
→

 GuTûY a
→

 , b
→

, c
→

-Cu ùYdPo 

ØlùTÚdLeLs BÏm, 

Ø¥Ü : a
→

 , b
→

, c
→

  GuT] HúRàm êu\ ùYdPoLs G²p 

  ( )a
→

 × b
→

 × c
→

= ( )a
→

 . c
→

b
→

 − ( )b
→

 . c
→

a
→

 

 CkR úRt\jûR a
→

 = a1 i
→

 +  a2 j
→

 +  a3 k
→

 ;   

 b
→

 = b1 i
→

 +  b2 j
→

 +  b3 k
→

 ; c
→

 = c1 i
→

 +  c2 j
→

 +  c3 k
→

 Guß GÓjÕ 

¨ì©dLXôm, 
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Ti× (1) :   ùYdPo ØlùTÚdLm ( )a
→

 × b
→

 × c
→

 GuTÕ AûPl×d 

Ï±dÏs CÚdÏm CÚ ùYdPoL°u JÚT¥f úNodûLVôÏm, 

Ti× (2) :  ùYdPo ØlùTÚdLm ( )a
→

 × b
→

 × c
→

 GuTÕ c
→

-dÏ 

ùNeÏjRôLÜm Utßm a
→

 , b
→

 AûUkR R[j§Ûm CÚdÏm, 

Ti× (3) : 

 a
→

 ×  ( )b
→

 × c
→

 = ( )a
→

 . c
→

b
→

 − ( )a
→

 . b
→

c
→

 

GÓjÕdLôhÓ 2.35 :  a
→

 × ( )b
→

 × c
→

 = ( )a
→

 × b
→

 × c
→

  G²p 

           ( )c
→

 × a
→

 × b
→

 = o
→

 G] ¨ì©, 

¾oÜ :    a
→

 × ( )b
→

 × c
→

 = ( )a
→

 × b
→

 × c
→

  ùLôÓdLlThPÕ 

  ( )a
→

 . c
→

  b
→

 − ( )a
→

 . b
→

 c
→

 = ( )a
→

 . c
→

  b
→

 − ( )b
→

. c
→

 a
→

 

   ⇒  ( )a
→

 . b
→

c
→

 = ( )b
→

. c
→

 a
→

 

  ⇒  ( )c
→

 . b
→

a
→

 − ( )a
→

 . b
→

c
→

 = 0
→

 

   ⇒      ( )c
→

 × a
→

 × b
→

 = 0
→

 

GÓjÕdLôhÓ 2.36 : a
→

 = 3 i
→

 + 2 j
→

 − 4 k
→

,   b
→

 = 5 i
→

 − 3 j
→

 + 6 k
→

 G²p 

c
→

 = 5 i
→

 − j
→

 + 2 k
→

, (i) a
→

 × ( )b
→

 × c
→

   (ii) ( )a
→

 × b
→

 × c
→

   LôiL Utßm 

CûY CWiÓm NUUpX G]d LôhÓL, 

¾oÜ : 

(i)   b
→

 × c
→

 = 







i

→
   j
→

   k
→

5    − 3    6

5    − 1    2

 = 20 j
→

 + 10 k
→

 

  ∴  a
→

 × ( )b
→

 × c
→

= 







i

→
   j
→

   k
→

3    2    − 4

0    20    10

 = 100 i
→

 − 30 j
→

 + 60 k
→
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(ii) a
→

 × b
→

 = 







i

→
   j
→

   k
→

3    2    − 4

5    − 3    6

  = − 38 j
→

 − 19 k
→

 

 ∴  ( )a
→

 × b
→

 × c
→

  = 







i

→
   j
→

   k
→

0    − 38   − 19

5    − 1    2

 = − 95 i
→

 − 95 j
→

 + 190 k
→

 

 (i) Utßm(ii)–C−ÚkÕ  

 a
→

 × ( )b
→

 × c
→

 ≠ ( )a
→

 × b
→

 × c
→

   

2,5,4 SôuÏ ùYdPoL°u ùTÚdLm :  

 a
→

 , b
→

, c
→

, d
→

 Gu\ SôuÏ ùYdPoL°p. ( )a
→

 × b
→

 Utßm 

( )c
→

 × d
→

 Gu\ CÚ ùYdPoL°u ùYdPo ùTÚdLm ( )a
→

 × b
→

×( )c
→

 × d
→

  
GuTÕ SôuÏ ùYdPoL°u ùYdPo ùTÚdLm G]lTÓm, 

GÓjÕdLôhÓ 2.37 : a
→

 , b
→

, c
→

, d
→

 GuTûY HúRàm SôuÏ 

ùYdPoLs G²p 

 (i) ( )a
→

 × b
→

 × ( )c
→

 × d
→

 = [ ]a
→

  b
→

  d
→

 c
→

 − [ ]a
→

  b
→

  c
→

  d
→

 

(ii) ( )a
→

 × b
→

 × ( )c
→

 × d
→

 = [ ]a
→

  c
→

  d
→

  b
→

  −  [ ]b
→

  c
→

  d
→

 a
→

 G] ¨ì©. 

¾oÜ : 

(i) ( )a
→

 × b
→

 × ( )c
→

 × d
→

 = x
→

 × ( )c
→

 × d
→

   CeÏ  x
→

 = a
→

 × b
→

 

  = ( )x
→

 . d
→

 c
→

 − ( )x
→

 . c
→

 d
→

 

  = 



( )a

→
 × b
→

 . d
→

  c
→

 − 



( )a

→
 × b
→

 . c
→

 d
→

 

  = [ ]a
→

  b
→

 d
→

 c
→

 − [ ]a
→

  b
→

 c
→

 d
→

 

 CúRl úTôp  x
→

 = c
→

 × d
→

 Guß GÓjÕ Ut\ Ø¥ÜLû[ Sôm 

AûPVXôm, 
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Ï±l× : (1) a
→

 , b
→

, c
→

, d
→

 GuTûY JÚ R[ ùYdPoLs G²p  

   ( )a
→

 × b
→

 × ( )c
→

 × d
→

 = o
→

 . 

 (2) a
→

, b
→

 GuT] JÚ R[j§Ûm. c
→

, d
→

 GuT] Utù\ôÚ 

R[j§Ûm AûUYRôLd ùLôsL, Cq®Ú R[eLÞm 

ùNeÏjÕ G²p ( )a
→

 × b
→

 . ( )c
→

 × d
→

 = o
→

 

GÓjÕdLôhÓ 2.38 : 

 [ ]a
→

 × b
→

   b
→

 × c
→

   c
→

 × a
→

 =  [ ]a
→

  b
→

 c
→ 2

 G] ¨ßÜL, 

¾oÜ : 

 [ ]a
→

 × b
→
,   b
→

 × c
→
,   c
→

 × a
→

 = 



( )a

→
 × b
→

 × ( )b
→

 × c
→

  . ( )c
→

 × a
→

 

 = 



[ ]a

→
  b
→

 c
→

 b
→

 − [ ]a
→

  b
→

 b
→

  c
→

  . ( )c
→

 × a
→

 

 = [ ]a
→

  b
→

  c
→

 



b

→
 . ( )c

→
 × a
→

   [ ]a
→

 b
→

 b
→

 = 0 

 = [ ]a
→

  b
→

  c
→

  [ ]b
→

 c
→

 a
→

 

 = [ ]a
→

  b
→

  c
→

2

   

2,5,5 SôuÏ ùYdPoL°u §ûN«−l ùTÚdLm (Scalar product 
of four vectors) : 

 a
→

 , b
→

, c
→

, d
→

 Gu\ SôuÏ ùYdPoL°p a
→

 × b
→

 Utßm  

c
→

 × d
→

L°u §ûN«−l ùTÚdLm ( )a
→

 × b
→

 . ( )c
→

 × d
→

 GuTÕ SôuÏ 

ùYdPoL°u §ûN«−l ùTÚdLm G]lTÓm, 

 i.e.  ( )a
→

 × b
→

 . ( )c
→

 × d
→

 

Ø¥Ü :  ( )a
→

 × b
→

 . ( )c
→

 × d
→

 A¦dúLôûYl Y¥Ym, 

 i.e.  ( )a
→

 × b
→

 . ( )c
→

 × d
→

 = 









a

→
. c
→

    a
→

. d
→

b
→

. c
→

   b
→

. d
→
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¨ìTQm : 

 ( )a
→

 × b
→

 . ( )c
→

 × d
→

 = ( )a
→

 × b
→

 . x
→

 , CeÏ x
→

 = c
→

 × d
→

 

   = a
→

. ( )b
→

 × x
→

    
 (CeÏ ×s°l ùTÚdLm ÏßdÏl ùTÚdLm CYtû\ T¬Uôt\m 

ùNnL) 

   = a
→

 .  b
→

 × ( )c
→

 × d
→

  

   = a
→

 .  ( )b
→

 . d
→

 c
→

 − ( )b
→

 . c
→

 d
→

 

   = ( )b
→

 . d
→

 ( )a
→

 . c
→

 − ( )b
→

 . c
→

 ( )a
→

 . d
→

 

   = 









a

→
. c
→

    a
→

. d
→

b
→

. c
→

   b
→

. d
→

  

T«t£ 2.5 

 (1) a
→

 , b
→

, c
→

 GuT] JÚR[ AûU ùYdPoLs G²p  

   a
→

 + b
→

,  b
→

 + c
→

,  c
→

 + a
→

 GuTûYÙm JÚR[ AûU ùYdPoLs 

BÏm, CRu UßRûXÙm EiûU GuTRû]d LôhÓL, 

 (2)  − 12 i
→

 + λ k
→

, 3 j
→

 − k
→

, 2 i
→

 + j
→

 − 15 k
→

 Gu\ ùYdPoLû[ Øû]l 

×s°L[ôLd ùLôiP CûQLWj§iUj§u L] A[Ü 546 

G²p λ-Cu U§l× LôiL, 

 (3) a
→

 , b
→

, c
→

  GuT] JußdùLôuß ùNeÏjÕ ùYdPoLs G²p 

| |[ ]a
→

  b
→

   c
→

 = abc G]d LôhÓ, CRu UßRûXÙm EiûU 

G]Üm LôhÓL, 

 (4)  (1, 3, 1), (1, 1, − 1), (− 1, 1, 1) (2, 2, − 1) GuT] JúW R[j§p 

AûUÙm G]d LôhÓL, (Ï±l× : CkSôuÏ ×s°L°]ôp 

EÚYôÏm HúRàm êuß ùYdPoLs JúW R[ AûUY] G]d 

Lôh¥]ôp úTôÕUô]Õ). 

  (5) a
→

 = 2 i
→

 + 3 j
→

 − k
→

,      b
→

 = − 2 i
→

 + 5 k
→

,   c
→

 = j
→

 − 3 k
→

 G²p 

         a
→
×( )b

→
× c
→

=( )a
→

 . c
→

 b
→

  − ( )a
→

 . b
→

 c
→

 G] N¬TôodL, 

 (6) a
→

 × ( )b
→

 × c
→

 + b
→

 × ( )c
→

 × a
→

+ c
→

 × ( )a
→

 × b
→

 = o
→

 G]d LôhÓL, 
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 (7) a
→

 = 2 i
→

 + 3 j
→

 − 5 k
→

,  b
→

 = − i
→

 + j
→

 + 2 k
→

 Utßm  

  c
→

 = 4 i
→

 − 2 j
→

+3 k
→

 G²p ( )a
→

 × b
→

× c
→

 ≠ a
→

 × ( )b
→

 × c
→

 G]d 

LôhÓL, 

 (8) a
→

m c
→

m JúW úLôhPûU ùYdPoLs G²p  

  ( )a
→

 × b
→

 × c
→

 = a
→

 × ( )b
→

 × c
→

 G]dLôhÓ. CRu UßRûXÙm 

EiûU G]dLôhÓ,  CeÏ ùYdPo ØlùTÚdLm 0
→

 ApX, 

 (9) GkR JÚ a
→

-dÏm  

  i
→

 × ( )a
→

 × i
→

 + j
→

 × ( )a
→

 × j
→

 + k
→

 × ( )a
→

 × k
→

 = 2 a
→

 G] ¨ì©, 

  (10) ( )a
→

 × b
→

 . ( )c
→

 × d
→

 + ( )b
→

 × c
→

 . ( )a
→

 × d
→

  

+ ( )c
→

 × a
→

 . ( )b
→

 × d
→

 = 0 G] ¨ì©, 

 (11) a
→

 = i
→

 + j
→

 + k
→

, b
→

 = 2 i
→

 + k
→

,  c
→

 = 2 i
→

 + j
→

 + k
→

,    

  d
→

 = i
→

 + j
→

 + 2 k
→

 G²p ( )a
→

 × b
→

 . ( )c
→

 × d
→

-Id LôiL, 

 (12) 11-Bm LQd¡Ûs[ a
→

 , b
→

 , c
→

, d
→

-dÏ  

   ( )a
→

 × b
→

 × ( )c
→

 × d
→

 = [ ]a
→

  b
→

  d
→

 c
→

 − [ ]a
→

  b
→

  c
→

  d
→

 

GuTûRf N¬TôodL, 

2,6 úLôÓLs (Lines) : 
2,6,1 úLôh¥u NUuTôÓ (Equation of a line) : 
ÕûQ AXÏ Utßm ÕûQ AXÏ ApXôR ùYdPo NUuTôÓLs 

(Parametric and non parametric vector equations) : 
 ùLôÓdLlThP úLôh¥p AûUkR P Gu\ HúRàm JÚ 

×s°«u ¨ûX ùYdPo r
→

 GuL, £X ¨TkRû]LÞdÏhThÓ 

úLôh¥u ÁÕs[ GpXô ×s°LÞdÏm r
→

Bp ¨û\Ü ùNnVdá¥V 

JÚ ùRôPo©û]d úLôh¥u ùYdPo NUuTôÓ G] AûZlTo, 

ÕûQ AXÏ ùYdPo NUuTôÓ (Parametric vector equations) : 

 r
→

 B]Õ £X ¨ûXjR ùYdPoLs Utßm Uô\dá¥V 

§ûN«−Ls (ÕûQ AXÏLs) êXUôL GÝRlTÓUô«u 

AdúLôûYVô]Õ ÕûQ AXÏ ùYdPo NUuTôÓ G]lTÓm, 
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ÕûQ AXÏ ApXô ùYdPo NUuTôÓ (Non-parametric vector equation) : 
 VôùRôÚ ÕûQ AXÏm EhTÓjRlTPôR NUuTôh¥û]. 

ÕûQ AXÏ ApXô ùYdPo NUuTôÓ GuTo, 
úLôÓL°u ùYdPo Utßm Lôo¼£Vu NUuTôÓLs (Vector and 
Cartesian Equations of Straight lines) : 
 ×\ùY°«p JÚ úLôhûP ©uYÚm Y¯L°p ¾oUô²dLXôm, 
 (i) ARu ÁÕ JÚ ×s°Ùm. ARu §ûNÙm ùLôÓdLlT¥u 
 (ii) ARu ÁÕ CÚ ×s°Ls ùLôÓdLlT¥u. 

Ï±l× : TôPj§hPj§uT¥ NUuTôhÓ YûWØû\Ls (2.6.2, 2.6.3) 
úRûY«pûX, NUuTôh¥u AûUl× UhÓúU úRûY, CÚl©àm. 

Lt\p §\û] A§L¬dÏm úSôdÏPu NUuTôh¥u YûWØû\ 

ùLôÓdLlThÓs[Õ. 
2,6,2 ùLôÓdLlThP JÚ ×s° Y¯f ùNpYÕm ùLôÓdLlThP 
JÚ ùYdPÚdÏ CûQVô]ÕUô] úSodúLôh¥u NUuTôÓ 

(Equation of a straight line passing through a given point and 
parallel to a given vector) :  

ùYdPo Y¥Ym (Vector form) : O-I ùTôßjÕ ¨ûX ùYdPo a
→

 G]d 

ùLôiP ×s° A Y¯VôLÜm v
→

-dÏ CûQVôLÜm JÚ úLôÓ Es[Õ 

GuL, úLôh¥u ÁÕ HúRàm JÚ ×s° P G]Üm O-I ùTôßjÕ 

CRàûPV ¨ûX ùYdPo r
→

 G]Üm ùLôsL, 

 OA
→

 = a
→

,  OP
→

 = r
→

 

AP
→

-Ùm v
→

-Ùm CûQ ùYdPoLs 

  ∴ AP
→

 = t v
→

 , t GuTÕ 

HúRàm JÚ §ûN«−, 

  OP
→

  = OA
→

 + AP
→

 

  r
→

 = a
→

 + t v
→

 … (1) 

 
 
 
 
 
 

TPm 2.23 

 CÕ ùLôÓdLlThP úLôh¥u ùYdPo NUuTôÓ BÏm, 

Ï±l× : r
→

 = a
→

 + t v
→

, CeÏ t GuTÕ JÚ §ûN«− (i.e., JÚ ÕûQ 

AXÏ) G]úY. CkRf NUuTôhûP úLôh¥u ÕûQ AXÏ ùYdPo 

NUuTôÓ Gu¡uú\ôm, 
¡û[júRt\m : CkRd úLôÓ B§Y¯VôLf ùNpÛUô]ôp. CRu 

ùYdPo NUuTôÓ r
→

 = t v
→

 

O

A

a

x

z

y

P

r

v

O

A

aa

x

z

y

P

rr

vv
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Lôo¼£Vu AûUl× : 

 ¨ûXl×s° A-Cu BVjùRôûXLs (x1, y1, z1) Utßm CRtÏ 

CûQVô] ùYdP¬u §ûNd ùLôûNLuLs l, m, n G²p  

 a
→

 = x1 i
→

 + y1 j
→

 + z1 k
→

   ; v
→

 = l i
→

 + m j
→

 + n k
→

   

 r
→

 = x i
→

 + y j
→

 + z k
→

   

 r
→

 = a
→

+t v
→
⇒x i

→
 + y j

→
 + z k

→
 = x1 i

→
 + y1 j

→
 + z1 k

→
+ t ( )l i

→
 + m j

→
 + n k

→
  

 i
→

, j
→

, k
→

  CYt±u Eßl×Lû[ Jl©P 

   x = x1 + tl 

   y = y1 + tm    

   z = z1 + tn 



CÕ úLôh¥u ÕûQ AXÏf

NUuTôPôÏm  

 ⇒  
x − x1

l    =  t,    
y − y1

m  =  t,      
z − z1

n  =  t 

 tI ¿dL. Sôm ùTßYÕ 
x − x1

l   =  
y − y1

m   =  
z − z1

n  

 CÕ (x1, y1, z1) Gu\ ×s° Y¯f ùNpÛm l, m, n Gu\ §ûN 

®¡ReLû[ EûPV úLôh¥u Lôo¼£Vu NUuTôPôÏm, 

ÕûQ AXÏ ApXôR ùYdPo NUuTôÓ (Non-parametric vector 
equation) : 

 AP
→

 = OP
→

 − OA
→

 = r
→

 − a
→

 

 B]ôp  AP
→

 | |  v
→

  ⇒   AP
→

 × v
→

 = 0
→

 

 ⇒    ( )r
→

 − a
→

 × v
→

 = 0
→

 

 ⇒   r
→

 × v
→

 − a
→

 × v
→

 = 0
→

 

 ⇒  r
→

 × v
→

 = a
→

 × v
→

 

 CÕ ÕûQ AXÏ ApXôR ùYdPo NUuTôÓ BÏm, 
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2,6,3 ùLôÓdLlThP CÚ ×s°Ls Y¯f ùNpÛm 

úSodúLôh¥u NUuTôÓ (Equation of a straight line passing 
through two given points) : 
ùYdPo AûUl× (Vector Form) : 

 O-I ùTôßjÕ a
→

, b
→

 Gu\ ¨ûX ùYdPoLû[d ùLôiP 

×s°L[ô] A, B Y¯VôL JÚ úSodúLôÓ ùNp¡\Õ GuL,   
 úLôh¥u ÁÕ HúRàm JÚ ×s° P 

G]Üm ARu ¨ûX ùYdPo r
→

 G]Üm 

ùLôsL, 

OA
→

= a
→

, OB
→

 = b
→

 Utßm OP
→

 = r
→

 GuL, 

 AP
→

-Ùm AB
→

-Ùm CûQVô]ûY, 

 
 
 
 
 
 
 

TPm 2.24 

 ∴ AP
→

 = t AB
→

, t HúRàm JÚ §ûN«−  

  =  t  OB
→

 − OA
→

 = t ( )b
→

 − a
→

    

 OP
→

  = OA
→

 + AP
→

 

 r
→

 = a
→

 + t( )b
→

 − a
→

   (ApXÕ)  … (1) 

 r
→

 = (1 − t) a
→

 + t b
→

 
 CÕúY ùLôÓdLlThP úLôh¥u ùYdPo NUuTôPôÏm, 

Ï±l× : r
→

 = (1 − t) a
→

 + t b
→

 CeÏ t GuTÕ §ûN«−, (i.e., ÕûQ 

AXÏ) G]úY CkRf NUuTôÓ ùLôÓdLlThP úLôh¥u ÕûQ 

AXÏ ùYdPo NUuTôPôÏm, 
Lôo¼£Vu AûUl× : 
       A, B Gu\ ¨ûXjR ×s°L°u AfÑj çWeLs Øû\úV (x1, y1, z1) 
Utßm (x2, y2, z2) 

  a
→

 = x1 i
→

 + y1 j
→

 + z1 k
→

   ;  b
→

 = x2 i
→

 + y2 j
→

 + z2 k
→

  ;  r
→

 = x i
→

 + y j
→

 + z k
→

   
 CmU§l×Lû[ (1)-Cp ©W§«P. 

   x i
→

 + y j
→

 + z k
→

  =  x1 i
→

 + y1 j
→

 + z1 k
→

  

+ t  x2 i
→

 + y2 j
→

 + z2 k
→

−  x1 i
→

 + y1 j
→

 + z1 k
→

  

O

A

a

x

z

y

P
r

b

B

O

A

aa

x

z

y

P
rr

bb

B
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 i
→

, j
→

,  k
→

 CYt±u Eßl×Lû[ Jl©P 

  x = x1 + t(x2 − x1) 

  y = y1 + t(y2 − y1)     

  z = z1 + t(z2 − z1) 



CûY Aû]jÕm úLôh¥u

ÕûQ AXÏf NUuTôÓLs BÏm

 ⇒    
x − x1

x2 − x1
   =  t,    

y − y1

y2 − y1
 =  t,      

z − z1

z2 − z1
 =  t 

t-I ¿dL. 
x − x1

x2 − x1
   =  

y − y1

y2 − y1
  =  

z − z1

z2 − z1
 

 CÕúY ùLôÓdLlThP úLôh¥u Lôo¼£Vu NUuTôÓ BÏm, 

Ï±l×  : x2 − x1,  y2 − y1,  z2 − z1 GuT] (x1, y1, z1) Utßm (x2, y2, z2)  
Gàm ×s°Lû[ CûQdÏm úLôh¥u §ûN ®¡ReLs BÏm, 

ÕûQ AXÏ ApXôR ùYdPo NUuTôÓ (Non-parametric vector 
equation) : 

   AB
→

 = OB
→

 − OA
→

 =  b
→

 − a
→

 

   AP
→

 = OP
→

 − OA
→

 = r
→

 − a
→

 

 AP
→

-Ùm AB
→

-Ùm úLôhPûU ùYdPoLs G²p 

   ⇒  AP
→

 × AB
→

 = 0
→

 

   ⇒   ( )r
→

 − a
→

 × ( )b
→

 − a
→

 = 0
→

 
 CÕúY ÕûQ AXÏ ApXôR ùYdPo NUuTôÓ BÏm, 

2,6,4 CÚ úLôÓL°u CûPlThP úLôQm (Angle between two lines) :   

 r
→

 = a
→

1 + t u
→

 Utßm r
→

 = a
→

2 + s v
→

 
GuT] JÚ R[j§p AûUkR 

CWiÓ úLôÓLs, 

 Cq®Ú úLôÓLÞm u
→

 Utßm v
→

Gu\ ùYdPoL°u §ûN«p 

CÚd¡u\Õ, 

 
 
 
 
 
 

TPm 2.25 

 CWiÓ úLôÓLÞdÏ CûPlThP úLôQm GuTÕ AYt±u 

§ûNLÞdÏ CûPlThP úLôQm BÏm, 

 θ  GuTÕ úLôÓLÞdÏ CûPlThP úLôQm G²p  

u

v
θ

r 
a1

t  u+
=

a2 s  v+r =

uu

vv
θ

r 
a1

t  u+
= a1

t  u+
=

a2 s  v+r = a2 s  v+r =
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 θ = cos−1 









u

→
 . v
→

| |u
→ | |v

→
 

Lôo¼£Vu AûUl×: úLôh¥u NUuTôÓLs Lôo¼£Vu Y¥®p CÚl©u 

   
x − x1

a1
   =  

y − y1
b1

 =  
z − z1

c1
 Utßm 

x − x1
a2

   =  
y − y1

b2
 =  

z − z1
c2

  

 a1, b1,  c1 Utßm a2,  b2, c2 GuTÕ CÚ úLôÓL°u §ûN 

®¡ReLs G²p. CûPlThP úLôQm  

     θ = cos−1 






a1a2 + b1b2 + c1c2

a1
2 + b1

2 + c1
2 a2

2 + b2
2 + c2

2
 

Ï±l× : CÚ úLôÓLÞm ùNeÏjÕ G²p a1a2 + b1b2 + c1c2 = 0 

GÓjÕdLôhÓ 2.39 : 3 i
→

 − j
→

 + 4 k
→

 Gu\ ùYdPûW ¨ûX ùYdPWôn 

EûPV ×s° A Y¯fùNpYÕm −  5 i
→

 + 7 j
→

 + 3 k
→

-dÏ 

CûQVô]ÕUô] úLôh¥u ùYdPo. Lôo¼£Vu NUuTôÓLû[d 

LôiL, 

¾oÜ : JÚ ×s° a
→

Y¯f ùNpYÕm ùLôÓdLlThP JÚ ùYdPÚdÏ 

v
→

 CûQVô]ÕUô] úSodúLôh¥u ùYdPo NUuTôÓ  

r
→

 = a
→

 + t v
→

, t GuTÕ JÚ §ûN«−, 

   CeÏ a
→

 = 3 i
→

 − j
→

 + 4 k
→

 

   v
→

 = −  5 i
→

 + 7 j
→

 + 3 k
→

 
 ∴ úSodúLôh¥u ùYdPo NUuTôÓ 

   r
→

 = ( )3 i
→

 − j
→

 + 4 k
→

 + t( )−  5 i
→

 + 7 j
→

 + 3 k
→

 … (1) 
  (x1, y1, z1) Gu\ ×s° Y¯f ùNpYÕm l, m, n Gu\ §ûN 

®¡ReLû[ EûPV úSodúLôh¥u Lôo¼£Vu NUuTôÓ 

   
x − x1

l   = 
y − y1

m  =  
z − z1

n   

 CeÏ (x1, y1, z1) = (3, − 1, 4) 

   (l, m, n) = (− 5, 7, 3) 

 ∴ úLôh¥u úRûYVô] NUuTôÓ  
x − 3
− 5

 = 
y + 1

7  = 
z − 4

3  
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GÓjÕdLôhÓ 2.40 : (− 5, 2, 3), (4, − 3, 6) Gu\ ×s°Ls Y¯f ùNpÛm 

úSodúLôh¥u ùYdPo. Lôo¼£Vu NUuTôÓLû[d LôiL, 

¾oÜ : a
→

, b
→

-I ¨ûX ùYdPoL[ônd ùLôiP CÚ ×s°Ls Y¯úVf 

ùNpÛm úLôh¥u ùYdPo NUuTôÓ 

    r
→

 = a
→

 + t( )b
→

 − a
→

 

 CeÏ a
→

 = − 5 i
→

 + 2 j
→

 + 3 k
→

 Utßm 

   b
→

 = 4 i
→

 − 3 j
→

 + 6 k
→

 

   b
→

 − a
→

 = 9 i
→

 − 5 j
→

 + 3 k
→

 
∴ úLôh¥u ùYdPo NUuTôÓ  

 r
→

 = ( )− 5 i
→

 + 2 j
→

 + 3 k
→

 + t( )9 i
→

 − 5 j
→

 + 3 k
→

 ApXÕ 

 r
→

 = (1 − t) ( )− 5 i
→

 + 2 j
→

 + 3 k
→

 + t( )4 i
→

 − 3 j
→

 + 6 k
→

  
Lôo¼£Vu AûUl× :  úRûYVô] NUuTôÓ 

  
x − x1

x2 − x1
   =  

y − y1

y2 − y1
  =  

z − z1

z2 − z1
 

 CeÏ    (x1, y1, z1) = (− 5, 2, 3)  ;   (x2, y2, z2) = (4, − 3, 6) 

  ∴  
x + 5

9   =  
y − 2
− 5

  =  
z − 3

3  GuTÕ úLôh¥u Lôo¼£Vu 

NUuTôÓ BÏm, 

GÓjÕdLôhÓ 2.41 :  

r
→

 = 3 i
→

 + 2 j
→

 − k
→

 + t ( )i
→

 + 2 j
→

 + 2 k
→

 Utßm 

r
→

 = 5 j
→

 + 2 k
→

 + s ( )3 i
→

+ 2 j
→

 + 6 k
→

 Gu\ CWiÓ úLôÓL°u 

CûPlThP úLôQjûRd LôiL, 

¾oÜ :  ùLôÓdLlThÓs[ úLôÓL°u u
→

 Utßm v
→

 ùYdPoL°u 

§ûNL°p CÚdLhÓm, 

 u
→

 = i
→

 + 2 j
→

 + 2 k
→

,  v
→

 = 3 i
→

 + 2 j
→

 + 6 k
→

, θ GuTÕ 

ùLôÓdLlThÓs[ úLôÓLÞdÏ CûPlThP úLôQm, 

 ∴ cos θ =  









u

→
 . v
→

| |u
→ | |v

→
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 u
→

 . v
→

 = 19  ;  | |u
→

 = 3  ;  | |v
→

 = 7 

 cos θ = 
19
21     ⇒ θ =  cos−1 



19

21  

T«t£ 2.6 

  (1) (2, 3, − 6) Gu\ §ûN ®¡ReLû[ÙûPV úLôh¥u §ûNd 

ùLôûNLuLû[d LôiL, 

 (2) (i) 30°, 45°, 60° §ûNd úLôQeL[ôLd ùLôiP JÚ ùYdPo 

CÚdL CVÛUô? 

  (ii) 45°, 60°, 120° §ûNd úLôQeL[ôLd ùLôiP JÚ ùYdPo 

CÚdL CVÛUô? 

 (3) BV AfÑdLÞPu NUúLôQeLû[ HtTÓjÕm ùYdP¬u 

§ûNdùLôûNuLs VôûY? 

 (4) JÚ ùYdPo r
→

-Cu Gi A[Ü 35 2 Utßm §ûN ®¡ReLs 

(3, 4, 5) G²p AkR ùYdP¬u §ûNdùLôûNuLs Utßm 

áßLû[d LôiL, 

 (5) (2, − 3, 1) Utßm (3, 1, − 2) Gu\ ×s°Lû[ CûQdÏm 

úLôh¥u §ûNd ùLôûNuLû[d LôiL, 

 (6) (3, − 4, − 2) Gu\ ×s°Y¯f ùNpYÕm 9 i
→

 + 6 j
→

 + 2 k
→

 Gu\ 

ùYdPÚdÏ CûQVô]ÕUô] úLôh¥u ùYdPo Utßm 

Lôo¼£Vu NUuTôÓLû[d LôiL, 

 (7) (1, − 2, 1) Utßm (0, − 2, 3) Gu\ ×s°Lû[ CûQdÏm 

úLôh¥u ùYdPo Utßm Lôo¼£Vu NUuTôÓLû[d LôiL, 

 (8) 
x − 1

2   =  
y + 1

3   =  
z − 4

6   Utßm x + 1 = 
y + 2

2   =  
z − 4

2  Gu\ 

úLôÓL°u CûPlThPd úLôQm LôiL, 

 (9) r
→

 = 5 i
→

 − 7 j
→

 + µ( )− i
→

 + 4 j
→

 + 2 k
→

, r
→

 = − 2 i
→

 + k
→

 + 

λ( )3 i
→

 + 4 k
→

Gu\ úLôÓL°u CûPlThPd úLôQm LôiL, 

2,6,5 JúW R[j§p AûUVô úLôÓLs (Skew lines):   
 CWiÓ úLôÓLû[ ×\ùY°«p GÓjÕd ùLôsúYôm. AûY 

©uYÚm êuß ¨ûXLû[ AûP¡\Õ, 
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 (i) AûY Juû\ùVôuß 

ùYhPXôm, 
 (ii) (ApXÕ) AûY CûQVôL 

AûUVXôm, 
 (iii) (ApXÕ) AûY Juû\ Juß 

ùYhPôUÛm. CûQ«pXôUÛm 

CÚdLXôm, 
 ×\ùY°«p AûUkR CWiÓ 

ùYhÓm ApXÕ CûQdúLôÓLû[ 

JúW R[ AûUúLôÓLs Gu¡uú\ôm, 

 

 

 

 

 

 

 

TPm 2.26 
 ARôYÕ. JÚ R[jûR ùYhÓm úLôÓL°u Y¯úVf ùNpXd 

á¥VRôLúYô ApXÕ CûQdúLôÓLs Y¯úVf 

ùNpXdá¥VRôLúYô YûWVßdL Ø¥Ùm, 

 G]úY JúW R[j§u ÁRûUkR CWiÓ úLôÓLû[ JúW R[ 

AûUd úLôÓLs Gu¡ú\ôm, 

 ×\ùY°«p Juû\ùVôuß ùYh¥d ùLôs[ôUp. CûQ 

ApXôRRôLÜm CÚdÏm CWiÓ úSodúLôÓLs L1 Utßm L2ûY JúW 

R[j§p AûUVôd úLôÓLs GuúTôm, 

CWiÓ úLôÓLÞdÏ CûPlThP Áf£ß çWm 

(i) ùYhÓm úLôÓLÞdÏ CûPlThP Áf£ß çWm éf£Vm GuTÕ 

ùR°Ü, 

 (ii) CûQúLôÓLs 

úRt\m (¨ìTQm CpXôUp) 

  r
→

 = a
→

1 + t u
→

  ;  r
→

 = a
→

2 + s u
→

 Gu\ CWiÓ CûQ úLôÓL°u 

CûPlThP çWm 

    d = 
 u
→

 ×  a
→

2 − a
→

1

| |u
→

 

(iii) JúW R[j§p AûUVôd úLôÓLs:úRt\m (¨ìTQm CpXôUp) 

 r
→

 = a
→

1 + t u
→

  ;  r
→

 = a
→

2 + s v
→

 Gu\ CWiÓ JÚ R[j§p AûUVô 

úLôÓL°u CûPlThP çWm  

    d = 
   a

→
2 − a

→
1  u
→

 v
→

 | |u
→

 × v
→

  

L1

L2

B

A

d

L1

L2

B

A

d
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CÚ úLôÓLs ùYh¥d ùLôs[ ¨TkRû]Ls  : 

 r
→

 = a
→

1 + t u
→

 ;  r
→

 = a
→

2 + s v
→

  Gu\ úLôÓLs ùYh¥d 

ùLôsÞUô«u. AYt±u CûPlThP çWm  0 BÏm, 

 ùYh¥dùLôs[ ¨TkRû] d = 0  ⇒    a
→

2 − a
→

1  u
→

 v
→

 = 0   ApXÕ 

 







x2 − x1   y2 − y1   z2 − z1

l1    m1    n1

l2    m2    n2

 = 0  CeÏ 

 (x1, y1, z1) Utßm (x2, y2, z2) Gu\ ×s°L°u ¨ûX ùYdPoLs  

a
→

1 Utßm a
→

2  BÏm, u
→

 Utßm v
→

-Cu §ûN ®¡ReLs Øû\úV   

l1, m1, n1 Utßm  l2, m2, n2  BÏm, ( u
→

 Utßm v
→

 CûQVt\ûY) 

GÓjÕdLôhÓ 2.42 :  r
→

 = ( )i
→

 − j
→

+ t( )2 i
→

 − j
→

 + k
→

 Utßm 

r
→

 = ( )2 i
→

 + j
→

 + k
→

 + s( )2 i
→

 − j
→

 + k
→

 Gu\ CûQ úLôÓL°u 

CûPlThP çWjûRd LôiL, 

¾oÜ : r
→

= a
→

1 + t u
→

 Utßm r
→

 = a
→

2 + s u
→

 G²p 

 a
→

1 = i
→

 − j
→

 ; a
→

2 = 2 i
→

 + j
→

 + k
→

   Utßm u
→

 = 2 i
→

 − j
→

 + k
→

 

  a
→

2 − a
→

1 = i
→

 + 2 j
→

 + k
→

 

  u
→

 ×  a
→

2 − a
→

1  = 







i

→
   j
→

   k
→

2    − 1    1

1    2    1

 =  − 3 i
→

 − j
→

 + 5 k
→

 

   u
→

 ×  a
→

2 − a
→

1  = 9 + 1 + 25  =  35 

  | |u
→

 = 4 + 1 + 1  = 6  

  

CûQúLôh¥u

CûPlThP çWm  = 
 u
→

 ×  a
→

2 − a
→

1

| |u
→

 = 
35
6

 

Ï±l× : ùLôÓdLlThP NUuTôÓLs Lôo¼£Vu AûUl©p 
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CÚkRôp ØR−p ARû] ùYdPo AûUlTôL Uôt±. CûPlThP 

çWjûRd LôiL, 

GÓjÕdLôhÓ 2.43 :  r
→

 = ( )i
→

 − j
→

 + t( )2 i
→

 + k
→

  Utßm 

r
→

= ( )2 i
→

 − j
→

+s( )i
→

 + j
→
− k
→

 Gu\ CÚ úLôÓLs JúW R[ AûUVôd 

úLôÓLs G]d Lôh¥. AYt±tÏ CûPlThP çWjûRÙm LôiL, 

¾oÜ : r
→

 = a
→

1 + t u
→

 Utßm r
→

 = a
→

2 + s v
→

 G²p 

 a
→

1 = i
→

 − j
→

 ; a
→

2 = 2 i
→

 − j
→

 Utßm u
→

 = 2 i
→

 + k
→

;  v
→

= i
→

 + j
→

 − k
→

 

  a
→

2 − a
→

1 = i
→

  

    a
→

2 − a
→

1  u
→

 v
→

 = 









1   0    0

2   0    1

1   1   − 1

 = − 1 ≠ 0 

 ∴ AûY JúW R[ AûUVôd úLôÓLs, 

  u
→

 × v
→

 = 







i

→
   j
→

   k
→

2    0    1

1    1    − 1

 =  − i
→

 + 3 j
→

 + 2 k
→

 

  | |u
→

 × v
→

 = 14 

 úLôÓL°u CûPlThP Áf£ß çWm = 
   a

→
2 − a

→
1  u
→

 v
→

| |u
→

 × v
→

 
 … (1) 

 (1)-C−ÚkÕ AYt±tÏ CûPlThP Áf£ß çWm = 
1
14

 BÏm, 

GÓjÕdLôhÓ 2.44 :  

  
x − 1

3  = 
y − 1
− 1

 = 
z + 1

0  Utßm 
x − 4

2  = 
y
0 = 

z + 1
3   Gu\ úLôÓLs ùYhÓm 

G]d Lôh¥ AûY ùYhÓm ×s°ûVd LôiL, 

¾oÜ : úLôÓLs ùYh¥dùLôsYRtLô] ¨TkRû] 

  







x2 − x1   y2 − y1   z2 − z1

l1    m1    n1

l2    m2    n2

 = 0 
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x − x1

l1
  =  

y − y1
m1

  =  
z− z1

n1
  Utßm 

x − x2
l2

 = 
y − y2

m2
 = 

z − z2
n2

 EPu Jl©P 

¡ûPlTÕ (x1, y1, z1) = (1, 1, − 1)  ;  (x2, y2, z2)  =  (4, 0, − 1) 

  (l1, m1, n1) = (3, − 1, 0)  ;  (l2, m2, n2) = (2, 0, 3) 

  







3   − 1   0

3   − 1   0

2    0    3

 = 0.   

 (CeÏ u
→

-m v
→

-m CûQVt\ûY GuTûRd LôiL,) 

 ∴ úUtÏ±l©hP úLôÓLs Juû\ùVôuß ùYh¥d 

ùLôs¡u\], 
ùYhÓm ×s° (Point of intersection) : 

 
x − 1

3   =  
y − 1
− 1

 = 
z + 1

0  = λ GuL, 

 ∴ CkRd úLôh¥p Es[ HúRàm JÚ ×s°«u AûUl×  

(3λ + 1, − λ + 1, − 1) BÏm, 

 
x − 4

2   =  
y
0 = 

z + 1
3  = µ GuL, 

 CkRd úLôh¥u Es[ HúRàm JÚ ×s°«u AûUl× 

 (2µ + 4,  0,  3µ − 1)  BÏm, 

 CûY ùYh¥d ùLôsYRôp HúRàm λ, µdÏ  

 (3λ + 1,  − λ + 1, − 1) = (2µ + 4, 0, 3µ − 1) ⇒ λ = 1 Utßm µ  = 0 Gu\ 

ùYhÓm ×s°ûVd LQd¡P  λ = 1  Utßm µ = 0 Gu\ U§l×L°p 

HúRàm JÚ U§lûT GÓjÕd ùLôsL, 

 ∴ ùYhÓm ×s° (4, 0, − 1). 

Ï±l× : CWiÓ úLôÓLÞm ùYdPo AûUl©p ùLôÓdLlThPôp 

ØR−p ARû] Lôo¼£Vu AûUl×dÏ Uôt±. ¾odL úYiÓm, 

GÓjÕdLôhÓ 2.45 :    r
→

 = ( )i
→

 − j
→

 + λ( )2 i
→

 + j
→

 + k
→

  Utßm 

  r
→

 =  ( )i
→

 + j
→

 − k
→

 + µ( )2 i
→

 − j
→

 − k
→

 Gu\ CWiÓ JúW R[j§p 

AûUVôR úLôÓLÞdÏ CûPlThP Áf£ß çWjûRd LQd¡Ó, 

¾oÜ : ùT\lThPf NUuTôÓLû[  r
→

 = a
→

1 + t u
→

 Utßm r
→

 = a
→

2 + s v
→

 

EPu Jl©P 
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 a
→

1 = i
→

 − j
→

 ; a
→

2 = i
→

 + j
→
− k
→

 ; u
→

 = 2 i
→

 + j
→

 + k
→

 ; 

   v
→

= 2 i
→

 −  j
→

 − k
→

 

  a
→

2 − a
→

1 = 2 j
→

 − k
→

  Utßm u
→

 × v
→

 = 4 j
→

 − 4 k
→

 

    a
→

2 − a
→

1  u
→

 v
→

 = 







0    2    − 1

2    1    1

2   − 1   − 1

 = 12 

  | |u
→

 × v
→

 = 4 2 

 CûPlThP Áf£ß çWm = 
   a

→
2 − a

→
1  u
→

 v
→

| |u
→

 × v
→

 
 = 

12
4 2

 = 
3
2

 

2,6,7 êuß ×s°Ls JúW úLôhPûUj RuûU  

(Collinearity of three points) : 
úRt\m (¨ìTQm CpXôUp) : 

 a
→

, b
→

, c
→

 Gu\ ¨ûX ùYdPoL[ôL EûPV êuß ×s°Ls 

Øû\úV A, B, C GuL, CûY JÚ úLôhPûUl ×s°L[ôL CÚdLj 

úRûYVô] Utßm úTôÕUô] LhÓlTôÓ.  λ1, λ2, λ3 Gu\ êuß 

GpXôúU éf£VUt\ §ûN«−Lû[  λ1 a
→

 + λ2 b
→

 + λ3 c
→

 = o
→

 Utßm  

λ1 + λ2 + λ3 = 0 GàUôß LôQØ¥Rp úYiÓm, 
JúW úLôhPûUj RuûUûV úNô§dÏm Y¯Øû\Ls (Working rule to 
find the collinearity) : 
 CWiÓ ×s°Ls Y¯f ùNpÛm úLôh¥u NUuTôhûP GÝR 

úYiÓm. A§p êu\ôYÕ ×s°ûV ©W§«hÓ N¬TôodL úYiÓm, 
Ï±l× : êuß ×s°Ls JÚ úLôh¥p AûUkRYûL[ôL CÚkRôp. 

ARu ¨ûX ùYdPoLÞm JÚ R[ AûUkRûYL[ôL CÚdÏm, CRu 

UßRûX EiûUVpX, 
GÓjÕdLôhÓ 2.46 :  (3, − 1, − 1), (1, 0, − 1) Utßm (5, − 2, − 1) Gu\ 

×s°Ls JÚ úLôhPûUl ×s°Ls G]dLôhÓL, 
¾oÜ : (3, − 1, − 1) Utßm (1, 0, − 1) Gu\ ×s°Ls Y¯f ùNpÛm 

úLôh¥u NUuTôÓ 
x − 3

2  = 
y + 1
− 1

 = 
z + 1

0  = λ GuL 
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 CkRd úLôh¥p Es[ HúRàm JÚ ×s°«u AûUl×  

(2λ + 3, − λ − 1, − 1). C§p λ = 1 ©W§«hPôp (5, − 2, − 1) Gu\ ×s° 

¡ûPdÏm, 

 ∴ G]úY êu\ôYÕ ×s° AúR úLôh¥p AûUkÕs[Õ, 

êuß ×s°LÞm JÚ úLôhPûUVô¡\Õ, 

Ï±l× :  
 ×s°L°u ¨ûX ùYdPoLs ùLôÓdLlThPôp ØR−p 

×s°Lû[d LiÓ ©u]o ¾odL úYiÓm, 

GÓjÕdLôhÓ 2.47 :  

  (3, 2, − 4), (9, 8, − 10)  Utßm (λ, 4, − 6)  JúW úLôhPûUl 

×s°Ls G²p λ-Cu U§l× LôiL, 

¾oÜ : 
 êuß ×s°Ls JúW úLôhPûUkRûY, G]úY. AYt±u ¨ûX 

ùYdPoLs JÚ R[j§p AûUÙm, 

 Let a
→

 = 3 i
→

 + 2 j
→

 − 4 k
→

 ; b
→

 = 9 i
→

 + 8 j
→

 − 10 k
→

  ; c
→

= λ i
→

 + 4 j
→

 − 6 k
→

 

  [ ]a
→

  b
→

  c
→

 = 







3   2    − 4

9   8   − 10

λ   4    − 6

  = 0 

  ⇒ 12λ = 60   ⇒   λ = 5 

T«t£ 2.7 
  (1) CûQúLôÓL°u CûPlThP Áf£ß çWjûRd LQd¡ÓL, 

  (i) r
→

 = ( )2 i
→

 − j
→

 − k
→

  + t( )i
→

 − 2 j
→

 + 3 k
→

   Utßm 

   r
→

 = ( )i
→

 − 2 j
→

 + k
→

  + s( )i
→

 − 2 j
→

 + 3 k
→

    

  (ii) 
x − 1
− 1

  =  
y
3  =  

z + 3
2   Utßm  

x − 3
− 1

  =  
y + 1

3   =  
z − 1

2  

 (2) r
→

 = ( )3 i
→

 + 5 j
→

 + 7 k
→

+ t ( )i
→

 − 2 j
→

 + k
→

 Utßm  

  r
→

 = ( )i
→

 + j
→

 + k
→

 + s( )7 i
→

 + 6 j
→

 + 7 k
→

 GuT] JÚ R[j§p 

AûUVôR úLôÓLs G]d LôhÓL, 
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 (3) 
x − 1

1  = 
y + 1
− 1

 = 
z
3 Utßm 

x − 2
1  = 

y − 1
2  = 

− z − 1
1  Gu\ úLôÓLs 

ùYh¥d ùLôsÞm G]d LôhÓL, úUÛm AûY ùYhÓm 

×s°ûVd LôiL, 

 (4) 
x − 6

3  = 
y − 7
− 1

 = 
z − 4

1  Utßm 
x 
−3

 = 
y + 9

2  = 
z − 2

4  Gu\ JÚ R[j§p 

AûUVôR úLôÓL°u CûPlThP Áf£ß çWjûRd LôiL, 

 (5)  (2, − 1, 3), (1, − 1, 0) Utßm (3, − 1, 6) GuT] JúW 

úLôhPûUkRûY G]dLôhÓ, 

 (6)  (λ, 0, 3), (1, 3, − 1) Utßm (− 5, − 3, 7) JúW úLôhPûUkRûY 

G²p λ-Cu U§l× LôiL, 

2,7 R[eLs (Planes) : 

 JÚ Ø¥Yt\ TWlTô]Õ. A§Ûs[ HúRàm CÚ ×s°Lû[ 

CûQdÏm úSodúLôÓ ARu ÁÕ CÚdÏUôß AûUÙUô«u ARû] 

JÚ R[m G] AûZdLXôm,  

2,7,1, R[eL°u ùYdPo Utßm Lôo¼£Vu NUuTôÓLs ÕûQ 

AXÏ Utßm ÕûQ AXÏ At\ Y¥®p : 

 ©uYÚm ¨ûXL°p JÚ R[jûR JúW JÚ Y¯«p ¾oUô²dL 

CVÛm, 

 (i) ARu ÁÕ JÚ ×s°. Utßm ARtÏf ùNeÏjRô] JÚ úLôÓ 

ùLôÓdLlThPôp 

 (ii) ARu JÚ ùNeúLôÓ Utßm B§«−ÚkÕ AjR[j§u çWm 

ùLôÓdLlThPôp 

 (iii) ARu ÁÕ JÚ ×s°. Utßm ARtÏ CûQVô] CWiÓ 

ùYdPoLs ùLôÓdLlThPôp 

 (iv) ARu ÁÕ JÚ ×s°. Utßm R[j§tÏ CûQVôL JÚ úLôÓ 

ùLôÓdLlThPôp 

 (v) JúW úLôh¥XûUVôR êuß ×s°Ls ùLôÓdLlThPôp 

 (vi) ùLôÓdLlThP CWiÓ úLôÓLs Y¯VôLf ùNpÛm 

R[j§u NUuTôÓ, 

 (vii) ùLôÓdLlThP CWiÓ R[eL°u ùYhÓdúLôÓ 

Y¯VôLÜm. JÚ RWlThP ×s° Y¯VôLÜm ùNpÛm 

R[j§u NUuTôÓ, 
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Ï±l× : TôPj§hPj§uT¥ NUuTôhÓ YûWØû\Ls (2.7.1 ØRp 
2.7.5 YûW) úRûY«pûX, NUuTôh¥u AûUl× UhÓúU úRûY, 

CÚl©àm. Lt\p §\û] A§L¬dÏm úSôdÏPu NUuTôh¥u 

YûWØû\ ùLôÓdLlThÓs[Õ. 
2,7,1 ùLôÓdLlThP JÚ ×s° Y¯f ùNpYÕm JÚ 

ùYdPÚdÏf ùNeÏjRôLÜm Es[ R[j§u NUuTôÓ :  
ùYdPo AûUl×: 

 A Gàm ×s° Y¯VôLÜm.  n
→

-dÏf ùNeÏjRôLÜm R[m Es[Õ 

G]d ùLôsL, O-I ùTôßjÕ A-Cu ¨ûX ùYdPo a
→

 GuL, 

R[j§u ÁÕ HúRàm JÚ ×s° 

P GuL, CRu ¨ûX ùYdPo r
→

 

GuL. AP
→

-I úNodL, 

 AP
→

 B]Õ n
→

dÏf ùNeÏjÕ, 

  ∴ AP
→

. n
→

= 0 ⇒  OP
→

 − OA
→

. n
→

 = 0 

  ( )r
→

 − a
→

 . n
→

 = 0 

     ⇒ r
→

. n
→

 = a
→

. n
→

 

 

 

 

 

 

 

 

TPm 2.27 

 

 CÕúY úRûYVô] R[j§u ùYdPo NUuTôÓ BÏm (ÕûQ 

AXÏ ApXôR), 
Lôo¼£Vu Y¥Ym : A-Cu BVjùRôûXLs (x1, y1, z1) Utßm a, b, c 

GuT] n
→

-Cu §ûN ®¡ReLs G²p 

     a
→

 = x1 i
→

 + y1 j
→

 + z1 k
→

  ;  n
→

 = a i
→

 + b j
→

 + c k
→

  ; r
→

 = x i
→

 + y j
→

 + z k
→

 

   ( )r
→

 − a
→

 . n
→

 = 0 

  ⇒   (x − x1) i
→

 + (y − y1) j
→

 + (z − z1) k
→

 . ( )a i
→

 + b j
→

 + c k
→

 = 0 

  ⇒   a(x − x1) + b(y − y1) + c(z − z1) = 0 BÏm, 
 CÕúY R[j§u Lôo¼£Vu NUuTôÓ BÏm (ÕûQ AXÏ 

ApXôR) 

¡û[júRt\m : B§Y¯f ùNpYÕm R[j§tÏf ùNeÏjÕ n
→

 

EûPVÕUô] R[j§u ùYdPo NUuTôÓ r
→

. n
→

 = 0 

a
r

A

O

P

x

z

y

n

<

aa
rr

A

O

P

x

z

y

n

<

n

<
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2,7,2 B§«−ÚkÕ R[j§u ùRôûXÜ Utßm AXÏ ùNeúLôÓ 

ùYdPo ùLôÓdLlThPôp R[j§u NUuTôÓ :  
 B§ O CÚkÕ R[j§tÏ 

YûWVlThP ùNeÏjÕd 

úLôÓ ON-Cu ¿[m p GuL, n
∧
 

B]Õ R[j§tÏ ùNeÏjRô] 

KWXÏ ùYdPo, CÕ ON-Cu 

§ûN«p CÚdÏm G²p 

 ON
→

 = pn
∧

. 
 R[j§u ÁÕ HúRàm JÚ 

×s° P GuL.  

 
 
 
 
 
 
 
 
 

TPm 2.28 

OI ùTôßjÕ CRàûPV ¨ûX ùYdPo r
→

GuL, (i.e.,)  OP
→

 = r
→

. NPI 

úNodL NP
→

 GuTÕ R[j§Ûm ON
→

 GuTÕ R[j§tÏ  ùNeÏjRôLÜm 

Es[Õ, 

 ⇒   NP
→

 . ON
→

 = 0   ⇒   OP
→

 − ON
→

. ON
→

 = 0 

 ( )r
→

 − pn
∧

 . pn
∧

 = 0   ⇒   r
→

 . n
∧

 − pn
∧

 . n
∧

 = 0 

 i.e.,   r
→

 . n
∧

 = p             ( )‡ n
∧

 . n
∧

 = 1  
 CÕúY R[j§u ùYdPo NUuTôÓ BÏm (ÕûQ AXÏ ApXôR) 

Lôo¼£Vu Y¥Ym : 

 l, m, n GuTÕ n
→

-Cu §ûNd ùLôûNuLs Utßm  

n
→

= l i
→

 + m j
→

 + n k
→

  

 r
→

 . n
→

 = p  ⇒ ( )x i
→

 + y j
→

 + z k
→

 . ( )l i
→

 + m j
→

 + n k
→

 = p 
     lx + my + nz = p 
 CÕúY R[j§u Lôo¼£Vu NUuTôÓ (ÕûQ AXÏ ApXôRÕ), 

¡û[j úRt\m : n
→

 KWXÏ ApXôR ùNeÏjÕ ùYdPo G²p  

       n
∧

 = 
n
→

| |n
→

  

 

r

O

x

z

y

p n
<

P

N

rr

O

x

z

y

p n
<

p n
<

P

N
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   r
→

 . 
n
→

| |n
→

 = p ⇒  r
→

 . n
→

 = p| |n
→

 = q (GuL) 

   r
→

 . n
→

 = q 
     CÕúY R[j§u ùNeúLôhÓ Y¥Y ùYdPo NUuTôÓ BÏm, 

    B§ O®−ÚkÕ R[j§tÏ Es[ ùNeÏjÕj ùRôûXÜ 
q

| |n
→

 BÏm, 

2,7,3 ùLôÓdLlThP JÚ ×s° Y¯VôLÜm ùLôÓdLlThP CÚ 

ùYdPoLÞdÏ CûQVôLÜm AûUkR R[j§u NUuTôÓ : 
ùYdPo AûUl× :  

 OI ùTôßjÕ a
→

I ¨ûX 

ùdPWôLd ùLôiP ×s° A 

Y¯VôLÜm u
→

, v
→

 Gu\ CÚ 

ùYdPoLÞdÏ CûQVôLÜm 

R[m AûU¡\Õ G]d ùLôsL, 

R[j§u ÁÕ HúRàm JÚ 

×s° P G]Üm ARàûPV 

¨ûX ùYdPo r
→

 G]Üm 

ùLôsL,  (i.e.,) OP
→

 = r
→

. 

 
 
 
 
 
 
 

TPm 2.29 

 A Y¯VôL  u
→

, v
→

dÏ CûQVôL AB, AC Gu\ R[j§p úLôÓLs 

AB
→

 = u
→

, AC
→

 = v
→

  Gu\Yôß R[j§p YûWL,  

 B]ôp AP
→

B]Õ AB
→

, AC
→

EPu JúW R[ AûUl×ûPVÕ, 

   ∴ AP
→

 = s AB
→

 + t AC
→

  s, t GuTÕ §ûN«−Ls 

    = s u
→

 + t v
→

 

   OP
→

 = OA
→

 +  AP
→

 

   ⇒   r
→

 = a + s u
→

 + t v
→

 … (1) 

 CÕúY R[j§u ùYdPo NUuTôÓ BÏm, (ÕûQ AXÏ Y¥®p) 

a

r
O

u
v

x

z

y

A

B

C

P

aa

rr
O

uu
vv

x

z

y

A

B

C

P
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Lôo¼£Vu AûUl× : 

      a
→

 = x1 i
→

 + y1 j
→

 + z1 k
→

 

   u
→

 = l1 i
→

 + m1 j
→

 + n1 k
→

  ;  v
→

 = l2 i
→

 + m2 j
→

 + n2 k
→

 

 (1)-C−ÚkÕ r
→

 = a
→

 + s u
→

 + t v
→

 

   x i
→

 + y j
→

 + z k
→

 =  x1 i
→

 + y1 j
→

 + z1 k
→

 + s l1 i
→

 + m1 j
→

 + n1 k
→

  

+ t  l2 i
→

 + m2 j
→

 + n2 k
→

 

 i
→

, j
→

, k
→

 B¡VYt±u ùLÝdLû[ Jl©P 

  x = x1 + sl1 + tl2 

  y = y1 + sm1 + tm2     

  z = z1 + sn1 + tn2 

CûY Lôo¼£Vu Y¥®p ÕûQ 

AXÏf NUuTôÓ BÏm, 

  ⇒  x − x1 = sl1 + tl2 

  y − y1 = sm1 + tm2     

   z − z1 = sn1 + tn2 

  s, t, B¡VYtû\ ¿dL 







x − x1   y − y1   z − z1

l1    m1    n1

l2    m2    n2

 = 0 

 CÕúY úRûYVô] R[j§u Lôo¼£Vu NUuTôÓ BÏm, (ÕûQ 

AXÏ ApXôR Y¥®p) 

ÕûQ AXÏ ApXôR ùYdPo NUuTôÓ  : 

 AP
→

, AB
→

 Utßm AC
→

 Ko R[j§p Es[ûY i.e., r
→

 − a
→

, u
→

, v
→

 JÚ R[ 

ùYdPoLs, 

 ∴ [ ]r
→

 − a
→

  u
→

  v
→

 = 0     ApXÕ  [ ]r
→

  u
→

  v
→

 =  [ ]a
→

  u
→

  v
→

 

 CÕúY R[j§u ùYdPo NUuTôÓ, (ÕûQ AXÏ ApXôR 

Y¥®p) 
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2,7,4 ùLôÓdLlThP CÚ ×s°Ls Y¯VôLÜm ùLôÓdLlThP 
JÚ ùYdPÚdÏ CûQVôLÜm AûUÙm R[j§u NUuTôÓ :  
ùYdPo AûUl× : 

 O-I ùTôßjÕ a
→

, b
→

dLû[ 

¨ûX ùYdPoL[ôLd ùLôiP 

×s°Ls Øû\úV A, B GuL, 

v
→

 GuTÕ RWlThP ùYdPo 

GuL, úRûYVô] R[m A, B 

Y¯úV ùNp¡\Õ, úUÛm  

v
→

dÏ CûQVôLÜm 

AûU¡\Õ G]d ùLôsL,  

 
 
 
 
 
 
 
 
 

TPm 2.30 

R[j§u ÁÕ HúRàm Ko ×s° P G]Üm ARu ¨ûX ùYdPo r
→

  

G]Üm ùLôsL, (i.e.,) OP
→

 = r
→

. 

 A Y¯VôL AC Gu\ úLôÓ AC
→

 = v
→

 Gu\Yôß YûWL, 

 AP
→

 B]Õ AB
→

 , AC
→

 B¡VYtßPu JúW R[j§p Es[Rôp 

 ∴ AP
→

 = s AB
→

 + t AC
→

, s, t GuTûY §ûN«−Ls, 

  = s  OB
→

 − OA
→

 +  t v
→

  = s ( )b
→

 − a
→

 +  t v
→

 

 OP
→

 = OA
→

 + AP
→

  

 ⇒     r
→

 = a
→

 + s ( )b
→

 − a
→

 + t v
→

 … (1) 

 r
→

 = (1 − s) a
→

 + s b
→

 +  t v
→

 
 CÕúY R[j§u ùYdPo (ÕûQ AXÏ Y¥Ym) NUuTôÓ BÏm, 

ÕûQ AXÏ ApXôR ùYdPo NUuTôÓ  : 

 AP
→

, AB
→

 Utßm AC
→

  JúW R[ AûUl× Es[Õ, i.e., r
→

 − a
→

, b
→

 −  a
→

 

Utßm v
→

 JúW R[ AûUl× EûPVÕ, ∴ [ ]r
→

  − a
→

  b
→

  − a
→

 v
→

 = 0 
 CÕúY úRûYVô] R[j§u ùYdPo (ÕûQ AXÏ ApXôR) 

NUuTôÓ BÏm, 

a
r

O

v

x

z

y

A

B

C

P

b

aa
rr

O

vv

x

z

y

A

B

C

P

bb
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Lôo¼£Vu Y¥Ym : 

    a
→

 = x1 i
→

 + y1 j
→

 + z1 k
→

  ;   b
→

 = x2 i
→

 + y2 j
→

 + z2 k
→

 

 v
→

 = l i
→

 + m j
→

 + n k
→

    ;    r
→

 = x i
→

 + y j
→

 + z k
→

 
 (1)-C−ÚkÕ 

   x i
→

 + y j
→

 + z k
→

 =  x1 i
→

 + y1 j
→

 + z1 k
→

  

+ s  (x2 − x1) i
→

 + (y2 − y1) j
→

 + (z2 − z1) k
→

  + t ( )l i
→

 + m j
→

 + n k
→

 

 i
→

, j
→

, k
→

 B¡VYt±u Eßl×Lû[ Jl©ÓL, 
  x = x1 + s(x2 − x1) + tl 

  y = y1 + s(y2 − y1) + tm 

  z = z1 + s(z2 − z1) + tn 

CÕúY ÕûQ AXÏ Lôo¼£Vu 

Y¥Yf NUuTôPôÏm, 

  ⇒  (x − x1) = s(x2 − x1) + tl 

  (y − y1) = s(y2 − y1) + tm 

   (z − z1) = s(z2 − z1) + tn 

  s, tI ¿dL 







x − x1    y − y1    z − z1

x2 − x1   y2 − y1   z2 − z1

l    m    n

 = 0 

 CÕúY R[j§u Lôo¼£Vu Y¥Yf NUuTôÓ BÏm, (ÕûQ 

AXÏ ApXôR) 
2,7,5 ùLôÓdLlThP JúW úLôh¥XûUVôR êuß ×s°Ls Y¯f 

ùNpÛm R[j§u ùYdPo Utßm Lôo¼£Vu NUuTôÓLs:  
ùYdPo AûUl×: 

 O-Il ùTôßjÕ a
→

 , b
→

, c
→

 I 

¨ûX ùYdPoL[ôLd ùLôiP 

×s°Ls Øû\úV A, B, C GuL, 

úRûYVô] R[m A, B Utßm C 

Y¯úVf ùNp¡\Õ, 

 R[j§u ÁÕ HúRàm JÚ 

×s° P GuL. ARu ¨ûX 

ùYdPo r
→

 BÏm,  (i.e.,) OP
→

 = r
→

 

 
 
 
 
 
 
 
 

TPm 2.31 

a

O

x

z

y

A

B

C

P

b
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O
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B

C

P

bb

rrcc
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 AB, AC, APLû[f úNodL,  AP
→

 B]Õ AB
→

 Utßm AC
→

ÙPu JúW R[ 

AûUl× EûPVÕ, 

   ∴ AP
→

 = s AB
→

 + t AC
→

    s, t GuT] §ûN«−Ls, 

    = s  OB
→

 − OA
→

 +  t OC
→

 − OA
→

 

    = s ( )b
→

 − a
→

 +  t ( )c
→

 − a
→

 

   OP
→

 = OA
→

 + AP
→

  

   ⇒    r
→

 = a
→

 + s ( )b
→

 − a
→

 + t ( )c
→

 − a
→

  (or) … (1) 

   r
→

 = (1 − s − t) a
→

 + s b
→

 +  t c
→

 
 CÕúY R[j§u ùYdPo NUuTôÓ(ÕûQ AXÏ Y¥Ym). 

ÕûQ AXÏ ApXôR ùYdPo NUuTôÓ  :  

 AP
→

, AB
→

 Utßm  AC
→

 JÚ R[ AûUl×ûPVÕ 

 (i.e.,)  AP
→

  AB
→

  AC
→

  = 0 

   ∴ [ ]r
→

  − a
→

  b
→

  − a
→

 c
→

 − a
→

 = 0 
 CÕúY úRûYVô] R[j§u ùYdPo NUuTôÓ BÏm, (ÕûQ 

AXÏ ApXôR Y¥Ym) 

Lôo¼£Vu AûUl× : 

      a
→

= x1 i
→

 + y1 j
→

 + z1 k
→

 ; b
→

 = x2 i
→

 + y2 j
→

 + z3 k
→

 ; c
→

 = x3 i
→

 + y3 j
→

 + z3 k
→

   

     r
→

 = x i
→

 + y j
→

 + z k
→

   
(1)-C−ÚkÕ 

   x i
→

 + y j
→

 + z k
→

 =  x1 i
→

 + y1 j
→

 + z1 k
→

  

+ s  (x2 − x1) i
→

 + (y2 − y1) j
→

 + (z2 − z1) k
→

   

+ t  (x3 − x1) i
→

 + (y3 − y1) j
→

 + (z3 − z1) k
→

 

 i
→

, j
→

, k
→

L°u Eßl×Lû[ Jl©P. 
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 x = x1 + s(x2 − x1) + t(x3 − x1)  

 y = y1 + s(y2 − y1) + t(y3 − y1)  

 z = z1 + s(z2 − z1) + t(z3 − z1)  

CÕúY ÕûQ AXÏ 

NUuTôh¥u  
Lôo¼£Vu AûUl× 

  s, t B¡VYtû\ ¿dL. 







x − x1    y − y1    z − z1

x2 − x1   y2 − y1   z2 − z1

x3 − x1   y3 − y1   z3 − z1

 = 0 

 CÕúY R[j§u Lôo¼£Vu NUuTôÓ (ÕûQ AXÏ ApXôR 

Y¥®p), 

GÓjÕdLôhÓ 2.48 : 3 i
→

 + 2 j
→

 − 2 k
→

 Gàm ùYdPÚdÏf 

ùNeÏjRôLÜm B§«−ÚkÕ 8 AXÏLs çWj§p CÚdÏm R[j§u 

ùYdPo Utßm Lôo¼£Vu NUuTôÓLû[d LôiL, 

¾oÜ :  CeÏ  p = 8  Utßm n
→

 = 3 i
→

 + 2 j
→

 − 2 k
→

  

   ∴ n
∧
 = 

n
→

| |n
→

 = 
3 i
→

 + 2 j
→

 − 2 k
→

9 + 4 + 4
 = 

3 i
→

 + 2 j
→

 − 2 k
→

17
 

 CeÏ úRûYVô] R[j§u NUuTôÓ  r
→

 . n
∧

 = p 

   r
→

 . 
3 i
→

 + 2 j
→

 − 2 k
→

17
 = 8 

  r
→

 . ( )3 i
→

 + 2 j
→

 − 2 k
→

  = 8 17 

Lôo¼£Vu AûUl× :  (x i
→

 +y j
→

 + z k
→

). (3 i
→

 + 2 j
→

 − 2 k
→

) = 8 17     

 3x + 2y − 2z = 8 17 
GÓjÕdLôhÓ 2.49 : B§«p CÚkÕ JÚ R[j§tÏ YûWVlThP 

ùNeÏj§u A¥l×s° (4, − 2, − 5) G²p AjR[j§u NUuTôÓ 

LôiL, 

¾oÜ :  CeÏ úRûYVô] R[Uô]Õ A(4, − 2, − 5) Y¯úV ùNp¡\Õ, 

úUÛm OA
→

 ùYdPÚdÏf ùNeÏjRôLÜm AûU¡\Õ, 

 ∴ a
→

 = 4 i
→

 − 2 j
→

 − 5 k
→

 Utßm  n
→

 = OA
→

 = 4 i
→

 − 2 j
→

 − 5 k
→

 

 ∴ R[j§u úRûYVô] NUuTôÓ  r
→

. n
→

 = a
→

. n
→
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 r
→

 . ( )4 i
→

 − 2 j
→

 − 5 k
→

 = ( )4 i
→

 − 2 j
→

 − 5 k
→

 . ( )4 i
→

 − 2 j
→

 − 5 k
→

 

  = 16 + 4 + 25 

 r
→

 . ( )4 i
→

 − 2 j
→

 − 5 k
→

 = 45 … (1) 

Lôo¼£Vu AûUl× : 

 ( )x i
→

 + y j
→

 + z k
→

  . ( )4 i
→

 − 2 j
→

 − 5 k
→

 = 45 

 4x − 2y − 5z = 45 

GÓjÕdLôhÓ 2.50 : (2, − 1, − 3) Y¯úVf ùNpXdá¥VÕm  

x − 2
3   =  

y − 1
2   =  

z − 3
− 4

 Utßm 
x − 1

2   =  
y + 1
− 3

  =  
z− 2

2  B¡V úLôÓLÞdÏ 

CûQVôL Es[ÕUô] R[j§u ùYdPo Utßm Lôo¼£Vu 

NUuTôÓLû[d LôiL, 

¾oÜ :  úRûYVô] R[Uô]Õ A(2, − 1, − 3) Y¯úVf ùNpÛm, úUÛm 

u
→

 = 3 i
→

 + 2 j
→

 − 4 k
→

 Utßm v
→

 = 2 i
→

 − 3 j
→

 + 2 k
→

-dÏ CûQVôL 

CÚdÏm, 

 ∴ úRûYVô] NUuTôÓ r
→

 = a
→

 + s u
→

 + t v
→

   

 r
→

 = ( )2 i
→

 − j
→

 − 3 k
→

  +s( )3 i
→

 + 2 j
→

 − 4 k
→

  + t( )2 i
→

 − 3 j
→

 + 2 k
→

  

Lôo¼£Vu AûUl× : 

 (x1, y1, z1) GuTÕ (2, − 1, −3) ; (l1, m1, n1) GuTÕ (3, 2, −4) ;  

(l2, m2, n2) GuTÕ (2, −3, 2) 

  R[j§u NUuTôÓ  







x − x1   y − y1   z − z1

l1    m1    n1

l2    m2    n2

 = 0 

  i.e.,   







x − 2   y + 1   z + 3

3    2    − 4

2    − 3    2

 = 0 

 ⇒  8x + 14y + 13z + 37 = 0 

 CÕúY úRûYVô] NUuTôh¥u Lôo¼£Vu AûUl× BÏm, 



 121

GÓjÕdLôhÓ 2.51 : (− 1, 1, 1) Utßm (1, − 1, 1) B¡V ×s°Ls 

Y¯úVf ùNpXd á¥VÕm x + 2y + 2z = 5 Gu\ R[j§tÏ ùNeÏjRôL 

AûUYÕUô] R[j§u ùYdPo Utßm Lôo¼£Vu NUuTôhûPd 

LôiL, 

¾oÜ :  x + 2y + 2z = 5 Gu\ R[j§u ùNeÏjÕ ùYdPo B]Õ  

i
→

 + 2 j
→

 + 2 k
→

 BÏm, CqùYdPo úRûYVô] R[j§tÏ CûQVôL 

AûUÙm, G]úY úRûYVô] R[Uô]Õ (− 1, 1, 1) Utßm (1, − 1, 1) 

Gu\ ×s°Ls Y¯úVf ùNpXd á¥VÕm i
→

 + 2 j
→

 + 2 k
→

 Gu\ 

ùYdPÚdÏ CûQVôLÜm AûUÙm, 

R[j§u ùYdPo NUuTôÓ : 
 ùLôÓdLlThP CWiÓ ×s°Ls Y¯úVf ùNpXdá¥VÕm JÚ 

ùYdPÚdÏ CûQVôL Es[ÕUô] R[j§u ùYdPo NUuTôÓ, 

 r
→

 = (1 − s) a
→

 + s b
→

 + t v
→

 CeÏ s Utßm t §ûN«−Ls BÏm, 

 CeÏ a
→

 = − i
→

 + j
→

 + k
→

  ;  b
→

 = i
→

 − j
→

 + k
→

  ;  v
→

 = i
→

 + 2 j
→

 + 2 k
→

 

 ∴ r
→

 = (1 − s) ( )− i
→

 + j
→

 + k
→

 + s ( )i
→

 − j
→

 + k
→

 + t( )i
→

 + 2 j
→

 + 2 k
→

 
 CÕúY R[j§u úRûYVô] ùYdPo NUuTôÓ BÏm, 

Lôo¼£Vu AûUl× : 

 (x1, y1, z1) GuTÕ (− 1, 1, 1) ; (x2, y2, z2) GuTÕ (1, − 1, 1) ; (l1, m1, n1) 
GuTÕ (1, 2, 2) 

  R[j§u NUuTôÓ  







x − x1    y − y1    z − z1

x2 − x1   y2 − y1   z2 − z1

l1    m1    n1

 = 0 

  i.e.,   







x + 1   y − 1   z − 1

2    − 2    0

1    2    2

 = 0 

 ⇒  2x + 2y − 3z + 3 = 0 
GÓjÕdLôhÓ 2.52 : (2, 2, − 1), (3, 4, 2) Utßm (7, 0, 6) B¡V ×s°Ls 

Y¯úVf ùNpXdá¥V R[j§u ùYdPo Utßm Lôo¼£Vu 

NUuTôhûPd LôiL, 
¾oÜ :  JúW úLôhPûUVôR ùLôÓdLlThP êuß ×s°Ls Y¯úVf 

ùNpÛm R[j§u ùYdPo NUuTôÓ 
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  r
→

 = (1 − s − t) a
→

 + s b
→

 + t c
→

       s Utßm t §ûN«−Ls, 

 CeÏ a
→

 = 2 i
→

 + 2 j
→

 − k
→

 ;  b
→

= 3 i
→

 + 4 j
→

 + 2 k
→

 ; c
→

 = 7 i
→

 + 6 k
→

 

∴ r
→

 = (1−s −t)  ( )2 i
→

 + 2 j
→

 − k
→

+ s ( )3 i
→

 + 4 j
→

 + 2 k
→

 + t( )7 i
→

 + 6 k
→

 
R[j§u Lôo¼£Vu NUuTôÓ : 
 CeÏ (x1, y1, z1) GuTÕ (2, 2, − 1)  ;  (x2, y2, z2) GuTÕ (3, 4, 2)  ;   
(x3, y3, z3) GuTÕ (7, 0, 6) 

 R[j§u NUuTôÓ  







x − x1    y − y1    z − z1

x2 − x1   y2 − y1   z2 − z1

x3 − x1   y3 − y1   z3 − z1

 = 0 

  i.e.,   







x − 2   y − 2   z + 1

1    2    3

5    − 2    7

 = 0 

  5x + 2y − 3z = 17   CÕúY R[j§u Lôo¼£Vu NUuTôÓ,  

T«t£ 2.8 

  (1) 2 i
→

 + 7 j
→

 + 8 k
→

  Gàm ùYdPÚdÏf ùNeÏjRôLÜm B§«p 

CÚkÕ 18  AXÏLs çWj§p CÚdÏm R[j§u ùYdPo Utßm  

Lôo¼£Vu NUuTôÓLû[d LôiL, 

 (2) 2x − y + 2z = 5 Gu\ R[j§u ùNeÏjÕ AXÏ ùYdPoLû[d 

LôiL, 

 (3) B§«−ÚkÕ r
→

 . ( )3 i
→

 + 4 j
→

 + 12 k
→

 = 26  Gu\ R[j§tÏ 

YûWVlThP ùNeÏj§u ¿[jûRd LôiL, 
 (4) B§«−ÚkÕ JÚ R[j§tÏ YûWVlThP ùNeÏj§u 

A¥l×s° (8, − 4, 3) G²p AjR[j§u NUuTôÓ LôiL, 

 (5) 2 i
→

 − j
→

 + k
→

 GuTRû] ¨ûXùYdPWôLd ùLôiP ×s° 

Y¯úVf ùNpXd á¥VÕm 4 i
→

 + 2 j
→

 − 3 k
→

  Gu\ ùYdPÚdÏ 

ùNeÏjRô]ÕUô] R[j§u NUuTôÓ LôiL, 

 (6)  (2, −1, 4) Gu\ ×s° Y¯úVf ùNpYÕm r
→

.( )4 i
→

 −12 j
→

 −3 k
→

 =7 

Gu\ R[j§tÏ CûQVô]ÕUô] R[j§u ùYdPo Utßm  

Lôo¼£Vu NUuTôÓLû[d LôiL, 
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 (7) 
x − 2

2   =  
y − 2

3   =  
z − 1

3  Gu\ úLôhûP Es[Pd¡VÕm    

x + 1
3   =  

y − 1
2   =  

z+ 1
1   Gu\ úLôh¥tÏ CûQVô]ÕUô] 

R[j§u ùYdPo Utßm Lôo¼£Vu NUuTôÓLû[d LôiL, 

 (8)  (1, 3, 2) Gu\ ×s° Y¯f ùNpYÕm  
x + 1

2   =  
y + 2
− 1

  =  
z + 3

3   

Utßm 
x − 2

1   =  
y + 1

2   =  
z + 2

2   Gu\ úLôÓLÞdÏ 

CûQVô]ÕUô] R[j§u ùYdPo Utßm  Lôo¼£Vu 

NUuTôÓLû[d LôiL, 

 (9) (−1, 3, 2) Gu\ ×s° Y¯f ùNpYÕm x+2y+2z = 5 Utßm  

3x+y+2z = 8 B¡V R[eLÞdÏf ùNeÏjRô]ÕUô] R[j§u 

ùYdPo Utßm  Lôo¼£Vu NUuTôÓLû[d LôiL, 

 (10) A(1, − 2, 3) Utßm B (− 1, 2, − 1) Gu\ ×s°Ls Y¯úVf 

ùNpXdá¥VÕm 
x − 2

2   =  
y + 1

3   =  
z − 1

4   Gu\ úLôh¥tÏ 

CûQVô]ÕUô] R[j§u ùYdPo Utßm Lôo¼£Vu 

NUuTôÓLû[d LôiL, 

 (11)  (1, 2, 3) Utßm (2, 3, 1) Gu\ ×s°Ls Y¯úVf ùNpXd 

á¥VÕm 3x− 2y + 4z − 5 = 0 Gu\ R[j§tÏf ùNeÏjRôLÜm 

AûUkR R[j§u ùYdPo Utßm  Lôo¼£Vu NUuTôÓLû[d 

LôiL, 

 (12) 
x − 2

2   =  
y − 2

3   =  
z − 1
− 2

 Gu\ úLôhûP Es[Pd¡VÕm (− 1, 1, − 1) 

Gu\ ×s° Y¯úVf ùNpXd á¥VÕUô] ùYdPo Utßm  

Lôo¼£Vu NUuTôÓLû[d LôiL, 

 (13) 3 i
→

 + 4 j
→

 + 2 k
→

, 2 i
→

 − 2 j
→

 − k
→

 Utßm 7 i
→

 + k
→

 B¡VYtû\ ¨ûX 

ùYdPoL[ôLd ùLôiP ×s°Ls Y¯úVf ùNpÛm R[j§u 

ùYdPo Utßm  Lôo¼£Vu NUuTôÓLû[d LôiL,  

 (14) ùYhÓjÕiÓ Y¥®p JÚ R[j§u NUuTôhûPj RÚ®dL, 

 (15) ©uYÚm R[eL°u Lôo¼£Vu AûUlûTj RÚL, 

  (i)  r
→

 = (s − 2t) i
→

 + (3 − t) j
→

 + (2s + t) k
→

 

  (ii) r
→

 = (1 + s + t) i
→

 + (2 − s + t) j
→

 + (3 − 2s +2 t) k
→
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2,7,6 ùLôÓdLlThP CWiÓ R[eL°u ùYhÓdúLôÓ 

Y¯VôLf ùNpÛm R[j§u NUuTôÓ (Equation of a plane 
passing through the line of intersection of two given planes) : 
ùYdPo AûUl×: 

 r
→

 . n
→

1 = q1  Utßm r
→

 . n
→

2 = q2  B¡V R[eL°u ùYhÓdúLôÓ 

Y¯VôLf ùNpÛm R[j§u ùYdPo NUuTôPô]Õ 

   r
→

 . n
→

1 − q1  + λ  r
→

 . n
→

2 − q2  = 0 

  i.e. r
→

 .  n
→

1 + λ n
→

2  = q1 + λq2 
 Lôo¼£Vu AûUl× : 
 a1x + b1y + c1z+ d1 = 0 Utßm a2x + b2y + c2z+ d2 = 0 B¡V R[eLs 

ùYhÓm úLôÓ Y¯úVf ùNpÛm R[j§u  Lôo¼£Vu NUuTôÓ  

(a1x + b1y + c1z + d1) + λ(a2x + b2y + c2z+ d2 ) = 0 

GÓjÕdLôhÓ 2.53 :  2x − 3y + 4z = 1 Utßm x − y = − 4 Gu\ R[eL°u 

ùYhÓdúLôÓ Y¯úVf ùNpXd á¥VÕm (1, 1, 1) Gu\ ×s° Y¯úVf 

ùNpYÕUô] R[j§u NUuTôhûPd LôiL, 
¾oÜ : 
 CWiÓ R[eL°u ùYhÓdúLôÓ Y¯úVf ùNpÛm HúRàm Ko 

R[j§u NUuTôÓ (2x − 3y + 4z − 1) + λ(x − y + 4) = 0 Gu\ AûUl©p 

CÚdÏm, 

 CÕ (1, 1, 1) Y¯úVf ùNpYRôp λ = − 
1
2 BÏm, 

      ∴ úRûYVô] R[j§u NUuTôÓ (2x − 3y + 4z − 1)− 
1
2 (x − y + 4)= 0  

 i.e., 3x − 5y + 8z − 6 = 0 

GÓjÕdLôhÓ 2.54 :  2x − 8y + 4z = 3 Utßm 3x − 5y + 4z + 10 = 0 Gu\ 

R[eL°u ùYhÓdúLôÓ Y¯úVf ùNpXd á¥VÕm 3x − y − 2z − 4 = 0 
Gu\ R[j§tÏ ùNeÏjRô]ÕUô] R[j§u NUuTôÓ LôiL, 

¾oÜ : 

 ùLôÓdLlThP CWiÓ R[eL°u ùYhÓdúLôÓ Y¯úVf 

ùNpÛm R[j§u NUuTôÓ (2x − 8y + 4z − 3) + λ (3x − 5y + 4z + 10) = 0 
i.e., (2 + 3λ) x + (− 8 − 5λ)y + (4 + 4λ)z + (− 3 + 10λ) = 0 . B]ôp 

úRûYVô] R[m 3x − y − 2z − 4 = 0 Gu\ R[j§tÏ ùNeÏjRôL 

CÚd¡\Õ, G]úY AYt±u ùNeúLôÓLs JußdùLôuß 

ùNeÏjRô]ûYVôL CÚdÏm, 
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 i.e., (2 + 3λ) 3 + (− 8 − 5λ) (− 1) + (4 + 4λ) (− 2) = 0 

 6λ + 6 = 0     ⇒  λ = − 1 

 ∴ úRûYVô] NUuTôÓ (2x − 8y + 4z − 3) −1(3x − 5y + 4z + 10) = 0 

  − x − 3y − 13 = 0 

  x + 3y + 13 = 0 

2,7,7 JÚ R[j§tÏm. JÚ ×s°dÏm CûPlThP çWm : 
  (x1, y1, z1) GuTÕ HúRàm JÚ ×s° GuL, ax + by + cz + d = 0 
GuTÕ HúRàm JÚ R[j§u NUuTôÓ. Cl×s°dÏm R[j§tÏm 

CûPlThP çWm 






ax1 + by1 + cz1 + d

a2 + b2 + c2
 

ùLôsûL (1) : 
 B§dÏm ax + by + cz + d = 0 Gu\ R[j§tÏm CûPlThP çWm 

 






d

a2 + b2 + c2
 

ùLôsûL (2) : 
 ax + by + cz + d1 = 0  Utßm ax + by + cz + d2 = 0 Gu\ CûQj 

R[eLÞdÏ CûPlThP çWm 







d1 − d2

a2 + b2 + c2
 

Ï±l× : RWlThP NUuTôÓ ùYdPo AûUl©p CÚl©u AûR  

Lôo¼£Vu AûUl©tÏ Uôt± çWjûRd LôiL, 

GÓjÕdLôhÓ 2.55 :  (1, − 1, 2) Gu\ ×s°«p CÚkÕ 

r
→

 = ( )i
→

 + j
→

 + k
→

   + s( )i
→

 − j
→

  + t( )j
→

 − k
→

 Gu\ R[j§tÏs[ 

çWjûRd LôiL, 

¾oÜ : RWlThP R[Uô]Õ (1, 1, 1) Y¯f ùNpXdá¥VÕm ( )i
→

 − j
→

  

Utßm ( )j
→

 − k
→

  Gu\ ùYdPoLÞdÏ CûQVôLÜm Es[Õ, 

 ∴ ARtÏ¬V Lôo¼£Vu NUuTôÓ 

  







x − x1   y − y1   z − z1

l1    m1    n1

l2    m2    n2

  = 0      





(x1, y1, z1) = (1, 1, 1)

(l1, m1, n1) = (1 − 1, 0)

(l2, m2, n2) = (0, 1, − 1)
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 i.e., 







x − 1   y − 1   z − 1

1    − 1    0

0    1    − 1

 = 0  i.e., x + y + z − 3 = 0 

  CeÏ  (x1, y1, z1) = (1, −1, 2) 

∴ çWm = 






ax1 + by1 + cz1 + d

a2 + b2 + c2
 = 




1 − 1 + 2 − 3

1 + 1 + 1
  = 

1
3

 

GÓjÕdLôhÓ 2.56 : r
→

.( )− i
→

 − j
→

 + k
→

= 3.   r
→

 . ( )i
→

 + j
→

 − k
→

 = 5 

B¡V CûQjR[eLÞdÏ CûPlThP çWjûRd LôiL, 
¾oÜ : R[eL°u ùLôÓdLlThP ùYdPo NUuTôÓLÞdÏ¬V  

Lôo¼£Vu NUuTôÓLs 

 − x − y + z − 3 = 0  Utßm x + y − z − 5 = 0 

 i.e.,  x + y − z + 3 = 0   Utßm x + y − z − 5 = 0 

 çWm = 






d1 − d2

a2 + b2 + c2
 = 




3 + 5

1 + 1 + 1
 = 

8
3

 

2,7,8 ùLôÓdLlThP CWiÓ úSodúLôÓLû[ Es[Pd¡V 
R[j§u NUuTôÓ (ARôYÕ ùLôÓdLlThP CWiÓ 

úSodúLôÓLs Y¯úVf ùNpXdá¥V R[m) :  

 r
→

 = a
→

1 + t u
→

  Utßm r
→

 = a
→

2 + s v
→

  GuTûY R[j§u ÁÕ 

AûUkR úSodúLôÓLs GuL, CqYô\ô«u 

 r
→
− a
→

1, u
→

, v
→

 JúW-R[-ùYdPoLs BÏm Utßm r
→

 − a
→

2, u
→

, v
→

 
JúW-R[-AûU ùYdPoLs BÏm, 

 ∴  r
→

 − a
→

1 u
→

 v
→

  = 0 Utßm  r
→

 − a
→

2 u
→

 v
→

  = 0  

 úUtLiP CWiÓ NUuTôÓLÞúU úRûYVô] JúW R[jûRd 

Ï±d¡u\], CRu Lôo¼£Vu AûUlTô]Õ  

 







x − x1   y − y1   z − z1

l1    m1    n1

l2    m2    n2

  = 0  ApXÕ  







x − x2   y − y2   z − z2

l1    m1    n1

l2    m2    n2

 = 0 

 CeÏ a
→

1 = x1 i
→

 + y1 j
→

 + z1 k
→

  ;  a
→

2 = x2 i
→

 + y2 j
→

 + z2 k
→

   

             u
→

 = l1 i
→

 + m1 j
→

 + n1 k
→

  ;  v
→

 = l2 i
→

 + m2 j
→

 + n2 k
→
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Ï±l× : CWiÓ úLôÓLs CûQVô«u AYt±−ÚkÕ CWiÓ 

ùY°lTûPVô] ×s°Lû[Ùm CûQ ùYdPûWÙm GÓjÕd 

ùLôsL, C² Aq®Ú ×s°Ls Y¯VôLf ùNpYÕm ùYdPÚdÏ 

CûQVôL CÚlTÕUô] R[j§u NUuTôhûPd LôiL, 

GÓjÕdLôhÓ 2.57 :  
x − 1

2  = 
y − 2

3  = 
z − 3

4   Utßm 
x − 4

5  = 
y − 1

2  = 
z
1 B¡V 

úSodúLôÓLû[ Es[Pd¡V R[j§u NUuTôÓ LôiL, 
¾oÜ : 
 ØRp úLôh¥−ÚkÕ (x1, y1, z1) = (1, 2, 3)  Gu\ ùY°lTûPVô] 

×s°ûV GÓjÕd ùLôsL, 
 CûQ ùYdPoLs (l1, m1, n1) = (2, 3, 4) Utßm (l2, m2, n2) = (5, 2, 1) 
 úRûYVô] NUuTôÓ 

 







x − x1   y − y1   z − z1

l1    m1    n1

l2    m2    n2

  = 0  ⇒ 









x − 1   y − 2   z − 3

2    3    4

5    2    1

 = 0 

 ⇒  5x − 18y + 11z − 2 = 0 
GÓjÕdLôhÓ 2.58 :  (1, 1, − 1) Utßm (− 1, 0, 1) B¡V ×s° Y¯úV 

ùNpXdá¥V úSodúLôÓ xy R[jûRf Nk§dÏm ×s°ûVd LôiL, 

¾oÜ : (1, 1, − 1) Utßm (− 1, 0, 1) Y¯úVf ùNpÛm úLôh¥u 

NUuTôÓ  
x− 1

2   =  
y − 1

1   =  
z + 1
− 2

 

 AÕ xy R[jûR Nk§lTRôp z = 0 BÏm, 

 ∴ 
x − 1

2   =  
y − 1

1   =  
1
− 2

   ⇒   x = 0,   y = 
1
2 

 ∴úRûYVô]l ×s° 



0,  

1
2,  0  

GÓjÕdLôhÓ 2.59 :   

 r
→

 = ( )i
→

 + 2 j
→

 − 5 k
→

  + t( )2 i
→

 − 3 j
→

 + 4 k
→

  Gu\ úLôÓ  

 r
→

 .( )2 i
→

 + 4 j
→

 − k
→

  = 3 Gu\ R[jûRf Nk§dÏm ×s°«u 

BVjùRôûXLû[d LôiL, 

¾oÜ : úLôh¥u  Lôo¼£Vu Y¥Ym 
x − 1

2   =  
y − 2
− 3

 = 
z + 5

4   =  λ  GuL 

 ∴ CkR úLôh¥Ûs[ HúRàm ×s°«u AûUl× 

(2λ + 1, − 3λ + 2,   4λ − 5) BÏm, 
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 R[j§u  Lôo¼£Vu NUuTôÓ 2x + 4y − z − 3 = 0 

 úRûYVô]l ×s° R[j§u ÁÕ AûUYRôp  

 ∴ 2(2λ + 1) + 4(− 3λ + 2) − (4λ − 5) − 3 = 0   ⇒ λ = 1    

∴ úRûYVô]l ×s° (3, − 1, − 1) BÏm, 

T«t£ 2.9 

  (1) 
x + 1

2  = 
y − 2
− 3

 = 
z − 3

4  Utßm  
x − 4

3  = 
y − 1

2  = z − 8 Gu\ úLôÓLû[ 

Es[Pd¡V R[j§u NUuTôÓ LôiL, 

 (2) r
→

 = ( )i
→

 + 2 j
→

 − 4 k
→

 + t( )2 i
→

 + 3 j
→

 + 6 k
→

  Ut\m 

  r
→

 = ( )3 i
→

 + 3 j
→

 − 5 k
→

 + s( )−2 i
→

 + 3 j
→

 + 8 k
→

 Gu\ CÚ úLôÓLs 

Y¯úV JÚ R[m YûWV CVÛUô? E]Õ ®ûPdÏj RÏkR 

®[dLm RÚL, 

  (3) r
→

 = ( )j
→

 − k
→

  + s( )2 i
→

 − j
→

 + k
→

  Utßm xz – R[m ùYhÓm 

×s°ûVd LôiL, 

 (4) r
→

 = ( )2 i
→

 + j
→

 − 3 k
→

  + t( )2 i
→

 − j
→

 − k
→

  Gu\ úLôÓm 

  x − 2y + 3z + 7 = 0 Gu\ R[Øm Nk§d¡u\ ×s°ûVd LôiL, 

 (5) B§dÏm  r
→

 .( )2 i
→

 − j
→

 + 5 k
→

  = 7 Gu\ R[j§tÏm 

CûPlThPj çWjûRd LôiL, 

 (6) x − y + 3z + 5 = 0  ;   2x − 2y + 6z + 7 = 0 Gu\ CûQjR[eLÞdÏ 

CûPlThP çWjûRd LôiL, 

2,7,9 RWlThP R[eLÞdÏ CûPlThP úLôQm  :  
 CWiÓ R[eLÞdÏ CûPlThP 

úLôQUô]Õ AYt±u 

ùNeÏjÕdLÞdÏ CûPlThP 

úLôQUôL YûWVßdLlTÓ¡\Õ, 

 r
→

 . n
→

1 = q1 Utßm r
→

 . n
→

2 = q2  
GuTûY CÚ R[eL°u 

NUuTôÓLs (CeÏ n
→

1 Utßm n
→

2 
GuTûY R[eLÞdÏ¬V 

ùNeÏjÕdLs) 

 

 

 

 

 

 

 

TPm 2.32 

θ
n2

n1

θ
n2n2

n1n1
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 θ GuTÕ Cq®Ú R[eLÞdÏ CûPlThP úLôQm,  

(i.e., ùNeÏjÕLÞdÏ CûPlThP úLôQm) G²p 

  θ = cos−1









n

→
1 . n

→
2

 n
→

1  n
→

2

 

Ï±l× : (i) Aq®Ú R[eLÞm ùNeÏjRô«u n
→

1 . n
→

2 = 0 

  (ii) Aq®Ú R[eLs CûQVô«u n
→

1 =  t n
→

2  CeÏ t GuTÕ 

§ûN«−, 

2,7,10 JÚ úLôh¥tÏm JÚ R[j§tÏm CûPlThP úLôQm : 
 JÚ úLôh¥tÏm R[j§tÏm 

CûPlThP úLôQUô]Õ 

AdúLôh¥tÏm. R[j§u 

ùNeÏjÕdÏm CûPlThP 

ªûL¨Wl©d úLôQm BÏm, 

 r
→

 = a
→

 + t b
→

 GuTÕ úLôh¥u 

NUuTôÓ GuL, r
→

 . n
→

 = q GuTÕ 

R[j§u NUuTôÓ GuL, 

 

 

 

 

 

 

TPm 2.33 

 úLôh¥tÏm R[j§tÏm CûPlThP úLôQm θ G²p.  

(90 − θ) B]Õ úLôh¥tÏm R[j§u ùNeÏjÕdÏm CûPlThP 

úLôQm BÏm, 

 i.e.,  (90 − θ) B]Õ b
→

 Utßm n
→

dÏ CûPlThP úLôQm, 

∴ cos (90° − θ) = 
b
→

 . n
→

| |b
→ | |n

→
 ⇒  sin θ = 

b
→

 . n
→

| |b
→ | |n

→
 ⇒ θ = sin−1 









b

→
 . n
→

| |b
→ | |n

→
 

Ï±l× : úLôPô]Õ R[j§tÏ CûQ G²p i.e., R[j§u 

ùNeÏjRô]Õ úLôh¥tÏ ùNeÏjRôL AûUÙUô«u b
→

 . n
→

= 0 BÏm, 

GÓjÕdLôhÓ 2.60 : 2x − y + z = 4 Utßm x + y + 2z = 4 Gu\ 

R[eLÞdÏ CûPlThP úLôQm LôiL, 
¾oÜ :  ùLôÓdLlThP R[eL°u ùNeÏjÕLs 

θ

90-θ

n
b

θ

90-θ

nn
bb
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 n
→

1 = 2 i
→

 − j
→

 + k
→

 Utßm n
→

2 = i
→

 + j
→

 + 2 k
→

 R[eL°u 

CûPlThP úLôQm  θ  GuL, 

   cos θ = 
n
→

1 . n
→

2

 n
→

1  n
→

2

 = 
3

6 6
 = 

1
2   ⇒ θ = 

π
3 

GÓjÕdLôhÓ 2.61 :  r
→

 = ( )i
→

 + 2 j
→

 − k
→

  + µ ( )2 i
→

 + j
→

 + 2 k
→

  Gu\ 

úLôh¥tÏm r
→

. ( )3 i
→

 − 2 j
→

 + 6 k
→

  = 0 Gu\ R[j§tÏm CûPlThP 

úLôQm LôiL, 
¾oÜ: θ  GuTÕ úLôh¥tÏm R[j§tÏm CûPlThPd úLôQm GuL, 

   sinθ =  
b
→

 . n
→

| |b
→ | |n

→
 

   b
→

 = 2 i
→

 + j
→

 + 2 k
→

  ;  n
→

 = 3 i
→

 − 2 j
→

 + 6 k
→

 

   sin θ = 
16

3  × 7
  ⇒   θ = sin−1 



16

21  

T«t£ 2.10 
 (1) ©uYÚm R[eLÞdÏ CûPlThPd úLôQm LôiL, 

  (i)  2x + y − z = 9 Utßm x + 2y + z = 7 

  (ii) 2x − 3y + 4z = 1 Utßm − x + y = 4 

  (iii) r
→

 . ( )3 i
→

 + j
→

 − k
→

 = 7 Utßm r
→

 . ( )i
→

 + 4 j
→

 − 2 k
→

 = 10 

 (2) r
→

 . ( )2 i
→

 − j
→

 + k
→

 = 15 Utßm r
→

 . ( )i
→

 − j
→

 − 3 k
→

 = 3 Gu\ 

R[eLs ùNeÏjRô]ûY G]dLôhÓL, 

 (3) r
→

 . ( )2 i
→

 + λ j
→

 − 3 k
→

 = 10 Utßm r
→

 . ( )λ i
→

 + 3 j
→

 + k
→

 = 5 Gu\ 

R[eLs ùNeÏjÕ G²p λ LôiL, 

 (4) 
x − 2

3  = 
y + 1
− 1

 = 
z − 3
− 2

 Gu\ úLôh¥tÏm 3x + 4y + z + 5 = 0 Gu\ 

R[j§tÏm CûPlThP úLôQm LôiL, 

 (5) r
→

 = i
→

 + j
→

 + 3 k
→

 + λ( )2 i
→

 + j
→

 − k
→

 Gu\ úLôh¥tÏm  

r
→

.( )i
→

 + j
→

 = 1 Gu\ R[j§tÏm CûPlThP úLôQm LôiL, 
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2,8 úLô[m (Sphere) : 
 JÚ ¨ûXVô] ×s°«p CÚkÕ Uô\ôR çWj§p ×\ùY°«p 

CVeÏm ×s°«u ¨VUlTôûR JÚ úLô[UôÏm, 

 ¨ûXVô]l ×s°ûV úLô[j§u ûUVm G]Üm. Uô\ôR çWjûR 

úLô[j§u BWm G]Üm AûZlTo, 

Ï±l× : TôPj§hPj§uT¥ NUuTôhÓ YûWØû\Ls (2.8.1, 2.8.2) 
úRûY«pûX, NUuTôh¥u AûUl× UhÓúU úRûY, CÚl©àm. 

Lt\p §\û] A§L¬dÏm úSôdÏPu NUuTôh¥u YûWØû\ 

ùLôÓdLlThÓs[Õ. 

2,8,1 ¨ûX ùYdPo c
→

-I ûUVUôLÜm BWm aBLÜm ùLôiP 

úLô[j§u ùYdPo NUuTôÓ : 
 O-Il ùTôßjÕ (B§VôLd 

ùLôiÓ) ûUVm C-Cu ¨ûX 

ùYdPo c
→

 GuL,  

 (i.e.,) OC
→

 = c
→

 
 úLô[j§u ÁÕ HúRàm Ko 

×s° P ARu ¨ûX ùYdPo r
→

 

GuL,  

 (i.e.,) OP
→

 = r
→

 

 
 
 
 
 
 
 

TPm 2.34 

 úLô[j§u BWm a G]d ùLôÓdLlThÓs[Õ,  (i.e.,) CP
→

 = a
→

 

 TPm (2.34)C−ÚkÕ OP
→

 = OC
→

 + CP
→

 

   r
→

 = c
→

 + a
→

 

   r
→

 − c
→

 =  a
→

 

                            ⇒  | |r
→

 − c
→

 = | |a
→

 … (1) 

 CÕúY úLô[j§u ùYdPo NUuTôPôÏm, 

ùLôsûL : ûUVm B§VôLÜm. BWm a-BLÜm ùLôiP úLô[j§u 

ùYdPo NUuTôÓ 

a

r

C

c

O

P

aa

rr

C

cc

O

P
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 ûUVm C B§«p AûUYRôp c
→

 = o
→

 G]úY. NUuTôÓ (1)-Cp  

c
→

 = o
→

 G]l ©W§«P. úLô[j§u NUuTôÓ | |r
→

 = | |a
→

 

Lôo¼£VuY¥Ym : r
→

 = x i
→

 + y j
→

 + z k
→

 Utßm 

   c
→

 = c1 i
→

 + c2 j
→

 + c3 k
→

 GuL 

   ⇒  r
→

 − c
→

 = (x − c1) i
→

 + (y − c2) j
→

 + (z − c3) k
→

 

         (1)     ⇒  | |r
→

 − c
→

2

 = a2  … (2) 

 (2)-C−ÚkÕ       (x − c1)2 + (y − c2)2 +  (z − c3)2 = a2 … (3) 

 CÕúY ûUVm (c1, c2, c3)-Ùm BWm a-m EûPV úLô[j§u  

Lôo¼£Vu NUuTôPôÏm, 

ùLôsûL : ûUVm B§VôL CÚkRôp NUuTôÓ (3) x2 + y2 + z2 = a2 Gu\ 

Y¥®p AûUÙm, CÕúY úLô[f NUuTôh¥u §hPY¥Ym BÏm, 

Ï±l× : úLô[j§u ùTôÕ Y¥Yf NUuTôÓ (General Equation of a Sphere) : 

 x2 + y2 + z2 + 2ux + 2vy + 2wz + d = 0 Gu\ NUuTôÓ (− u, − v, − w)-I 

ûUVUôLÜm u2 + v2 + w2 − d-I BWUôLÜm ùLôiP úLô[jûRd 

Ï±dÏm, 

Ï±l× : (i)  x2, y2, z2
-Cu ùLÝdLs NUm, 

         (ii)  NUuTôh¥p xy, yz, zx Gu\ Eßl×Ls LôQlTPôÕ, 

2,8,2 ®hPj§u Øû]l×s°Ls ùLôÓdLlThPôp úLô[j§u 

ùYdPo Utßm Lôo¼£Vu NUuTôÓLs :  
 AB Gu\ ×s°L°u ¨ûX 

ùYdPoLs B§ûVl 

ùTôßjÕ Øû\úV a
→

 Utßm 

b
→

 GuL, 

 (i.e.,) OA
→

 = a
→

 Utßm OB
→

 = b
→

 

 

 

 

 

 

 

 

TPm 2.35 

a
b

BA

P

O

r

C

aa
bb

BA

P

O

rr

C
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 úLô[j§u ÁÕ HúRàm JÚ ×s° P, ARu ¨ûX ùYdPo r
→

 

GuL, (i.e.,) OP
→

 = r
→

 

   AP
→

 = OP
→

 − OA
→

  =  r
→

 − a
→

 

   BP
→

 = OP
→

 − OB
→

  =  r
→

 − b
→

 

 ®hPm ABB]Õ P-I ùNeúLôQjûR EÚYôdÏm G] SUdÏj 

ùR¬Ùm, 

 ⇒  AP
→

 ⊥ BP
→

 

 ⇒  AP
→

 . BP
→

 = 0 

 ⇒   ( )r
→

 − a
→

 . ( )r
→

 − b
→

 = 0                           … (1) 

 CÕúY úLô[j§u ùYdPo NUuTôÓ, 

Lôo¼£Vu AûUl× : 

 A(x1, y1, z1), B(x2, y2, z2) GuT] ®hPm AB-Cu Øû]l×s°Ls, 

 úLô[j§u ÁÕ HúRàm JÚ ×s° P (x, y, z) GuL, 

 CeÏ     a
→

 = OA
→

 = x1 i
→

 + y1 j
→

+ z1 k
→

 ;  b
→

 = OB
→

 = x2 i
→

 + y2 j
→

+ z2 k
→

 

  r
→

 = OP
→

 = x i
→

 + y j
→

+ z k
→

 

 (1)–C−ÚkÕ ( )r
→

 − a
→

 . ( )r
→

 − b
→

 = 0 

  



( )x i

→
+y j
→

+ z k
→

−(x1 i
→

+y1 j
→

+z1 k
→

)  . 



( )x i

→
+y j
→

+z k
→

−(x2 i
→

+y2 j
→

+ z2 k
→

)  =  0 

 (x − x1) i
→

 + (y − y1) j
→

 + (z − z1) k
→

 .  (x − x2) i
→

 + (y − y2) j
→

 + (z − z2) k
→

=0 

 ⇒  (x − x1) (x − x2) + (y − y1) (y − y2) + (z − z1) (z − z2) = 0 

 CÕúY ®hPj§u Øû]l×s°Ls Y¯VôL GÝRlTÓm 

úRûYVô] úLô[j§u Lôo¼£Vu NUuTôÓ BÏm, 

GÓjÕdLôhÓ 2.62 : ûUVm 2 i
→

 − j
→

 + 2 k
→

 Utßm BWm 3 EûPV 

úLô[j§u ùYdPo Utßm  Lôo¼£Vu NUuTôÓLs LôiL, 
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¾oÜ :  ûUVm c
→

-m BWm r
→

 EûPV úLô[j§u ùYdPo NUuTôÓ  

   | |r
→

 − c
→

 = a 

   CeÏ   c
→

 = 2 i
→

 − j
→

 + 2 k
→

  Utßm a = 3 

 ∴ úRûYVô] ùYdPo NUuTôÓ   r
→

 − ( )2 i
→

 − j
→

 + 2 k
→

 = 3 
Lôo¼£Vu NUuTôÓ : 

 r
→

 = x i
→

 + y j
→

 + z k
→

I ©W§«P. SUdÏ ¡ûPlTÕ 

  ( )x i
→

 + y j
→

 + z k
→

 − ( )2 i
→

 − j
→

 + 2 k
→

 = 3 

 | |(x − 2) i
→

 + (y + 1) j
→

 + (z − 2) k
→

 = 3 

 ⇒   | |(x − 2) i
→

 + (y + 1) j
→

 + (z − 2) k
→

2

 = 32 

 (x − 2)2 + (y + 1)2 + (z − 2)2 = 9 

 ⇒  x2 + y2 + z2 − 4x + 2y − 4z = 0 
GÓjÕdLôhÓ 2.63 : (5, 5, 3) Gu\ ×s° Y¯f ùNpYÕm (1, 2, 3) 
ûUVUôLÜm AûUÙm úLô[j§u ùYdPo Utßm  NUuTôÓLû[d 

LôiL, 

¾oÜ :   BWm = (5 − 1)2 + (5 − 2)2 + (3 − 3)2 
   = 16 + 9  =  25 = 5 

  CeÏ   a = 5  Utßm c
→

 = i
→

 + 2 j
→

 + 3 k
→

 
 ∴ úLô[j§u ùYdPo NUuTôÓ  

  | |r
→

 − c
→

 = a 

   r
→

 − ( )i
→

 + 2 j
→

 + 3 k
→

 = 5 … (1) 

Lôo¼£Vu NUuTôÓ :  r
→

 = x i
→

 + y j
→

 + z k
→

 GuL, 
 (1)C−ÚkÕ 

   ( )x i
→

 + y j
→

 + z k
→

 − ( )i
→

 + 2 j
→

 + 3 k
→

  = 5 

  | |(x − 1) i
→

 + (y − 2) j
→

 + (z − 3) k
→

 = 5 

  (x − 1)2 + (y − 2)2 + (z − 3)2 = 25 

  x2 + y2 + z2 − 2x − 4y − 6z − 11 = 0 
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GÓjÕdLôhÓ 2.64 : 2 i
→

 + 6 j
→

 − 7 k
→

 Utßm 2 i
→

 − 4 j
→

 + 3 k
→

Gàm 

ùYdPoLû[ ¨ûX ùYdPoL[ôLd ùLôiP ×s°Ls Øû\úV A, B, 

CRû] CûQdÏm ×s°Lû[ ®hPUôLd ùLôiP úLô[j§u 

NUuTôÓ RÚL, 

¾oÜ  :  úLô[j§u NUuTôÓ ( )r
→

 − a
→

 . ( )r
→

 − b
→

 = 0 

 CeÏ a
→

 = 2 i
→

 + 6 j
→

 − 7 k
→

 Utßm b
→

  = 2 i
→

 − 4 j
→

 + 3 k
→

  

  r
→

 = x i
→

 + y j
→

 + z k
→

 GuL, 
 úRûYVô] NUuTôÓ 

 ( )x i
→

+y j
→

 + z k
→

 −( )2 i
→

+6 j
→
−7 k
→

 . ( )x i
→

+y j
→

 + z k
→

 −( )2 i
→
−4 j
→

+3 k
→

  = 0 

[ ](x − 2) i
→

 + (y − 6) j
→

 + (z+7) k
→

 . [ ](x − 2) i
→

+(y+4) j
→

+(z−3) k
→

 = 0 …(1)              
Lôo¼£Vu NUuTôÓ : 
 (1)C−ÚkÕ 
 (x − 2) (x − 2) + (y − 6) (y + 4) + (z + 7) (z − 3) = 0 

 ⇒  x2 + y2 + z2 − 4x − 2y + 4z − 41 = 0 

GÓjÕdLôhÓ 2.65 : r
→2

 − r
→

 . ( )8 i
→

 − 6 j
→

 + 10 k
→

 − 50 = 0 Gu\  

ùYdPo NUuTôhûPÙûPV úLô[j§u ûUVjûRÙm BWjûRÙm 

LôiL, 

¾oÜ :  r
→

 = x i
→

 + y j
→

 + z k
→

 GuL, 

  r
→2

 − r
→

 . ( )8 i
→

 − 6 j
→

 + 10 k
→

 − 50 = 0 

  r
→2

  = x2 + y2 + z2  

  ⇒ x2 + y2 + z2 − 8x + 6y − 10z − 50 = 0 
 CeÏ 2u = x-Cu ùLÝ = − 8  ⇒  u  =  − 4 

  2v = y-Cu ùLÝ = 6  ⇒  v = 3   

  2w = z-Cu ùLÝ = − 10  ⇒  w = − 5 

ûUVm : (− u, − v, − w)  =  (4, − 3, 5) 

BWm : u2 + v2 + w2 − d   =  16 + 9 + 25 + 50 = 100 = 10 AXÏLs 

GÓjÕdLôhÓ 2.66 : Sôu AB B]Õ  r
→

 − ( )2 i
→

 + j
→

 − 6 k
→

 = 18 

Gu\ úLô[j§u ®hPUô¡u\Õ A-Cu BVjùRôûXLs (3, 2, − 2) 
G²p B-Cu AfÑjçWeLs LôiL, 
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¾oÜ :  úLô[j§u NUuTôÓ  r
→

 − ( )2 i
→

 + j
→

 − 6 k
→

 = 18 
 ⇒  úLô[j§u ûUVm (2, 1, − 6) 

 (i.e.,) ûUVj§u ¨ûX ùYdPo 2 i
→

 + j
→

 − 6 k
→

 
 ®hPm AB-Cu ûUVl×s° ûUVm G]j ùR¬kRúR, 
 A-Cu BVjùRôûXLs (3, 2, − 2) Utßm B-Cu BVjùRôûXLs  

(α, β, γ) GuL, 

  ∴ (2, 1, − 6) = 



α + 3

2  ,  
β + 2

2  , 
γ − 2

2  

  ⇒  α = 1,  β = 0,  γ = − 10 
 ∴ B-Cu BVjùRôûXLs  (1, 0, − 10) BÏm, 

T«t£ 2.11 

  (1) 2 i
→

 − j
→

 + 3 k
→

 Gàm ¨ûX ùYdPûW ûUVUôLÜm 4 AXÏLû[ 

BWUôLÜm ùLôiP úLô[j§u ùYdPo NUuTôÓLû[d 

LôiL. Utßm CRu  Lôo¼£Vu  Y¥YjûRÙm LôiL, 

 (2) 2 i
→

 + 6 j
→

 − 7 k
→

 Utßm −2 i
→

 + 4 j
→

 − 3 k
→

 Gàm ¨ûX 

ùYdPoLû[ÙûPV ×s°Ls Øû\úV A, B BÏm, CYtû\ 

CûQdÏm úLôhûP ®hPUôLd ùLôiP úLô[j§u ùYdPo 

Utßm  Lôo¼£Vu NUuTôÓLû[d LôiL. úUÛm ûUVm 

Utßm BWm LôiL, 

 (3) (1, −1, 1)-I ûUVUôLÜm  r
→

 − ( )i
→

 + j
→

 + 2 k
→

 = 5 Gu\ 

úLô[j§u BWj§tÏ NUUô] U§lûT BWjûRd ùLôiP 

úLô[j§u ùYdPo Utßm  NUuTôÓLû[j RÚL, 

 (4) x2 + y2 + z2 − 3x − 2y + 2z − 15 = 0 Gu\ úLô[j§u ®hPm AB 
Utßm A-Cu BVjùRôûXLs (− 1, 4, − 3) G²p B-Cu 

BVjùRôûXLû[d LôiL, 
 (5) ©uYÚm úLô[eL°u ûUVm. BWm LôiL, 

  (i)  r
→

 − ( )2 i
→

 − j
→

 + 4 k
→

 = 5 

  (ii)  2 r
→

 + ( )3 i
→

 − j
→

 + 4 k
→

 = 4  

  (iii) x2 + y2 + z2 + 4x − 8y + 2z = 5  

  (iv) r
→2 − r

→
 . ( )4 i

→
 + 2 j

→
 − 6 k

→
 − 11 = 0 

 (6) úLô[j§u ®hPm. úUtTWl©p HúRàm JÚ ×s°«p 

HtTÓjÕm úLôQm ùNeúLôQm G]d LôhÓ, 
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3, LXlùTiLs 
(COMPLEX NUMBERS) 

3,1 A±ØLm : 

 RtúTôÕ Sôm LôÔm Gi ùRôÏl× CVp GiL°−ÚkÕ ØÝ 

GiLÞm. ØÝ GiL°−ÚkÕ ®¡RØß GiLÞm ®¡RØß 

GiL°−ÚkÕ ùUnùViLÞUôL ®¬ÜTÓjRlThÓ 

EÚYôdLlThPRôÏm, 

 ¸rdLôÔm TpÛßl×f NUuTôÓLû[d LÚj§p ùLôsL,  

  (i) x − 1 = 0,   (ii) x + 1 = 0,  (iii) x + 1 = 1,  (iv) 2x + 1 = 0 Utßm  

(v) x2 − 3 = 0, CûY JqùYôu±tÏm ùUnùVi ¾oÜ EiÓ GuTûRd 

Lôi¡ú\ôm, G²àm CmùUnùViL°u ùRôÏlTô]Õ  

x2 + 9 = 0 úTôu\ NUuTôÓL°u ¾oÜLû[d LôQl úTôÕUô]Õ 

ApX, CÕúTôu\ NUuTôÓLÞdÏj ¾oÜLû[d LôQÜm. SUÕ 

L¦Rf ùNVtTôÓL°u úRûYLÞdLôLÜm. ùUnùViL°u 

ùRôÏl©−ÚkÕ Utù\ôÚ Gi ùRôÏl×. ARôYÕ Ïû\ 

GiLÞdÏm YodLêXm LôQØ¥Vd á¥V JÚ Gi AûUdL 

úYi¥Ùs[Õ, 

 x2 + 16 = 0 Gu\ G°Rô] JÚ CÚT¥f NUuTôhûP GÓjÕd 

ùLôsúYôm, CRu ¾oÜLs x = ± 4 − 1 BÏm. CeÏ (− 1)-Cu 

YodLêXjûR i Gu\ Ï±ÂhPôp Ï±lTo, CÕúY LtTû] AXÏ 

BÏm, a Utßm b Gu\ HúRàm CÚ ùUnùViLû[d ùLôiÓ a + ib 

Gu\ JÚ ×§V GiûQ EÚYôdLXôm, CkR GiûQ LXl× Gi 

Gu¡uú\ôm, CqYô\ôLÜs[ GpXô LXlùTiL°u LQm ÷ Guß 

Ï±l©ÓúYôm, LXlùTi¦u AûUlûT A±ØLlTÓj§VYo C.F. 
Lôv (C.F.Gauss) Gu\ JÚ ù_oUu L¦RúUûRVôYo, 

ùUnùViL°u ®¬YôdLUô]Õ GkR JÚ TpÛßl×f 

NUuTôhÓdÏm ¾oÜLôQ TVuTÓ¡\Õ, ‘i’Gu\ Ï±ÂPô]Õ 

RûX£\kR Ñ®v L¦RúUûR ùX]ôoh ëXo   
(Leonhard Euler) (1707 – 1783) GuTYWôp L¦Rj§p 1748-Cp 

A±ØLlTÓjRlThPÕ, ‘i’ B]Õ “imaginarius” Gu\ Xj¾u 

YôojûR«u ØRp GÝjRôÏm, ‘iota’ Gu\ ¡úWdL GÝjûRd 

Ï±lTRôLÜm ùLôs[Xôm, ©u]o úLôµ (A.L. Cauchy), ÃUôi  

(B.Riemann), ùYVovhWôv (K. Weierstrass) úTôu\YoL°u 

TûPl©]ôp ClTôPlTÏ§ úUÛm £\lTûPkÕs[Õ, 
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3,2 LXlùTi ùRôÏl× (The complex number system) : 
      GkRùYôÚ LXl× GiÔm a + ib Gu\ Y¥®p Ï±dLlTÓ¡u\Õ, 

C§p ‘a’ Utßm ‘b’ ùUnùViLs BÏm, ‘i’ GuTÕ LtTû] AXÏ 

G] AûZdLlTÓm, úUÛm i2 = − 1. z = a + ib G²p a GuTÕ z-Cu 

ùUn TÏ§, CRû] Re(z) G]Üm b GuTÕ  

z-Cu LtTû]l TÏ§, CRû] Im(z) G]Üm Ï±d¡uú\ôm, 

 LXlùTiL°u £X GÓjÕdLôhÓLs  3 − i2,  2  + i3,  − 
2
5  + i. 

 CeÏ 3 − i2®u ùUnlTÏ§ 3 Utßm LtTû]l TÏ§ − 2, CúR 

úTôp Ut\ûYdÏm LôQXôm, 

 a + ib, c + id Gu\ CÚ LXlùTiLs NUm G²p a = c Utßm b = d. 
CRu UßRûXÙm EiûU, ùUnùVi LQjûR LXl× Gi LQj§u 

EhLQUôLd ùLôs[Xôm, CeÏ b = 0. G]úY 0 + i0 Utßm − 2 + i0 
Gu\ LXlùTiL[ô]ûY Øû\úV 0 Ut\m − 2 Gu¡\ 

ùUnùViLû[d Ï±d¡u\], úUÛm 0 + ib ApXÕ ib Gu\ LXl× 

Gi B]Õ JÚ ØÝûUVô] LtTû] GiQôÏm, 

LXl× GiÔdÏ¬V Ïû\ Gi (Negative of a complex number) : 
 z = a + ib GuTÕ JÚ LXl× Gi G²p ARu Ïû\ − z G]d 

Ï±dLlTÓm, úUÛm − z = − a + i(− b)  Guß YûWVßdLlTÓ¡u\Õ, 

A¥lTûPd L¦Rf ùNVpTôÓLs (Basic Algebraic operations) : 
 áhPp  : (a + ib) + (c + id) = (a + c) + i (b + d) 
 L¯jRp : (a + ib) − (c + id) = (a − c)+ i(b − d) 

 ùTÚdLp :  (a + ib) (c + id) = ac + iad + ibc + i2bd 
     = (ac − bd) + i (ad + bc) 
 LXlùTiL°u ùNVpTôÓLû[ ùUnùViL°u 

ùNVpTôÓLû[l úTôXúY ùNVpTÓjÕL, A§p i2 
YÚm CPeL°p 

i2 
dÏl T§XôL (− 1) ©W§«ÓL, 

3,3 CûQd LXlùTi (Conjugate of a complex number) : 
 z = a + ib G²p z-Cu CûQd LXlùTi z


  = a − ib G] 

YûWVßdLlTÓ¡u\Õ, 

 YÏjRp : 
a + ib
c + id = 

a + ib
c + id   ×  

c − id
c − id

  

 TÏ§«u CûQ GiQôp TÏ§ûVÙm ùRôÏ§ûVÙm ùTÚdL. 

   
a + ib
c + id = 





ac + bd

c2 + d2   +  i  




bc − ad

c2 + d2  
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3,3,1 Ti×Ls (Properties) : 

 (i) zz


  = (a + ib) (a − ib) = a2 + b2 GuTÕ Ïû\Vt\ ªûL 

ùUnùVi, 

 (ii) z


 -Cu CûQùVi z  ARôYÕ z
=

  = z 

 (iii) z GuTÕ ùUn Gi i.e., b = 0 G²p z = z


  BÏm,  CRu 

UßRûXÙm EiûU, (A,Õ,). z = z


  G²p. a + ib = a − ib  
∴ b = − b  ⇒ 2b = 0  ⇒  b = 0   

  (‡ 2 ≠ 0)  ∴  b = 0  ⇒  z JÚ ùUnùVi, 

 (iv) z = a + ib G²p z


  = a − ib 

  ∴  z + z


  = (a + ib) + (a − ib) = 2a   

  ⇒ a = Re(z) = 
z + z



2  

  CúRúTôp b = Im(z) = 
z − z



2i  

 (v) CÚ LXlùTiL°u áÓR−u CûQ Gi B]Õ Aq®Ú 

GiL°u CûQ GiL°u áÓRXôÏm, z1 + z2


  = z1


  + z2


  

 ¨ìTQm :  z1 = a + ib Utßm z2 = c + id G²p 

   z1 + z2 = (a + ib) + (c + id) = (a + c) + i (b + d) 

   z1 + z2


  = (a + c) − i (b + d) 

   z1


  = a − ib,   z2


  = c − id 

   BLúY  z1


  + z2


  = (a − ib) + (c − id) = (a + c) − i(b + d) 

    = z1 + z2


  

 CûRl úTôXúY. CÚ LXlùTiL°u ®j§VôNeL°u CûQ 

Gi B]Õ Aq®Ú GiL°u CûQ GiL°u ®j§VôNm G]d 

LôhPXôm, 

  i.e.,  z1 − z2


  =  z1


  − z2


  

 (vi) CÚ LXlùTiL°u ùTÚdL−u CûQùVi GuTÕ 

Cq®Ú GiL°u CûQùViL°u ùTÚdLXôÏm, 

  i.e.,   z1z2


  = z1


  z2
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¨ìTQm : z1 = a + ib Utßm z2 = c + id. G²p 

   z1 z2 = (a + ib) (c + id) = (ac − bd) + i(ad + bc) 

   z1z2


  = (ac − bd) − i(ad + bc) 

   z1


  = a − ib,   z2


  = c − id 

   z1


  z2


  = (a − ib) (c − id) = (ac − bd) − i(ad + bc) 

    = z1z2


  

 (vii) CÚ LXlùTiLs z1, z2, (z2 ≠ 0)-®u YÏjR−u CûQ Gi 

GuTÕ Aq®Ú LXlùTiL°u CûQ GiL°u 

YÏjRXôÏm, (¨ìTQªu±) 

   i.e.,    






z1

z2



 = 
z


1

z


2

    

 (viii) zn


 = ( )z


n

 

GÓjÕdLôhÓ 3.1 : ¸rdLiP GiLû[ LXlùTiLs Y¥®p 

GÝÕL, 

 (i) − 35 (ii) 3 − − 7 
¾oÜ : 

 (i)  − 35 = (− 1) × (35)  =  − 1  .  35  =  i 35 

 (ii) 3 − − 7  =  3 − (− 1) × 7  =  3 − − 1 7   =  3 − i 7  
GÓjÕdLôhÓ 3.2 : ©uYÚm LXlùTiL°u ùUn. LtTû]l 

TÏ§Lû[d LôiL, 

 (i) 4 − i 3 (ii) 
3
2  i 

¾oÜ : 
 (i)  z = 4 − i 3  GuL ;  Re(z) = 4,  Im(z) = − 3 

 (ii) z = 
3
2  i    GuL ;    Re(z) = 0,   Im(z) = 

3
2 

GÓjÕdLôhÓ 3.3 : ©uYÚm LXlùTiL°u CûQ GiLû[d 

LôiL :  
 (i) 2 + i 7,   (ii) − 4 − i9     (iii) 5 
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¾oÜ : 
 YûWVû\«uT¥ JÚ LXlùTi¦u CûQVô]Õ LtTû]l 

TÏ§«u Ï±ûV UôtßYRu êXm ¡ûPlTRôÏm, G]úY úRûYVô] 

CûQ GiLs (i) 2 − i 7,  (ii) − 4 + i9 Utßm  (iii) 5   
(‡JÚ ùUnùVi¦u CûQ AÕúY BÏm,). 

GÓjÕdLôhÓ 3.4 : ©uYÚY]Ytû\ a + ib Gu\ §hPY¥®p 

GÝÕL, 

 (i) (3 + 2i) + (− 7 − i) (ii) (8 − 6i) − (2i − 7) 

 (iii) (2 − 3i) (4 + 2i) (iv) 
5 + 5i
3 − 4i

 

¾oÜ : 

 (i) (3 + 2i) + (− 7 − i) = 3 + 2i − 7 − i = − 4 + i 

 (ii)  (8 − 6i) − (2i − 7) = 8 − 6i − 2i + 7 = 15 − 8i 

 (iii)  (2 − 3i) (4 + 2i) =8 + 4i − 12i − 6i2 = 14 − 8i 

 (iv)  
5 + 5i
3 − 4i

 = 
5 + 5i
3 − 4i

 × 
3 + 4i
3 + 4i   =  

15 + 20i + 15i + 20i2

32 + 42  

              = 
− 5 + 35i

25   =  
− 1
5   + 

7
5 i 

 Ï±l× :  i4 = 1 

  i3 = − i 

  i2 = − 1 

  (i)4n = 1 

  (i)4n − 1 = − i 

 (i)4n − 2 = − 1   ;  n ∈ z 
GÓjÕdLôhÓ 3.5 : ©uYÚm LXlùTi¦u ùUn Utßm LtTû]l 

TÏ§Lû[d LôiL :  z = 
3i20 − i19

2i − 1
   

¾oÜ  : 

   z = 
3i20 − i19

2i − 1
 = 

3(i2)
10

 − (i2)
9
i

2i − 1
   

    =  
3(− 1)10 − (− 1)9i

− 1 + 2i
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    = 
3 + i

− 1 + 2i
  

    = 
3 + i

− 1 + 2i
 ×  

− 1 − 2i
− 1 − 2i

 

     = 
− 3 − 6i − i − 2i2

(− 1)2 + 22  

     = 
− 1 − 7i

5   =  
− 1
5   −  

7
5  i 

   Re(z) = − 
1
5  Utßm Im(z) = 

− 7
5  

GÓjÕdLôhÓ 3.6 : z1 = 2 + i, z2 = 3 − 2i Utßm z3 = 
− 1
2  + 

3
2  i G²p 

©uYÚY]Yt±u CûQ GiLû[d LôiL, (i)  z1z2      (ii) (z3)4 

¾oÜ : 

 (i) z1z2 ®u CûQ Gi z1 z2


 

  i.e. (2 + i) (3 − 2i)


 = (2 + i)


  (3 − 2i)


 

    = (2 − i) (3 + 2i) 

    = (2 − i) (3 + 2i) 

    = 6 + 4i − 3i − 2i2 = 6 + 4i − 3i + 2 

    = 8 + i 

 (ii)  z3
4


 =  z3


4

 = 





− 
1
2 + 

3
2  i

 4

 

    = 











− 

1
2 − 

3
2 i

2 2

  = 



1

4 + 
3

2 i + 
3
4 i2

2

  

    = 



−1

2  + 
3

2 i

2

  = 
1
4  − 

3
2   i + 

3
4 i2 

    = − 
1
2  −  

3
2  i 
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T«t£ 3.1 

 (1) ©uYÚY]Ytû\ a + ib Gu\ §hP Y¥®p GÝÕL, 

  (i) 
2(i − 3)

(1 + i)2 (ii) 
(1 + i) (1 − 2i)

1 + 3i  

  (iii) (− 3 + i) (4 − 2i) (iv) 
i4 + i9 + i16

3 − 2i8 − i10 − i15 

 (2) ©uYÚm LXlùTiL°u ùUn Utßm LtTû]l TÏ§Lû[d 

LôiL : 

  (i) 
1

1 + i (ii) 
2 + 5i
4 − 3i

 (iii) (2 + i) (3 − 2i) 

 (3) 



1 + i

1 − i

n

 = 1 G²p n-Cu Áf£ß ªûL ØÝ Gi U§lûTd 

LôiL, 
 (4) ©uYÚm NUuTôÓLû[ ¨û\Ü ùNnÙm x Utßm y-«u ùUn 

U§l×Lû[d LôiL, 

  (i) (1 − i)x + (1 + i)y = 1 − 3i  

  (ii) 
(1 + i)x − 2i

3 + i   + 
(2 − 3i)y + i

3 − i
  = i 

  (iii) x2 + 3x + 8 + (x + 4)i = y(2 + i) 

 (5) − 3 + ix2y Ut\m x2 + y + 4i B¡V CÚ LXlùTiLÞm 

JußdùLôuß CûQùV²p x Utßm y–Cu U§l×Lû[d 

LôiL, 

3,4 LXlùTiLû[ Y¬ûN«hPf úNô¥L[ôL GÝÕRp 

(Ordered pair Representation) : 
 LXlùTiLû[ Uôtß Y¥®p GÝÕmùTôÝÕ Y¬ûN«hP 

úNô¥VôL GÝÕm Øû\ NôXf £\kRRôÏm, a + ib Gu\ LXl× 

Gi¦u Y¬ûN«hP úNô¥ (a, b)-«p a Utßm b ùUnùViLs, 

CûY £X ùNVtTôÓL°u YûWVû\LÞdÏ EhThÓ AûU¡u\], 

AqYûWVû\Ls ©uYÚUôß: 

 (i) NUjRuûU : (a, b) = (c, d)  G²p a = c, b = d 
 (ii) áhPp  : (a, b) + (c, d) = (a + c, b + d) 

 (iii) ùTÚdLp  : (a, b) . (c, d) = (ac − bd, ad + bc) 

    m(a, b) = (ma, mb) 
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Ø¥Ü :  
 LtTû] AXÏ i-I i = (0, 1)  G] YûWVßdLXôm,  

 G]úY (a, b) = (a, 0) + (0, b)  =  a(1, 0) + b(0, 1)  

  úUÛm (0, 1) (0, 1) = (0 − 1, 0 + 0) = (− 1, 0). 

 (1, 0)I 1 G]Üm (0, 1)I i G]Üm LiÓùLôs[. (a, b) = a + ib G] 

¡ûPd¡u\Õ, 

 G]úY a + ib Gu\ LXlùTiûQ Y¬ûN«hP úNô¥ (a, b)-ÙPu 

Jl©PXôm, Y¬ûN«hP úNô¥ (0, 0)B]Õ 0 Gu\ ùUnùViÔdÏ 

E¬VRôÏm, 

úUtÏ±l× : 

 ùUnùViL°u LQm Y¬ûNlTÓjRlTh¥Úl©àm 

LXlùTiL°u LQm Y¬ûNlTÓjRlTP®pûX, ARôYÕ ÷«p 

Y¬ûNj ùRôPo× ¡ûPVôÕ, z1 Utßm z2 Gu\ CÚ LXlùTiLû[ 

z1 < z2  ApXÕ  z1 > z2 Guß á\ CVXôÕ, CeÏ z1 = z2 ApXÕ z1 ≠ z2 
Guú\ á\ CVÛm, Hù]²p CdLXlùTiLs R[j§Ûs[ 

×s°Lû[d Ï±d¡u\], BLúY ‘ùT¬VÕ’ Utßm ‘£±VÕ’ Gu¡u\ 

Y¬ûNj ùRôPo×Ls LXlùTiL°p YûWVßdLlTP®pûX, 

ARôYÕ 1 + i > 3 − 2i, i > 0, (3 + i) < 2 úTôu\ NU²uûULs 

AojRUt\ûY, 

3,5 LXlùTi¦u UhÓ (Modulus of a complex number) : 
 z = a + ib JÚ LXlùTi GuL, ARu UhÓ ApXÕ GiQ[Ü 

GuTÕ | z | = a2 + b2
 G] YûWVßdLlTÓ¡\Õ, YûWVû\«−ÚkÕ  

 | |z


 = | z |. úUÛm a2 + b2 = zz


  G]d ¡ûPd¡\Õ, BLúY | z | =  zz


  
(ªûL YodLêXm LôQ) 

Ï±l× :  z = x + iy GuL, 

 ClùTôÝÕ , x < x2 + y2,  Re(z) < | z |    y ≠ 0   … (1) 

 y = 0 G²p x = | z | ,  Re(z) = | z |    … (2) 

 (1), (2) CYt±−ÚkÕ    Re(z) ≤ | z |   

 AúR úTôp Im(z) ≤ | z |   

GÓjÕdLôhÓ 3.7 : ©uYÚm LXlùTiLÞdÏ UhÓ LôiL : 

 (i) − 2 + 4i (ii) 2 − 3i (iii) − 3 − 2i (iv) 4 + 3i 
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¾oÜ : 

 (i)  | − 2 + 4i | = (− 2)2 + 42  =  20   =  2 5 

 (ii)  | 2 − 3 i | = 22 + (− 3)2  =  13 

 (iii)  | − 3 − 2i | = (− 3)2 + (− 2)2  =  13 

 (iv)  | 4 + 3i | = 42 + 32  =  25  =  5 

3,5,1, Ti×Ls (Properties) : 

 z1, z2, … zm  GuT] LXlùTiLs G²p ¸rdLiP Ti×Ls 

ùTôÚkÕm, 

 (i) CÚ LXlùTiL°u ùTÚdLt TX²u UhÓ AYt±u 

UhÓL°u ùTÚdLt TXàdÏf NUm, 

   i.e. |z1 z2 | = | z1 |   | z2 | 

¨ìTQm : |z1 z2 |2 = (z1z2) z1 z2


  [‡ zz


  = | z |2] 

    = (z1 z2)  z1


   z2


  

    = ( )z1 z1


 ( ) z2  z2


  

    = | z1 |2   | z2 |2 

 CÚ×\Øm ªûL YodLêXm GÓdL 

   |z1 z2 | = | z1 |   | z2 | 

Ï±l× :  

(i)  CkR ùLôsûLûV JÚ Ø¥Yô] Gi¦dûL Es[ 

LXlùTiLÞdÏ ®¬Ü ùNnVXôm, 

 i.e.,  | z1 z2 … zn | = | z1 | | z2 |  …  | zn | 

(ii) CÚ LXlùTiL°u YÏjR−u UhÓ. AYt±u UhÓL°u 

YÏjRÛdÏf NUm, 

  i.e., 




z1

z2
 = 

| z1 |
| z2 |  CeÏ z2 ≠ 0. 

¨ìTQm :  z2 ≠ 0 GuTRôp    z1 = 






z1
z2

 . z2  G]úY | z1 | = 






z1
z2

 | z2 |  

(ØkûRV ùLôsûL«uT¥) 
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| z1 |
| z2 |  = 







z1

z2
 

 G]úY 




z1

z2
 = 

| z1 |
| z2 |  

(iii) ØdúLôQf NU²− : 

 CÚ LXlùTiL°u áÓR−u UhÓ Aq®Ú GiL°u 

UhÓL°u áÓRÛdÏd Ïû\YôLúYô ApXÕ NUUôLÜúU CÚdÏm, 

 i.e., | z1 + z2 |  ≤  | z1 |  +  | z2 | 

¨ìTQm :  z1 Utßm z2 CÚ LXlùTiLs GuL, 

   | z1 + z2 |2 = (z1 + z2) (z1 + z2)


  [‡ | z |2 = zz


  ] 

    = (z1 + z2) ( )z1


 + z2


 

    = z1 z1


  + z1 z2


 + z2 z1


  + z2 z2


  

    = z1 z1


  + z2 z2


  + z1 z2


 + z1 z2


 


 

    = | z1 |2 + | z2 |2 + 2 Re ( )z1 z2


 

    ≤ | z1 |2 + | z2 |2  + 2 | z1 z


2 |         [‡ Re (z) ≤ | z |]

    = | z1 |2 + | z2 |2 +  2 | z1|  | z2|           ‡ | z


  |  =  | z | 

    = [ | z11 + | z2 |]2 

   ∴ | z1 + z2 |2 ≤ [| z1 | + | z2 |]2 

 CÚ×\Øm ªûL YodLêXm GÓdL   | z1 + z2 | ≤  | z1 |  +  | z2 | 

Ï±l× : 1  z2dÏl T§XôL − z2 ©W§«P 

 | z1 − z2 |  ≤  | z1 |  +  | − z2 | ⇒ | z1 − z2 |  ≤   | z1 |  +  | z2 | 

Ï±l× : 2 
 úUtLiP NU²uûU n LXlùTiLÞdÏ L¦Rj ùRôÏjR±Rp 

êXm ®¬YôdLXôm, (A,Õ,) z1, z2, z3, …, zn Gàm n LXlùTiLÞdÏ 

 |z1 + z2 + z3 + … + zn |  ≤  | z1 |  +  | z2 |  +  … + | zn | 
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(iv) CÚ LXlùTiL°u ®j§VôNeL°u UhÓ GuTÕ Aq®Ú 

GiL°u UhÓL°u ®j§VôNeLû[d Lôh¥Ûm 

ùT¬VRôLúYô ApXÕ NUUôLÜúU CÚdÏm, 

¨ìTQm : z1 Utßm z2 CÚ LXlùTiLs GuL, 

   | z1 − z2 |2 = (z1 − z2) (z1 − z2)


  [‡ | z |2 = z z


  ] 

    = (z1 − z2) ( )z1


 − z2


 

    = z1 z1


  − z1 z2


 − z2 z1


  + z2 z2


  

    = z1 z1


  + z2 z2


  − 2 Re ( )z1  z2


 

    ≥ | z1 |2 + | z2 |2 − 2 | z1 z


2 |     [‡ Re (z) ≤ | z | 

           − Re (z) ≥ − | z |] 

    = | z1 |2 + | z2 |2 − 2 | z1 |   | z2


  | 

    = | z1 |2 + | z2 |2 − 2 | z1 |   | z2 | 

    = [ | z1| − | z2 |]2 

   ∴ | z1 − z2 |2 ≥ [| z1 | − | z2 |]2 

 CÚ×\Øm ªûL YodLêXjûRd LôQ. 

   | z1 − z2 | ≥ | z1 |  −  | z2 | 

GÓjÕdLôhÓ 3.8 : 
(1 + 3i) (1 − 2i)

(3 + 4i)  -Cu UhÓ ApXÕ GiQ[Ü 

LôiL, 

¾oÜ : 

   



(1 + 3i) (1 − 2i)

(3 + 4i)   = 
 | 1 + 3i |    | 1 − 2i |

| 3 + 4i |   

    = 
12 + 32 12 + (2)2

32 + 42
  =  

10 5
25

 

    = 
10 5

5    =  2 
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3,6 Y¥Yd L¦R EÚYûUl× (Geometrical 
Representation):  
3,6,1 LXlùTiL°u Y¥Yd L¦R ®[dLm  

(Geometrical meaning of a Complex Number) : 
 X′OX Utßm Y′OY (Øû\úV x AfÑ y AfÑ G]lTÓm), 
JußdùLôuß ùNeÏjRô] AfÑdL°p ùUnùVi A[ÜúLôûX 

GÓjÕdùLôsúYôm, CkR AfÑdLs ¨oQ«dÏm R[j§p Es[ GkR 

JÚ ×s°Ùm ùUn GiL°u Y¬ûN«hP úNô¥Vô] (a, b)Vôp 

A±VlTPXôm, CûR Al×s°«u ùNqYL BVj ùRôûXÜLs 

G]lTÓm, 

 JqùYôÚ LXlùTi a + ibÙm 

ùUnùViLû[d ùLôiP (a, b) 
Gu\ Y¬ûN«hP úNô¥Vôp 

Ï±dLlTÓYRôp CdLXlùTiûQ 

xy R[j§Ûs[ JÚ ×s° P-Bp 

Ï±dLXôm, CjR[jûR LXlùTi 

R[m Gu¡ú\ôm, CqYô\ô] 

AûUlûT BoLuh YûWTPm 

G]Üm á\Xôm, G]úY. P Gu\ 

LXl× GiûQ (a, b) ApXÕ a + ib. 
G] T¥dLXôm, 

P(z)

| z 
|

y

x

 
TPm 3.1 

CqYô\ô] AûUl©p z = a + ib«u UhÓ GuTÕ zdÏm B§dÏm 

Es[ ùRôûXûYd Ï±d¡u\Õ, (A,Õ.) | z | = a2 + b2. LXlùTi  

z = a + ibI ùYdPo OP
→

 (TPm. 3.1) G]Üm Ï±dLXôm, CeÏ P = (a, b) 
úUÛm  |z|-I TPj§p B§«−ÚkÕ ×s° (a, b)YûW Am×d 

Ï±«hÓd LôhPlThÓs[Õ, JqùYôÚ LXl× GiÔPàm 

R[j§Ûs[ JúW JÚ ×s°ûVj ùRôPo× TÓjRXôm, CRu 

UßRûXVôL. R[j§Ûs[ JqùYôÚ ×s°ÙPàm JúW JÚ LXl× 

GiûûQ UhÓúU ùRôPo× TÓjRXôm, CR]ôp LXlùTi zI 

Ï±dÏmúTôÕ ×s° z GàUôß ùTÚmTôÛm Ï±d¡ú\ôm, 
 ùR°YôL. ùUnùViL°u LQUô] {(x, 0)} GuTÕ ùUn 

AfNô] x-AfûN Ï±d¡u\Õ, LtTû] GiL°u LQUô] {(0, y)} 
GuTÕ LtTû] AfNô] y-AfûNd Ï±d¡u\Õ, LXlùTi 0 = 0 + i0 

B§ûVd Ï±d¡u\Õ, 
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3,6,2 LXlùTi¦u ÕÚY Y¥Ym  

(Polar form of a Complex Number) : 
 LXlùTi R[j§p LXlùTiQô] z = x + iy-I Ï±dÏm ×s°  

P = P(x, y)-Cu ÕÚY BVjùRôûXLs (r, θ) GuL,  

 BLúY (TPm 3.2)-«−ÚkÕ 

   cos θ = 
OM
OP  = 

x
r úUÛm sinθ = 

PM
OP =  

y
r  

  x = r cos θ  ;  y = r sin θ  

CeÏ r = x2 + y2 = | x + iy | GuTÕ  
z = x + iy-Cu UhÓ ApXÕ GiQ[Ü 

BÏm, (A,Õ, B§dÏm ×s° zdÏm Es[ 

ùRôûXÜ BÏm,) 

 
 
 
 
 
 
 
 

TPm 3.2 

 tan θ = 
y
x ,  ∴ θ = tan−1 

y
x  GuTÕ z = x + iy-Cu ÅfÑ BÏm, CRû] 

amp z ApXÕ arg z G]d Ï±dLXôm, úUÛm θ GuTÕ x-Af£u ªûLj 

§ûNÙPu OP Gàm úLôÓ HtTÓjÕm úLôQm BÏm, 

 BLúY z = x + iy = r(cosθ + i sin θ) GuTÕ LXlùTi¦u ÕÚY 

Y¥Ym ApXÕ UhÓ ÅfÑ Y¥Ym BÏm, £X úSWeL°p cos θ + i sin θ 
GuTûR cis θ  G]f ÑÚdLUôL GÝÕYÕ YN§VôÏm,  

 θ = tan−1 
y
x  GuTRû] ØRp Lôp TÏ§«Ûs[ x, y U§l×LÞdÏ 

UhÓúU TVuTÓjR Ø¥Ùm, (A,Õ,) xm ym ªûL GiLs, 

3,6,3 ØRuûU U§l×  (Principal Value) : 
 z-Cu ÅfÑ R²jRuûUÙûPVRpX, θ®u GkR CÚ U§l×L°u 

úYßTôÓm 2π-Cu UPeLôL CÚdÏm  arg zdÏ R²jRuûUÙûPV 

JúW JÚ U§lûT ùTßYRtLôL Sôm ARu U§lûT JÚ £±V 

CûPùY°Vô]  2π ¿[j§tÏ LhÓlTÓj§d ùLôs[Xôm, CRu 

®û[YôL HtThPúR Åf£u ØRuûU U§l×, 

 HúRàm JÚ z ≠ 0®tÏ arg z-Cu ØRuûU U§l× GuTÕ.  

− π < arg z ≤ πI ¨û\Ü ùNnVdá¥V JÚûUj RuûUÙûPV z-Cu 

U§lTôÏm, 

Ï±l× : z = 0®u ÅfÑ ¨oQ«dLlTP®pûX, 

Ø¥ÜLs : 
(1) z1 Utßm z2 Gu\ CÚ LXlùTiLÞdÏ 

 (i) | z1 z2 |  = | z1 | . | z2 | (ii) arg (z1 . z2) = arg z1 + arg z2 

r 

) θ

P(x,y)

y

xx

y

MO

r 

) θ

P(x,y)

y

xx

y

MO
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¨ìTQm  : z1 = r1 (cos θ1 + i sin θ1) Utßm  z2 = r2 (cos θ2 + i sin θ2) GuL 

G]úY | z1 | = r1,   arg z1 = θ1   ;   | z2 | = r2,   arg z2 = θ2 

 z1.z2 = r1r2 (cos θ1 + i sin θ1) . (cos θ2 + i sin θ2) 

  = r1r2 [(cosθ1 . cos θ2 − sinθ1 . sin θ2) + 

i (sin θ1 . cos θ2 + cos θ1 . sin θ2)] 

  = r1r2 [cos (θ1 + θ2) + i sin (θ1 + θ2)] 

 ∴  | z1 z2 | = r1r2  =  | z1 | . | z2 | Utßm  

 arg (z1 z2) = θ1 + θ2 = arg z1 + arg z2 

Ï±l× :  

(1) CkRd ùLôsûLûV GkR JÚ Ø¥Yô] Gi¦dûLÙs[ 

LXlùTiLÞdÏm ®¬Ü ùNnVXôm, (A,Õ,) 

 (i)  | z1 . z2  …  zn |  =  | z1 | . | z2 |  …  | zn | 

 (ii) arg (z1 z2 … zn) = arg z1 + arg z2 + … + arg zn 

(2) z1, z2 Gu\ HúRàm CÚ LXlùTiLÞdÏ 

 (i) 






z1

z2
  =  

| z1 |
| z2 | ,  (z2 ≠ 0) (ii) arg 







z1

z2
 = arg z1 − arg z2 

¨ìTQm : z1 = r1 (cos θ1 + i sin θ1) Utßm  z2 = r2 (cos θ2 + i sin θ2) GuL 

 G]úY | z1 | = r1,   arg z1 = θ1 Utßm | z2 | = r2,   arg z2 = θ2 

 CeÏ 
z1
z2

 = 
r1 (cos θ1 + i sin θ1)

r2 (cos θ2 + i sin θ2)
 

   = 
r1
r2

  
(cos θ1 + i sin θ1)  (cos θ2 − i sin θ2)

(cosθ2 + i sin θ2)  (cos θ2 − i sin θ2)
 

   = 
r1
r2

  
(cosθ1 cosθ2 + sinθ1 sinθ2) + i (sinθ1 cosθ2−cosθ1 sin θ2)

cos2θ2 + sin2θ2
 

   = 
r1
r2

  [cos (θ1 − θ2) + i sin (θ1 − θ2)] 
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  ∴  






z1

z2
 = 

r1
r2

  =  
| z1 |
| z2 |   Utßm  

  arg 






z1

z2
 = θ1 − θ2 = arg z1 − arg z2 

LXlùTi¦u AÓdÏ Y¥Ym  

(Exponential form of a Complex Number) : 

 eiθ ApXÕ exp (iθ) G]d Ï±dLlTÓm iθ®u AÓdÏ Y¥YUô]Õ 

eiθ = cos θ + i sin θ G] YûWVßdLlTÓ¡\Õ, CjùRôPo× ëX¬u 

ãj§Wm G] A±VlTÓ¡u\Õ, 

 z ≠ 0  G²pz = r (cos θ + i sin θ) = reiθ. CÕ LXlùTi z-Cu  

AÓdÏ Y¥Ym G]lTÓm, eiθ1 = (cos θ1 + i sin θ1) Utßm  

eiθ2 = cos θ2 + i sin θ2Cu úSW¥l ùTÚdLp êXm eiθ1.eiθ2 = ei(θ1+ θ2)
 

AûP¡ú\ôm, 
úUtÏ±l×Ls : 
 (1) θ1 = θ  Utßm θ2 = − θ   G²p úUtá±V YûWVû\«uT¥ 

  eiθ . ei(− θ) = ei(θ − θ) = ei0 = 1 

  ⇒  ei(− θ) = 
1

eiθ . G]úY ei(− θ)
ûY e− iθ G] GÝR. e−iθ = 

1

eiθ G]d 

Lôi¡ú\ôm,   

 (2) θ1 = θ2 = θ G²p (eiθ)
2
 = e2iθ . G]úY L¦Rj ùRôÏjR±R−u 

êXm (eiθ)
n
 = einθ , n = 0, 1, 2 … G]d LôhPXôm, 

 (3) eiθ


  = e− iθ
 GuTRôp z = reiθ  G²p z


  = re− iθ 

 (4) CÚ LXlùTiLs z1 = r1eiθ1 Utßm z2 = r2eiθ2  NUm G²p  

r1 = r2 Utßm θ1 = θ2 + 2nπ, n ∈ Z  (ØÝdL°u LQm)  CRu 

UßRûXÙm EiûU, 

ÅfÑ θûY LôiTRtLô] ùTôÕ ®§ : 

z = x + iy GuL θ = π − α θ = α 

 CeÏ x, y ∈ R θ = − π + α θ = − α 

α = tan−1 
| y |
| x |  
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(i) cos θ , sin θ,  + νe G²p  
z ØRp Lôp TÏ§«p AûU¡\Õ. 

θ = α 

(ii) Sin θ  + νe, cos θ  − νe G²p 
z CWiPôm Lôp TÏ§«p AûU¡\Õ. 

θ = π − α 

(iii) sin θ  − ve, cos θ − ve G²p  
z êu\ôm Lôp TÏ§«p AûU¡\Õ. 

θ = − π + α 

(iv) Sin θ  − νe , cos θ  + νe G²p 
z SôuLôm Lôp TÏ§«p AûU¡\Õ. 

θ = − α 

GÓjÕdLôhÓ 3.9 : ©uYÚm LXlùTiL°u UhÓ ÅfÑ LôiL, 

 (i) − 2 + i 2  (ii) 1 + i 3 (iii) − 1 − i 3 
¾oÜ : 
(i) − 2 + i 2 = r(cos θ + i sin θ) G²p ùUn LtTû]l TÏ§Lû[ 

Jl©P 
 r cos θ = − 2 r sin θ = 2 

 r2 cos2 θ  =  2  r2 sin2θ = 2 

 r2 (cos2θ + sin2θ) = 4 

 r = 4 = 2 

 



cos θ = 

− 2
2  = 

− 1
2

sin θ  =  
2

2   =  
1
2

  ⇒ θ  B]Õ 2Bm LôpTÏ§«Ûs[Õ, 

   θ = π − 
π
4 = 

3π
4  

  UhÓ  r = 2,    ÅfÑ θ = 
3π
4  

 G]úY − 2 + i 2 = 2 



cos 

3π
4  + i sin 

3π
4  

(ii)   1 + i 3 = r(cos θ + i sin θ) GuL, 

 ùUn. LtTû]l TÏ§Lû[ Jl©P 

   r cos θ = 1  r sin θ = 3 

   r2 cos2 θ  =  1  r2 sin2θ = 3 

   r2 (cos2θ + sin2θ) = 4 ⇒  r =  2 
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cos θ  =  

1
2

sinθ  =  
3

2

 ⇒ θ B]Õ 1BmLôpTÏ§«Ûs[Õ 

   θ = 
π
3   



‡ θ = tan−1 

y
x   

  UhÓ r = 2,    ÅfÑ θ = 
π
3 

 G]úY  1 + i 3 = 2 



cos 

π
3 + i sin 

π
3  

(iii)   − 1 − i 3 = r(cos θ + i sin θ) GuL 
 ùUn. LtTû]l TÏ§Lû[ Jl©P. 
   r cos θ = − 1  r sin θ = − 3 

   r2 cos2 θ  =  1  r2 sin2θ = 3 

   r2 (cos2θ + sin2θ) = 4 
   ⇒   r = 2 

                    



cos θ  =  

− 1
2

sinθ  =  
− 3

2

  ⇒ θ B]Õ  3Bm Lôp TÏ§«p Es[Õ 

   θ = − π + 
π
3 = 

− 2π
3   

  UhÓ r = 2,    ÅfÑ θ = 
− 2π

3  

 G]úY − 1 − i 3 = 2 



cos 



− 2π

3  + i sin 



− 2π

3  = 2 



cos 

2π
3  − i sin 

2π
3  

GÓjÕdLôhÓ 3.10 : (a1 + ib1) (a2 + ib2) … (an + ibn) = A + iB G²p 

¨ì© : (i) (a1
2 + b1

2)  (a2
2 + b2

2)  …  (an
2 + bn

2) = A2 + B2 

   (ii) tan−1 




b1

a1
 + tan−1 





b2

a2
 + … + tan−1 





bn

an
 = kπ + tan−1 



B

A , k ∈ Z 

¾oÜ : 
 ùLôsûL : (a1 + ib1) (a2 + ib2) … (an + ibn) = A + iB 

 | (a1 + ib1) (a2 + ib2) … (an + ibn) | =  | A + iB | 

 | (a1 + ib1) |   | (a2 + ib2) | … | (an + ibn) | =  | A + iB | 
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 a1
2 + b1

2  a2
2 + b2

2  …  an
2 + bn

2  =  A2 + B2 

YodLlTÓjR 

 (a1
2 + b1

2) (a2
2 + b2

2) … (an
2 + bn

2) = A2 + B2 

úUÛm 

 arg [(a1 + ib1) (a2 + ib2) … (an + ibn)] = arg (A + iB) 

 arg (a1 + ib1) + arg (a2 + ib2) … + arg (an + ibn) = arg (A + iB) … (1) 

 CeÏ arg  (ai + ibi)  =  tan−1 



bi

ai
 

(1)-C−ÚkÕ 

 tan−1 






b1

a1
 + tan−1 







b2

a2
 + … + tan−1 







bn

an
 = tan−1 



B

A  

ùTôÕYôL. 

 tan−1 






b1

a1
 + tan−1 







b2

a2
 + … + tan−1 







bn

an
 = kπ + tan−1 



B

A , k ∈ Z 

GÓjÕdLôhÓ 3.11 :  
 P Guàm ×s° LXl× Gi Uô± zId Ï±jRôp PCu ¨VUl 

TôûRûV ©uYÚm LhÓTôÓLÞdÏ EhThÓ LôiL, 

 (i) Re 



z + 1

z + i  = 1        (ii)  arg 



z − 1

z + 1   =  
π
3 

¾oÜ : 
 z = x + iy  GuL  

  (i) 
z + 1
z + i  = 

x + iy + 1
x + iy + i   =  

(x + 1) + iy
x + i(y + 1) 

    = 
[(x + 1) + iy]
x + i(y + 1)   ×  

[x − i(y + 1)]
[x − i(y + 1)]

  

    = 
x(x + 1) + y(y + 1) + i(yx − xy − x − y − 1)

x2 + (y + 1)2  

    = 
x(x + 1) + y(y + 1) + i(− x − y − 1)

x2 + (y + 1)2  



 155

   Re 



z + 1

z + i  = 1 G]d ùLôÓdLlThÓs[Õ, 

   ∴ 
x(x + 1) + y(y + 1)

x2 + (y + 1)2  = 1 

  ⇒   x2 + y2 + x + y = x2 + y2 + 2y + 1 

   ⇒   x − y = 1 CÕ JÚ úSodúLôPôÏm, 

 ∴ P«u ¨VUlTôûR JÚ úSodúLôPôÏm, 

 (ii)  arg 



z − 1

z + 1   =  
π
3 

  ∴ arg (z − 1) − arg (z + 1) = 
π
3 

  arg(x + iy − 1) − arg (x + iy + 1) = 
π
3 

  arg [(x − 1) + iy] − arg [(x + 1) + iy] = 
π
3 

  tan−1 
y

x − 1
  −  tan−1 

y
x + 1 = 

π
3 

  tan−1 







y

x − 1
 − 

y
x + 1

1 + 



y

x − 1
 



y

x + 1

 = 
π
3 

 ⇒ 
2y

x2 − 1 + y2 = tan 
π
3 

  
2y

x2 + y2 − 1
 = 3 

  2y = 3x2 + 3y2 − 3 

  ∴ 3x2 + 3y2 − 2y − 3 = 0  GuTÕ úRûYVô] 

¨VUlTôûRVôÏm, 
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Ø¥Ü : (¨ìTQªu±) : 

   | z − z1 | = | z − z2 | G²p z-Cu ¨VUlTôûR GuTÕ z1 Utßm z2 Gu\ 

×s°Lû[ CûQdÏm úLôh¥u ùNeÏjÕ CÚ NUùYh¥VôÏm, 

3,6,4  CûQd LXlùTi¦u Y¥Y L¦R ®[dLm 

  (Geometrical meaning of conjugate of a complex number) :  
 z = x + iy Gu\ JÚ LXl× GiûQ 

BoLu R[j§p PG]d Ï±jÕd 

ùLôsL, ARu CûQ Gi z

I 

 z

 = x − iy G]d ùLôs[Xôm, 

 (A,Õ,).  z = (x, y) ⇒  z

 = (x, − y) 

 ∴ CûQ z

I Q G]d 

Ï±lúTôUô«u. z-Cu CûQ Gi  

GuTÕ ùUn Af£p z-Cu 

©W§T−l× BÏm, (TPm 3.3).  

)θ
)-θ

P ( z )

Q ( z  )

r

r

x

y

O

 
TPm 3.3 

C§−ÚkÕ z = z


  ⇔  z GuTÕ Øt±Ûm JÚ ùUn GiQôÏm GuTÕ 

ùR°Yô¡\Õ,   úUÛm z
=

 = z. 

ÕÚY Y¥Yj§p z = r(cos θ + i sin θ) G²p 

   z


 = r(cos (− θ) + i sin (− θ))    

   G]úY.  z = (r, θ)  G²p z


 = (r, − θ) 

 ALúY z Utßm z

-Cu UhÓdLs NUUôÏm, (A,Õ,). r = x2 + y2

, 

B]ôp z-Cu ÅfÑ θ, z

-Cu ÅfÑ − θ. G]úY | |z


 = | z | Utßm  

amp  z


 =  − amp z. 
 
TPm 3.4 B]Õ LXlùTi z Utßm 

ARu Ïû\ Gi − z B¡VYt±tÏ 

CûPúVVô] Y¥Yd L¦Rj 

ùRôPo×Lû[j RÚ¡\Õ,  
− z = (− x, − y). CÕ B§ûVl 

ùTôßjÕ zdÏ NUfºWôL AûUkR 

×s°, 

z

- z

O x

y

z  
TPm 3.4 
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3,6,5 CÚ LXlùTiL°u áhP−u Y¥Yd L¦R EÚYûUl× 

  (Geometrical representation of sum of two complex numbers) :  
 BoLu R[j§p z1 = x1 + iy1 Utßm z2 = x2 + iy2 Gu\ CÚ 

LXlùTiLû[ A Utßm B ×s°L[ôp Ï±dL, OACB Gu\ 

CûQLWjûR ¨û\Ü ùNnL, CeÏ C GuTÕ z1 + z2 Gu\ 

LXlùTiûQd Ï±d¡u\Õ, 
¨ìTQm : 
 OACB JÚ CûQLWm GuTRôp 

êûX®hPeLs OC Utßm AB 
MCp CÚNUdá±Óm, TPm 3.5Cp 
A(x1, y1) Utßm B(x2, y2)ûY 

CûQdÏm úLôh¥u ûUVl×s° 

M  GuTÕ 



x1 + x2

2  , 
y1 + y2

2 … (1) 

 C (h, k) G²p  OC-Cu ûUVl×s° 

M 



0 + h

2  , 
0 + k

2  

M

O

A ( z1 )

B( z2 )

C (z1+z2)

x

y

TPm 3.5 

 (A,Õ,).  M GuTÕ 



h

2  ,  
k
2 … (2) 

 ∴ (1) Utßm (2)–C−ÚkÕ 

  
h
2 = 

x1 + x2
2    ;   

k
2  =  

y1 + y2
2    

  ⇒  h = x1 + x2  ;  k = y1 + y2 

 ∴  C GuTÕ (x1 + x2,   y1 + y2) 

 G]úY C B]Õ LXlùTi (x1 + x2) + i (y1 + y2) = (x1 + iy1) +  
(x2 + iy2) = z1 + z2I Ï±d¡u\Õ, 

Ï±l× :  
 OA = | z1 |,   OB = | z2 | Utßm OC = | z1 + z2 | 

 JÚ ØdúLôQj§p HúRàm CÚ TdL ¿[eL°u áÓRp 

êu\ôYÕ TdL ¿[jûR ®P ùT¬Õ, 

 ∴ ∆OAC-«−ÚkÕ OA + AC > OC  ApXÕ OC < OA + AC 

  | z1 + z2 |  <  | z1 | + | z2 | … (1) 

 úUÛm ×s°Ls JÚ úLôhPûUY] G²p  

  | z1 + z2 |  =  | z1 | + | z2 | … (2) 
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 (1) Utßm (2)-C−ÚkÕ 

  | z1 + z2 |  ≤  | z1 | + | z2 | 

 CdLôWQj§]ôúXúV CfNU²−ûV ØdúLôQf NU²− 

Gu¡uú\ôm, 

3,6,6 LXlùTiL°u ùYdPo ®[dLm 

  (Vector interpretation of complex numbers) :  

 BoLu R[j§p z1 = x1 + iy1 Utßm z2 = x2 + iy2 Gu\ CÚ 

LXlùTiLû[ A Utßm B G]d Ï±dL, CûQLWm OACBI ¨û\Ü 

ùNnL, C B]Õ z1 + z2 Gu\ LXlùTiûQ Ï±lTRôÏm, 

 JÚ LXlùTi z = x + iyI.  OûY 

ùRôPdLl ×s°VôLÜm  P=P(x, y)ûY 

Ø¥Ül ×s°VôLÜm ùLôiÓs[ 

ùYdPo OP G]d ùLôs[Xôm, G]úY  
OP = x + iyI P-Cu ¨ûX ùYdPo G] 

AûZdLXôm, NU ¿[m ApXÕ NU 

UhÓ A[ûYd ùLôiÓ. JúW  

§ûNûV      úSôd¡f ùNpÛm B]ôp 

ùYqúYß    ùRôPdLl    ×s°Lû[d 

O

P (x,y)

A

By

x

 TPm 3.6 

ùLôiP OP Utßm AB Guàm CÚ ùYdPoLû[ NUm G]d 

ùLôs[Xôm, (TPm 3.6) ∴ OP=AB = x + iy 
 
 úUtá±V LXlùTi¦u 

ùYdPo ®[dLj§uT¥ 

LXlùTiL°u áÓRp. 

ùYdPoL°u áÓRÛdLô] 

CûQLW ®§ûV JjÕ 

YÚYûRd Lôi¡ú\ôm, G]úY 

z1 Utßm z2 Gu\ CÚ 

LXlùTiLû[d áhP 

Aq®Ú           LXlùTiLû[   

z 1 
+ z 2

z2

z1

z1

z2

x

y

O

A

B

C

 
TPm 3.7 

Øû\úV OA, OC G]d ùLôiÓ ¨û\Ü ùNnVlTÓm CûQLWm 

OABCCp ARu êûX ®hPm  OB GuTÕ  z1 + z2ûYd Ï±lTRôÏm, 
(TPm 3.7) 
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3,6,7 CÚ LXlùTiL°u ®j§VôNeL°u Y¥Yd L¦R 

EÚYûUl× (Geometrical representation of difference of two 
complex numbers) :  
 BoLu R[j§p A, B B]Õ  

z1 = x1 + iy1 Utßm z2 = x2 + iy2 Gu\ 

LXlùTiLû[d Ï±dLhÓm, BOI 
OB′ = OB G] CÚdÏUôß B′ YûW 

¿hPÜm CeÏ B′ B]Õ LXlùTi  
−z2ûY Ï±d¡u\Õ, CûQLWm 

OADB′ûV ¨û\Ü ùNnL, C§p 

DB]Õ z1 Utßm −z2 LXl× 

GiL°u áÓRûX ApXÕ  z1− z2ûY 

Ï±d¡\Õ, i.e., D B]Õ z1 Utßm 

z2®u ®j§VôNjûRd Ï±d¡u\Õ, 
(TPm 3.8) 

D(z1 - z2)

A(z1)

B(z2)

x

y

O

C(z1+z2)

B′(-z2)

TPm 3.8 

Ø¥Ü : TPj§p OD = AB. B]ôp OD = | z1 − z2 |. ∴AB GuTÕ z1 Utßm 

z2®tÏ CûPúVÙs[ ùRôûXÜ| z1 − z2 | BÏm, 

Ï±l× :  CûQLWm OACBI ¨û\Ü ùNnL, CeÏ C GuTÕ z1 + z2 

Gu\ LXlùTiûQd Ï±d¡u\Õ, 
3,6,8 CÚ LXlùTiL°u ùTÚdLtTX²u Y¥Yd L¦R EÚYûUl×  

(Geometrical representation of product of two complex numbers) :  
 BoLu R[j§p A Utßm  

B Gu\ ×s°Ls Øû\úV  

z1 Utßm z2 Gu\ 

LXlùTiLû[d Ï±dLhÓm,  
z1 = r1 (cos θ1 + i sin θ1) Utßm  

z2 = r2 (cos θ2 + i sin θ2) 

 OA = r1,  XOA  = θ1 

 OB = r2, XOB  = θ2 . 

 OX-Cp L Gàm ×s°ûV  
OL = 1 AXÏ G] CÚdÏUôß 

GÓjÕd ùLôsL,  

O x

y

C (z1, z2)

B (z2)

A (z1)

L (1,0)
) θ1

r1
r 2

ϕ (

) θ
1

ϕ (

θ 2

 
TPm 3.9 

∆OBCI ∆ OLAdÏ Y¥ùYôjR AûUl©p YûWL, (TPm 3.9) 
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OB
OL = 

OC
OA i.e.,  

r2
1   =  

OC
r1

 

   ∴ OC = r1r2 

úUÛm  XOC  = XOB  + BOC  

    = XOB  + XOA   

    = θ2 + θ1  (A)  θ1 + θ2  ( )‡ XOA  = BOC  

 ∴ CeÏ C Gàm ×s° LXlùTi z1z2ûY Ï±d¡u\Õ, ARu 

ÕÚY BVjùRôûXLs (r1 r2,  θ1 + θ2) 

Ï±l× :  P Gu\ ×s°  

z= r (cos θ +i sin θ)=reiθ Gu\ LXl× 

GiûQ Ï±dLhÓm, CRû]  

(cos α+ i sin α) = eiα Bp 

ùTÚdÏY§u ®û[Ü OûY 

ûUVUôLd ùLôiÓ L¥LôW 

G§oj§ûN«p α úLôQ A[ÜdÏ 

P(z)If ÑZtßYRôÏm,  (TPm 3.10) 

x

y

Q (-y, x)

P (x,y)

i z
x

- y O
x

y
z

TPm 3.10 

 Ï±lTôL i = cos 
π
2 + i sin 

π
2= e

iπ
2  GuTRôp LXlùTi P(z)I iBp 

ùTÚdÏY§u ®û[Ü B§ûV ûUVUôLd ùLôiÓ ùNeúLôQ 

A[ÜdÏ L¥LôW G§o§ûN«p PIf ÑZtßYRôÏm, 

3,6,9 CÚ LXlùTiL°u YÏjR−u Y¥Yd L¦R EÚYûUl×  

(Geometrical representation of the quotient of two complex numbers) :  
 BoLu R[j§p A. BGuT] 

CÚ LXlùTiLs z1 Utßm  

z2 ûYd Ï±lTRôLd ùLôsL, 

 z1 = r1(cos θ1 + i sin θ1) Utßm 

z2 = r2 (cos θ2 + i sin θ2) ; (z2 ≠ 0) 

 OA = r1,  XOA  = θ1 

 OB = r2, XOB  = θ2 . 

 
O x

y

A (z1)

C (z1/z2)

B (z2)

L (1,0)
) θ2

r 1

r2

ϕ 
(

 1 

) θ
2

ϕ (θ 1

 
TPm 3.11 
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 OX-Cp  L Gàm ×s°ûV OL = 1 AXÏ G] CÚdÏUôß GÓjÕd 

ùLôsL, ∆OACI ∆OBLdÏ Y¥ùYôjR AûUl©p YûWL, (TPm 3.11) 

   
OA
OB = 

OC
OL (A,Õ,)  

r1
 r2

  =  
OC
1  

   ∴ OC = 
r1
r2

 

   XOC  = XOA  − COA   =  θ1 − θ2 

 ∴ C Gàm ×s°«u ÕÚY BVjùRôûXLs 




r1

r2
,  θ1 − θ2   BÏm, 

G]úY C B]Õ LXlùTi 
z1
z2

ûYd Ï±d¡u\Õ,  

GÓjÕdLôhÓ 3.12 : | z1 + z2 + z3 |  ≤  | z1 | + | z2 |  +  | z3 | GuTRû] 

YûWTPm êXm ¨ßÜL, 
¾oÜ : 
 ∆OAB-Cp ØdúLôQf 

 NU²uûU«uT¥ 

 | z1 + z2 |  ≤  | z1 | + | z2 |  

 ∆OBP-Cp ØdúLôQf 

 NU²uûU«uT¥ 
 | z1 + z2 + z3 |  ≤  | z1+ z2 | + | z3| 

                       ≤ | z1 | + | z2 | + | z3 |          

∴| z1 + z2 + z3 |  ≤  | z1 | + | z2 | + | z3 |    

| z1+z2+z3|

| z2|

| z3|

| z
1
|

 O 

P

A

B

y

x

| z 1
+z 2

|

 
TPm 3.12 

GÓjÕdLôhÓ 3.13: 3+3i, −3 −3i, −3 3 + 3 3 i Gàm LXlùTiLs JÚ 

NUTdL ØdúLôQjûR BoLu R[j§p EÚYôdÏm Guß LôhÓL, 

¾oÜ : 
 A, B, C Gu\ ×s°Ls Øû\úV 

(3+3i), (−3 − 3i) Utßm (−3 3 + i3 3) 
Gàm LXlùTiLû[ BoLu R[j§p 

Ï±dLhÓm, 

 AB = | (3 + 3i) − (− 3 − 3i) |   

   = | 6 + 6i | = 72 

B (-3,-3 )

A (3,3)

C(-3 √3, 3 √3 )

x

y

 
TPm 3.13 
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  BC = | |(− 3 − 3i) − ( )− 3 3 + 3 3i   

   = | |( )− 3 + 3 3  + i ( )− 3 − 3 3  = 72 

  CA = | |( )− 3 3 + 3 3i  − (3 + 3i)  

   = | |( )− 3 3 − 3  + i ( )3 3 − 3  = 72 

    AB = BC  =  CA 
 ∴ ∆ ABC JÚ NUTdL ØdúLôQUôÏm, 
GÓjÕdLôhÓ 3.14 : 2i, 1 + i, 4 + 4i Utßm 3 + 5i Gàm LXlùTiLs 

BoLu R[j§p JÚ ùNqYLjûR EÚYôdÏm G]dLôhÓL, 

¾oÜ : 
 A, B, C, D Gu\ ×s°Ls Øû\úV  
2i, (1 + i), (4 + 4i) Utßm (3 + 5i) Gàm 

LXlùTiLû[ BoLu R[j§p 

Ï±dLhÓm, 

 AB = | 2i − (1 + i) |   

  = | − 1 + i  | = (− 1)2 + (1)2 = 2 

 BC = | (1 + i) − (4 + 4i) |  

   = | − 3 − 3i | 

y

x

A
 (
0,

 2
)

B (1,1 )

C (4,4)

D (3,5)

 
TPm 3.14 

   = (− 3)2 + (− 3)2 = 9 + 9 = 18 
  CD = | (4 + 4i) − (3 + 5i) | 

   = | 1 − i |  =  12 + (− 1)2 = 2 

  DA = | (3 + 5i) − 2i | = | 3 + 3i | = 32 + 32 = 18 
 ∴  AB = CD Utßm BC = DA 
  AC = | (0 + 2i) − (4 − 4i) | 
   = | − 4 − 2i | 

   = (− 4)2 + (− 2)2  =  16 + 4 = 20 

  AB2 + BC2 = 2 + 18 = 20 

  AC2 = 20 

 G]úY AB2 + BC2 = AC2   

    ∴ G§olTdL ú_ô¥Ls NUm Utßm B  = 90° G]úY ABCD JÚ 

ùNqYLUôÏm, 
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GÓjÕdLôhÓ 3.15 : LXlùTiLs 7 + 9i, − 3 + 7i, 3 + 3i Gàm 

LXlùTiLs BoLu R[j§p JÚ ùNeúLôQ ØdúLôQjûR 

AûUdÏm G] ¨ßÜL, 

¾oÜ : 
 A, B, C Gàm ×s°Ls Øû\úV 

 7 + 9i, − 3 + 7i, 3 + 3i Gàm 

LXlùTiLû[ BoLu R[j§p 

Ï±dLhÓm, 

 AB = | (7 + 9i) − (− 3 + 7i) | 

  = | 10 + 2i |  =  102 + 22 = 104 

 BC = | (− 3 + 7i) − (3 + 3i) | 

x
O

C(3,3)

B(-3, 7)
A(7,9)

 
TPm 3.15 

   = | − 6 + 4i | 

   = (− 6)2 + 42 = 36 + 16 = 52 

  CA = | (3 + 3i) − (7 + 9i) | 

   = | − 4 − 6i | 

   = (− 4)2 + (− 6)2 = 16 + 36 = 52 

  ⇒  AB2 = BC2 + CA2 

  ⇒  BCA  = 90° úUÛm BC = CA 

 G]úY ∆ABC JÚ CÚ NUTdL ùNeúLôQ ØdúLôQUôÏm, 

GÓjÕdLôhÓ 3.16 : (− 7 + 24i)-Cu YodLêXm LôiL, 
¾oÜ : 

 − 7 + 24i  = x + iy GuL, 
 CÚ×\Øm YodLlTÓjR. 

  − 7 + 24i = (x2 − y2) + 2ixy 
 ùUn. LtTû]l TÏ§Lû[ Jl©P. 

  x2 − y2 = − 7 Utßm 2xy = 24 

  x2 + y2 = (x2 − y2)
2
 + 4x2y2 

   = (− 7)2 + (24)2 = 25 

  x2 − y2 = − 7 Utßm x2 + y2 = 25-I ¾oÜ LôiTRu êXm 

  x2 = 9  Utßm y2 = 16 G]d ¡ûPdÏm, 

  ∴ x = ± 3  Utßm y = ± 4 



 164

     xy JÚ ªûL Gi GuTRôp x-m y-m JúW Ï±VôL ùLôs[ úYiÓm  

 ∴ (x = 3, y = 4)  ApXÕ (x = − 3, y = − 4) 

  ∴ − 7 + 24i = (3 + 4i)  ApXÕ  (− 3 − 4i) 

T«t£ 3.2 
 (1) (1 + i) (1 + 2i) (1 + 3i) … (1 + ni) = x + iy G²p 

  2.5.10 … (1 + n2) = x2 + y2
 G] ¨ßÜL, 

 (2) (− 8 − 6i)-Cu YodLêXm LôiL, 

 (3) z2 = (0, 1) G²p zI LôiL, 

 (4) BoLu R[j§p LXlùTiLs (10 + 8i), (− 2 + 4i) Utßm  

(− 11 + 31i) AûUdÏm ØdúLôQm JÚ ùNeúLôQ ØdúLôQm 

G] ¨ßÜL, 

 (5)  (7 + 5i), (5 + 2i), (4 + 7i) Utßm (2 + 4i) Gàm LXlùTiLs JÚ 

CûQLWjûR AûUdÏm G] ¨ßÜL, (×s°Lû[ Ï±jÕ 

ûUVl ×s°dLô] YônTôhûPl TVuTÓjÕL), 

 (6) ¸rdLôÔm LXlùTiLû[ ÕÚY Y¥Yj§p GÝÕL, 

   (i) 2 + 2 3 i (ii) − 1 + i 3 (iii) − 1 − i (iv) 1 − i 

 (7) (z − 1)Cu ÅfÑ = 
π
6 Utßm (z + 1)Cu ÅfÑ  =  

2π
3   G²p | z | = 1 

G] ¨ßÜL, 
 (8) P Gàm ×s° LXlùTi Uô± zId Ï±jRôp P-Cu 

¨VUlTôûRûV ©uYÚY]Yt±tÏ LôiL, 

  (i) Im 



2z + 1

iz + 1  = − 2 (ii) | z − 5i | = | z + 5i | 

  (iii) Re 



z − 1

z + i  = 1 (iv) | 2z − 3 | = 2               (v)  arg 



z − 1

z + 3  = 
π
2  

3,7 TpÛßl×d úLôûYf NUuTôÓL°u ¾oÜLs 

(Solutions of polynomial equations) : 

 x2 − 4x + 7 = 0 Gu\ CÚT¥f NUuTôh¥p 

 b2 − 4ac = (− 4)2 − (4) (7) (1) 

  = 16 − 28 = − 12  GuTÕ JÚ Ïû\ Gi, 

 ∴ CkR CÚT¥f NUuTôh¥u êXeLs ùUnùViLs ApX, 

CRu êXeLs 
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− (− 4) ± − 12

2  = 
4 ± − 12

2  = 2 ± i 3 

 CeÏ êXeLs 2 + i 3 Utßm 2 − i 3 JußdùLôuß 

CûQVôLÜs[Õ GuTûRd Lôi¡ú\ôm, 

 1-u ØlT¥ êXeLû[ GÓjÕd ùLôsL, 

   x = (1)
1
3 

   ⇒  x3 = 1 

   ⇒  (x − 1) (x2 + x + 1) = 0 

   ∴ x − 1 = 0   (ApXÕ)   x2 + x + 1 = 0 

 G]úY x = 1 (ApXÕ) x = 
− 1 ± 1 − (4) (1) (11)

2  

 ∴ 1-Cu ØlT¥ êXeLs, 1, 
− 1 + 3 i

2  ,  
− 1 − 3i

2   BÏm, 

 CeÏm CÚ LXlùTi êXeLs 
− 1 + 3 i

2  , 
− 1 − 3i

2  

JußdùLôuß CûQ GiQôL Es[ûRd Lôi¡ú\ôm, 

 úUtLôÔm CÚ GÓjÕdLôh¥u êXm. ùUnùViLû[ 

ùLÝdL[ôLd ùLôiP JÚ NUuTôh¥u LtTû] êXeLs 

CWhûPVôL LôQlTÓm GuTûR A±VXôm, ((A,Õ,) JÚ êXm Ut\ 

êXj§u CûQùViQôÏm,), ClúTôÕ ARtÏ¬V úRt\jûRd á± 

¨ì©dLXôm, 

úRt\m  : 
 ùUnùVi ÏQLeLû[d ùLôiP P(x) = 0 Gu\ TpÛßl×d 

úLôûYf NUuTôh¥u LXlùTi êXeLs CûQùVi 

CWhûPVôLjRôu CPmùTßm,  

¨ìTQm : 

 P(x) = anxn + an−1xn− 1 + … + a1x + a0 = 0 GuTÕ ùUn 

ÏQLeLÞûPV JÚ TpÛßl×d úLôûY GuL,  

 P(x) = 0dÏ z JÚ êXm GuL, P(x) = 0dÏ z


 m JÚ êXm Guß 

LôhP úYiÓm, 

 P(x) = 0dÏ z JÚ êXm BRXôp  

   P(z) = anzn + an − 1zn − 1 + … + a1z + a0 = 0 … (1) 

 CÚ×\Øm LXlùTi CûQùVi LôQ. 
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   P(z)


  = anzn + an − 1zn − 1 + … + a1z + a0


  = 0


  

 CÚ LXlùTiL°u áÓR−u CûQùVi. AYt±u R²jR² 

CûQL°u áÓRÛdÏf NUUôYRôp 

 anzn
 + an− 1zn− 1

 +  … + a1z


 + a0


  = 0 

 (A,Õ,) an


  zn + an−1


  zn−1
 + … + a1


  z


  + a0


 = 0 

 CeÏ  zn = ( )z


n

  Utßm 
 a0, a1, a2 … an ùUnùViLs BRXôp AûY JqùYôußm 

R]dÏjRôú] LXlùTi CûQVô¡u\], G]úY. 

 an z
n + an − 1zn−1

 + … + a1z


  + a0 = 0     

 an z


 
n
  + an − 1 z


 
n − 1

 + ... a1z


  + a0 = 0     ⇒   P( )z


 = 0 

 P(x) = 0dÏ z


 -m JÚ êXm GuTúR CRu ùTôÚ[ôÏm, 

GÓjÕdLôhÓ 3.17 : 2 + 3 iI JÚ ¾oYôLd ùLôiP  

x4 − 4x2 + 8x + 35 = 0 Gàm NUuTôhûPj ¾o, 

¾oÜ : 2 + i 3 JÚ êXm. G]úY 2 − i 3 Utù\ôÚ êXm. (LXlùTi 

êXeLs CWhûPVôLúY AûUÙm), 

 êXeL°u áÓRp = 4 

 êXeL°u ùTÚdLm = ( )2 + i 3  ( )2 − i 3  = 4 + 3 = 7 

 ∴ x2 − 4x + 7GuTÕ Ko LôW¦Vô¡\Õ, 

 x4 − 4x2 + 8x + 35 = (x2 − 4x + 7) (x2 + px + 5) 
 xCu ùLÝûY Jl©P. 8 = 7p − 20  ⇒  p = 4 

 ∴ x2 + 4x + 5 GuTÕ Utù\ôÚ LôW¦VôÏm, 

 ∴  x2 + 4x + 5 = 0  ⇒  x = − 2 ± i  
 G]úY êXeLs 2 ± i 3 Utßm − 2 ± i BÏm, 

T«t£ 3.3 

 (1) 3 + i I JÚ ¾oYôLd ùLôiP x4 − 8x3 + 24x2 − 32x + 20 = 0 Gàm 

NUuTôh¥u ¾oÜLû[d  LôiL, 

 (2) 1 + 2iI JÚ ¾oYôLd ùLôiP x4 − 4x3 + 11x2 − 14x + 10 = 0 Gàm 

NUuTôh¥u ¾oÜLû[d LôiL, 

 (3) 2 − i I JÚ ¾oYôLd ùLôiP 6x4 − 25x3 + 32x2 + 3x − 10 = 0 Gàm 

NUuTôh¥u ¾oÜLû[d LôiL, 
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3,8 ¥-UônY¬u úRt\Øm ARu TVuTôÓLÞm 

(De Moivre’s Theorem and its applications) : 
úRt\m : 

 JqùYôÚ ®¡RØß Gi ndÏm  cos nθ + i sin nθ  GuTÕ  

(cos θ + i sin θ)n
-Cu U§lTôLúYô ApXÕ U§l×L°p Ju\ôLúYô 

CÚdÏm, 

¨ìTQm : 
¨ûX I : n JÚ ªûL ØÝ Gi GuL, 
 NôRôWQ ùTÚdL−uT¥  

 (cosθ1 + isinθ1) (cosθ2 + isinθ2) = cos(θ1 + θ2) + isin(θ1 + θ2) 

 CúR úTôp (cosθ1 + isinθ1) (cosθ2 + isinθ2) (cosθ3 + i sin θ3) 

= cos(θ1 + θ2 + θ3) + i sin(θ1 + θ2 + θ3) 

 CRû] n LXlùTiL°u ùTÚdLÛdÏ ®¬ÜTÓjR. 

 (cosθ1 + i sinθ1) (cosθ2 + i sinθ2) … (cosθn + i sinθn) 

= cos(θ1 + θ2 + … + θn) + i sin(θ1 + θ2 + … + θn) 

 C§p θ1 = θ2 … = θn = θ, G]l ©W§«P. 

   (cos θ + isin θ)n = cosnθ + isin nθ G]l ùT\lTÓ¡\Õ, 

¨ûX II :  n JÚ Ïû\ ØÝ Gi. Utßm n = − m GuL, (m ªûL ØÝ 

Gi) 

   ∴  (cos θ + isinθ)n = (cosθ + isinθ)− m 

    = 
1

(cosθ + i sinθ)m   

    = 
1

cosmθ + i sin mθ (¨ûX IC−ÚkÕ) 

    = 
cos mθ − i sin mθ

(cos mθ + i sinmθ) (cosmθ − i sin mθ)
 

    = 
cosmθ − i sinmθ
cos2mθ + sin2mθ

 

    = cosmθ − i sinmθ 

    = cos(− m)θ + i sin(− m)θ 

    = cosnθ + i sinnθ 
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¨ûX III : n JÚ ©u]m (A,Õ,), n = 
p
q , q GuTÕ ªûL ØÝ Gi.  

p JÚ ØÝ Gi, 

 ¨ûX ICu T¥ 



cos 

θ
q + i sin 

θ
q

q
 = cosθ + i sinθ 

 cos 
θ
q + i sin 

θ
q -Cu q-BYÕ AÓdÏ cosθ + i sinθ BÏm, 

 ∴ cos 
θ
q + i sin 

θ
q  GuTÕ (cos θ + i sin θ)

1
q-Cu U§l×LÞs HúRàm 

Ju\ôÏm, CûY JqùYôuû\Ùm p-BYÕ AÓdÏdÏ EVojR. 

 ∴ 



cos 

θ
q + i sin 

θ
q

P
 GuTÕ 





(cos θ + i sinθ)
1
q  

p

-Cu U§l×LÞs 

HúRàm Juß, 

 (A,Õ,).  cos 
p
q θ + i sin 

p
q θ  GuTÕ (cosθ + i sinθ)

p
q-Cu U§l×LÞs 

HúRàm Ju\ôÏm, 

 (A,Õ,).  cos nθ + i sin nθ  GuTÕ (cosθ + i sinθ)n
-Cu U§l×LÞs 

HúRàm Ju\ôÏm, 

Ï±l× : ¥-UônY¬u úRt\m ®¡RØ\ô GiLÞdÏm ùTôÚkÕm, 

ARu ¨ìTQm Cl×jRLj§u TôPj§hPj§tÏ AlTôtThPÕ, 

Ti×Ls : 

 (i)  (cosθ + i sinθ)− n = cos(− nθ) + i sin (− nθ) 

    = cos nθ − i sin nθ 

 (ii)  (cosθ − i sinθ)n = {cos(−θ) + i sin(− θ)}n 

    = cos (− nθ) + i sin(− nθ) 

    = cosnθ − i sin nθ 

 (iii)  (sinθ + i cosθ)n = 



cos 



π

2 − θ  + i sin 



π

2 − θ

n

 

    = cos n 



π

2 − θ  + i sin n



π

2 − θ  

GÓjÕdLôhÓ 3.18 : ÑÚdÏL : 
(cos 2θ + i sin 2θ)3 (cos 3θ − i sin 3θ)− 3

(cos 4θ + i sin 4θ )− 6 (cos θ + i sin θ)8  
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¾oÜ : 

 
(cos 2θ + i sin 2θ)3 (cos 3θ − i sin 3θ)− 3

(cos 4θ + i sin 4θ )− 6 (cos θ + i sin θ)8  = 
(ei2θ)

3
. (e−i3θ)

− 3

(ei4θ)
−6

 (eiθ)
8   =  

ei6θ  ei9θ

e−i24θ . ei8θ 

   = ei15θ . ei16θ 

   = ei31θ  =  cos31θ + i sin 31θ 
Uôtß Øû\ : 

  
(cos θ + i sin θ)6 (cos θ + i sin θ)9

(cos θ + i sin θ )− 24 (cos θ + i sin θ)8 = (cos θ + i sin θ)6 + 9 + 24 − 8 

   = (cos θ + i sin θ)31 

   = cos 31θ + i sin 31θ 

GÓjÕdLôhÓ 3.19 : ÑÚdÏL : 
(cos θ + i sinθ)4

(sinθ + i cosθ)5  

¾oÜ : 

 
(cos θ + i sinθ)4

(sinθ + i cosθ)5   =  
(cos θ + i sinθ)4





cos



π

2 − θ  + i sin 



π

2 − θ
5  

   = cos 



4θ − 5 



π

2 − θ   + i sin 



4θ − 5 



π

2 − θ   

   = cos 



9θ − 

5π
2  + i sin 



9θ − 

5π
2  

   = cos 



5π

2  − 9θ  − i sin 



5π

2  − 9θ  

   = cos 



π

2 − 9θ  − i sin 



π

2 − 9θ  

   = sin 9θ − i cos 9θ 
Uôtß Øû\ : 

 
(cos θ + i sinθ)4

(sinθ + i cosθ)5  = 
1

i5
   






(cos θ + i sinθ)4

(cosθ − i sinθ)5  

  = − i (cos 4θ + i sin 4θ ) (cos 5θ + i sin 5θ) 
  = − i [cos 9θ + i sin 9θ] 
  = sin 9θ − i cos 9θ 

Ø¥Ü : | z | = 1  ⇔ z


 = 
1
z 
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GÓjÕdLôhÓ 3.20 : n GuTÕ ªûL ØÝ Gi G²p  

 



1 + sinθ + i cosθ

1 + sinθ − i cosθ

n

  = cos n 



π

2 − θ   + i sin n 



π

2 − θ  G] ¨ì©dL, 

¾oÜ : 
 z = sinθ + i cosθ G²p 

∴ 
1
z = sinθ − i cosθ 

 ∴  



1 + sinθ + i cosθ

1 + sinθ − i cosθ

n

  = 







1 + z

1 + 
1
z

n

 = zn = (sin θ + i cos θ)n 

   = 



cos



π

2 − θ  + i sin 



π

2 − θ
n

 

   = 



cos n



π

2 − θ  + i sin n



π

2 − θ  

GÓjÕdLôhÓ 3.21 : n GuTÕ ªûL ØÝ Gi G²p  

 ( )3 + i n + ( )3 − i n = 2n + 1  cos 
nπ
6  G] ¨ì©dL, 

¾oÜ : 

 ( )3 + i = r(cosθ + i sin θ) GuL, ùUn Utßm LtTû] TÏ§Lû[ 

NUlTÓjR. Sôm ùTßYÕ. 

 r cos θ = 3  Utßm  r sin θ = 1 

  ∴ r = ( )3 2 + 12  = 4 = 2 

  cos θ = 
3

2  ,  sinθ = 
1
2   ⇒  θ = 

π
6 

 G]úY ( )3 + i  = 2 



cos 

π
6 + i sin 

π
6  

  ( )3 + i n = 



2 



cos 

π
6 + i sin 

π
6

n

 = 2n




cos 

π
6 + i sin 

π
6

n

 

   = 2n




cos 

nπ
6  + i sin 

nπ
6  … (1) 

 3 − iI LQd¡P idÏ T§p − iI ©W§«P. Sôm ùTßYÕ. 

   ( )3 − i  = 2



cos 

π
6 − i sin 

π
6  
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  ∴ ( )3 − i
n
 = 2n 



cos 

nπ
6  − i sin 

nπ
6  … (2) 

 (1) Utßm (2)I áhP Sôm ùTßYÕ 

  ( )3 + i n + ( )3 − i
n
 = 2n 



2 cos 

nπ
6  

   = 2n + 1 . cos 
nπ
6  

GÓjÕdLôhÓ 3.22 : α , β GuTûY x2 − 2x + 2 = 0-Cu êXeLs Utßm 

cot θ = y + 1 G²p 

 
(y + α)n − (y + β)n

α − β   =  
sin nθ
sinnθ

  G]d LôhÓL, 

¾oÜ : 

 x2 − 2x + 2 = 0-Cu êXeLs 1 ± i.  

 α = 1 + i , β = 1 − i GuL, 

  (y + α)n = [(cotθ − 1) + (1 + i)]n 

   = (cotθ + i)n 

   = 
1

sinnθ
   [cosθ + i sinθ]n 

   = 
1

sinnθ
   [cosnθ + i sin nθ] 

 CúRúTôX (y + β)n = 
1

sinnθ
   [cosnθ − i sin nθ] 

  (y + α)n − (y + β)n=  
2i sin nθ

sinnθ
  

 úUÛm α − β = (1 + i) − (1 − i) = 2i 

  
(y + α)n − (y + β)n

α − β  = 
2i sin nθ
2i sinnθ

   =  
sin nθ
sinnθ

  

T«t£ 3.4 

 (1) ÑÚdÏL :   
(cos 2θ − i sin 2θ)7  (cos 3θ + i sin 3θ)− 5

(cos 4θ + i sin 4θ)12 (cos 5θ − i sin 5θ)− 6  

 (2) ÑÚdÏL:  
(cos α + i sin α)3

(sin β + i cos β)4  
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 (3) cos α + cos β + cos γ = 0 = sin α + sin β + sin γ G²p 

©uYÚT]Ytû\ ¨ßÜL: 
  (i) cos 3α + cos 3β + cos 3γ  = 3 cos (α + β + γ) 
  (ii) sin 3α + sin 3β + sin 3γ = 3 sin (α + β + γ) 
  (iii) cos 2α + cos 2β + cos 2γ = 0 
  (iv) sin 2α + sin 2β + sin 2γ = 0 
  (Ï±l× : a = cis α, b = cis β, c = cis γ G] GÓjÕd ùLôiPôp 

 a + b + c = 0 ⇒ a3+ b3 + b3 = 3abc 

 1/a  +  1/b  +  1/c = 0   ⇒  a2 + b2 + c2 = 0) 

  (v) cos2α +cos 2β  + cos2γ = sin2α + sin2β + sin2γ = 
3
2 

  LQdÏLs 4 ØRp 9YûW m, n ∈ N G]d ùLôsL, 
 (4) ¨ßÜL: 

  (i) (1 + i)n + (1 − i)n = 2
n + 2

2   cos 
nπ
4  

  (ii) (1 + i 3)
n
 + (1 − i 3)

n
 = 2n + 1 cos 

nπ
3   

  (iii) (1 + cos θ + i sin θ)n + (1+cos θ − i sin θ)n = 2n + 1 cos 
n
(θ / 2)  cos 

nθ
2  

  (iv) (1 + i)4n Utßm (1 + i)4n + 2 Øû\úV ùUn Utßm ØÝYÕm 

LtTû]VôÏm, 

 (5) x2 − 2px + (p2 + q2) = 0 Gu\ NUuTôh¥u êXeLs α . β Utßm  

tan θ = 
q

y + p  G²p 
(y + α)n − (y +β)n

α − β   =  qn − 1  
sin nθ
sinnθ

 G] ¨ßÜL, 

 (6) x2 − 2x + 4 = 0-Cu êXeLs α Utßm β  G²p  

  αn − βn = i2n + 1 sin 
nπ
3  A§−ÚkÕ α 9 − β 9-u U§lûT ùTßL, 

 (7) x + 
1
x = 2 cos θ   G²p 

  (i) xn + 
1

xn = 2 cos nθ                (ii) xn − 
1

xn = 2 i sin nθ     G] ¨ì©, 

 (8) x + 
1
x = 2 cos θ, y + 

1
y = 2 cos φ  G²p 

  (i) 
xm

yn   +  
yn

xm = 2 cos (mθ − nφ)   (ii) 
xm

yn   −  
yn

xm = 2 i sin (mθ − nφ)  G]d 

LôhÓL, 
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 (9) x = cos α + i sin α ;   y = cos β + i sin β 

  G²p xmyn + 
1

xmyn = 2 cos (mα + nβ) G] ¨ì©, 

(10) a = cos2α + i sin 2α,   b = cos2β + i sin 2β and c = cos 2γ + i sin 2γ  G²p 

  (i) abc + 
1
abc

 = 2 cos (α + β + γ) 

  (ii) 
a2 b2 + c2

abc   =  2 cos 2(α + β − γ)   G] ¨ì©,   

3,9 LXlùTi¦u êXeLs (Roots of a complex number) : 
YûWVû\ : 
 ωn = z G]d ùLôiÓ ®[eÏm ω Gu\ GiûQ z Gu\ LXl× 

Gi¦u  n –Bm T¥ êXm Gu¡ú\ôm Utßm Sôm CûR ω = z
1
n G] 

GÝRXôm, 
JÚ LXlùTi¦u nBm T¥êXeLû[d LôÔm ùNVp ®§  

(Working rule to find the nth roots of a complex number) : 
 T¥ 1 : ùLôÓdLlThP GiûQ ÕÚY Y¥®p GÝÕL, 
 T¥ 2 : ÅfÑPu 2kπûV áhÓL, 

 T¥ 3 : ¥-UônY¬u úRt\jûRl TVuTÓjÕL, (AÓdûL 

Esú[ ùLôiÓ ùNpL) 

 T¥ 4 : k = 0, 1 … n − 1 YûW ©W§«ÓL 
®[dLm : 
  z = r(cosθ + i sinθ) GuL, 
   = r{cos (2kπ + θ) + i sin (2kπ + θ)},  k ∈ Z 

  ∴ z
1
n = [r{cos (2kπ + θ) + i sin (2kπ + θ)]

1
n 

   = r
1
n 



cos 



2kπ + θ

n  + i sin 



2kπ + θ

n  

  CeÏ k = 0,  1, 2 … (n − 1) BÏm, 

 k «u CkR U§l×Lú[.z
1
n -Cu n ùYqúYß U§l×Lû[d 

ùLôÓdÏm, (A,Õ,) z ≠ 0 BL CÚdÏmùTôÝÕ CûY z-Cu n 

ùYqúYß êXeLs BÏm, 
Ï±l× : 
 (1) éf£VUt\ LXlùTi¦u nBm T¥ êXeL°u Gi¦dûL 

n BÏm, 
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 (2) CkR êXeL°u UhÓdLs VôÜm Ïû\Vt\ JúW 

ùUnùViQôÏm, 

 (3) n êXeL°u ÅfÑdLs NU CûPùY°«p AûU¡u\],  

arg zCu ØRuûU U§l× θ  (A,Õ,). − π ≤ θ ≤ π  G²p Ut\ 

êXeL°u ÅfÑLû[ AûPV 
θ
n EPu Øû\úV 

2π
n  , 

4π
n , ... 

B¡VYtû\ áhP úYiÓm, 
 (4) kdÏ ØÝ Gi U§l×Ls n ApXÕ ARtÏ áÓRXôLúYô 

©W§ÂÓ ùNnRôp CkR (n−1) U§l×Lú[ §ÚmTj §ÚmTd 

¡ûPdÏúUVu± ×§V êXm GÕÜm ¡ûPdLôÕ, 

3,9,1 Ju±u n-Bm T¥ êXeLs (The nth roots of unity) : 
  1= (cos 0 + i sin 0) = cos 2kπ + i sin 2kπ  

  nT¥ êXeLs = 1
1
n = (cos 2kπ + i sin 2kπ)

1
n 

   = 



cos 

2kπ
n  + i sin 

2kπ
n  CeÏ k = 0, 1, 2, … n − 1 

 ∴ cos0 + i sin 0 ,   cos 
2π
n  + i sin 

2π
n  ,  cos 

4π
n  + i sin 

4π
n  ,   

cos 
6π
n  + i sin 

6π
n , ……, cos (n − 1) 

2π
n  + i sin (n − 1) 

2π
n  ØRXô]ûY Ju±u 

nBm T¥ êXeL[ôÏm, 

   ω =  cos 
2π
n  + i sin 

2π
n  = e i 

2π
n  GuL,    ∴ Ju±u nBm T¥ êXeLs. 

e0, e i 
2π
n  ,  e i 

4π
n  ,  e i 

6π
n  , …  e i 

2(n − 1)
n  π

  ApXÕ 1, ω,  ω2 … ωn − 1 BÏm, 
 CkR êXeLs ùTÚdÏj ùRôPo Øû\«p Es[], CkR 

êXeL°u áÓRp éf£VUôÏm, 

Ø¥ÜLs : 

 (1) ωn = 1  

  ωn = 



cos 

2π
n  + i sin 

2π
n

n

 = cos 2π + i sin 2π = 1 

 (2) êXeL°u áÓRp 0 

  i.e., 1 + ω + ω2 + … + ωn – 1 = 0 

  ‡  LHS = 1 + ω + ω2 + … + ωn – 1  

   = 
1.(1 − ωn)

1 − ω             ‡  





1 + r + r2 + … + rn − 1 =  
1 − rn

1 − r
 

   = 0  = R.H.S. 
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 (3) êXeLs ùTÚdÏj ùRôPoØû\ (G.P)Cp Es[], CRu 

ùTôÕ ®¡Rm ω BÏm, 
 (4) ÅfÑLs áhÓj ùRôPoØû\ (A.P)«p Es[], CRu ùTôÕ 

®j§VôNm 
2π
n  BÏm, 

 (5) êXeL°u ùTÚdLm = (− 1)n + 1 

3,9,2 Ju±u ØlT¥ êXeLs  (Cube roots of unity : (1)1/3 ) :  

   x = (1)
1
3  GuL, 

   ∴ x = (cos 0 + i sin 0)
1
3 

  = (cos 2kπ + i sin 2kπ)
1
3 , k JÚ ØÝ Gi 

 x = 



cos 

2kπ
3  + i sin 

2kπ
3  ,   CeÏ k = 0, 1, 2 

 êuß êXeL[ô]ûY. 

 cos 0 + i sin0,  cos 
2π
3  + i sin 

2π
3 ,   cos 

4π
3  + i sin 

4π
3  

  i.e., 1, − 
1
2 + i 

3
2 ,  − 

1
2 − i 

3
2  

 ∴ 1, − 
1
2 ± i 

3
2  GuT] êuß êXeL[ôÏm, 

úUtÏ±l× : 

 ∴ CkR êuß êXeLÞm KWXÏ 

YhPj§u úUp AûU¡u\], ØRp 

BW ùYdPÚdÏm CWiPôYÕ BW 

ùYdPÚdÏm CûPlThP úLôQm 

CWiPôYÕ BW ùYdPÚdÏm 

êu\ôYÕ BW ùYdPÚdÏm 

CûPlThP úLôQm. 3YÕ BW 

ùYdPÚdÏm ØRp BW ùYdPÚdÏm 

CûPlThP úLôQm JqùYôußm 

2π
3  úW¥Vu ApXÕ 120° BÏm, 

Cl×s°Lû[          úSodúLôhPôp  

y

x

12
0°

B

A

C

120°

12
0°

TPm 3.16 
CûQdÏmúTôÕ. AûY JÚ NUTdL ØdúLôQj§u Ef£L[ôL 

AûU¡u\], 
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 CWiPôYÕ êXm cos 
2π
3  + i sin 

2π
3 I ω G]d Ï±jRôp  

cos 
4π
3  + i sin 

4π
3  = cos 



2π

3  + i sin 
2π
3

2

 = ω2
 BÏm, 

 G]úY Ju±u ØlT¥ êXeLs 1, ω, ω2 BÏm, CûY ùTÚdÏj 

ùRôP¬p Es[], 

Ï±l× : 

 (i) 
− 1 − i 3

2   = ω G²p 
− 1 + i 3

2   = ω2 

 (ii) 1 + ω + ω2 = 0 (A,Õ,). Ju±u ØlT¥ êXeL°u áÓRp 

éf£VUôÏm, 

 (iii) x3 = 1 Gu\ NUuTôh¥tÏ  ω JÚ êXUôL«ÚlTRôp CkRf 

NUuTôh¥p ωûV ©W§ÂÓ ùNnV  ω3 = 1 G]d Lôi¡ú\ôm, 

3,6,5 Ju±u SôuLôm T¥ êXeLs (Fourth roots of unity) : 

 x GuTûR Ju±u SôuLômT¥ êXm GuL,  ∴ x = (1)
1
4    

 (A,Õ,)  x4 = 1  = (cos 2kπ + i sin 2kπ)  ; k JÚ ØÝ Gi 

  x = (cos 2kπ + i sin 2kπ)
1
4 

   = 



cos 

2kπ
4  + i sin 

2kπ
4  

   = 



cos 

kπ
2  + i sin 

kπ
2    CeÏ k = 0, 1, 2, 3 

 UhÓ = 1 

 SôuÏ êXeL[ôY] : 

 cos 0 + i sin 0, cos 
π
2 + i sin 

π
2,  cos π + i sin π, cos 

3π
2  + i sin 

3π
2  

 AûY  i, − 1(= i2), − i (= i3) . cos 
π
2 + i sin 

π
2I ω G]d ùLôiPôp  

1-Cu SôuLôm  T¥ êXeL[ôY]1, ω, ω2, ω3
 BÏm, 
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 Ju±u SôuÏ êXeLÞm 

KWXÏ YhPj§Ûs[ 

NÕWj§u Øû]l 

×s°L[ôL AûU¡u\], 

Ju±u SôuLôm T¥ 

êXeL°u áÓRp 0 BÏm, 

 (A,Õ,). 1 + ω + ω2 + ω3 = 0 

 Utßm ω4 = 1 

y

x
1

π/2

O
ω2

ω

ω3
 

TPm 3.17 

Ï±l× : ØlT¥ êXeL°p LôQlThP ω-Cu U§l×LÞm 4Bm T¥ 

êXeL°p LôQlThP ω-Cu U§l×LÞm ùYqúY\ô]ûY, 

3,6,6 Ju±u B\ôm T¥ êXeLs (Sixth roots of unity) :    

 x GuTÕ Ju±u JÚ B\ôm T¥ êXm GuL, x = (1)1/6   

  ∴  1 = cos 0 + i sin 0    

  (1)1/6 = (cos 2kπ + i sin 2kπ)1/6 … (1) 

 k ØÝ Gi 

 ¥-UônY¬u úRt\lT¥ (De Moivre’s theorem) 

  x = (1)
1
6 = 



cos 

2kπ
6  + i sin 

2kπ
6  ,  k = 0, 1, 2, 3, 4, 5 

 Bß êXeL[ô]ûY  
  cos 0 + i sin 0  = 1 

  cos 
π
3 + i sin 

π
3  

  cos 
2π
3  + i sin 

2π
3   

  cos 
3π
3  + i sin 

3π
3   

  cos 
4π
3  + i sin 

4π
3   

  cos 
5π
3  + i sin 

5π
3   

y

x

ω

1

ω2

ω3

ω4 ω5
 

TPm 3.18 

 Ju±u Bß B\ôm T¥ êXeLs 1, ω, ω2, ω3, ω4, ω5 BÏm, 
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 TPj§−ÚkÕ. Ju±u Bß 

êXeLÞm KWXÏ YhPj§p 

AûUÙm AßeúLôQj§u 

Øû]l×s°L[ôL AûU¡u\] 

(TPm 3.18). BLúY 1-Cu nYÕ 

T¥êXj§u, n êXeLÞm. KWXÏ 

YhPj§p AûUÙm n TdLeLs 

Es[ JÝeÏ TX úLôQj§u 

Øû]l ×s°L[ôL AûUÙm, 
(TPm 3.19). 

y

x1

ω
ω2

ωn-1

ωn-2

ωn-3

ω3

 
TPm 3.19 

GÓjÕdLôhÓ 3.23 : x9 + x5 − x4 − 1 = 0 Gu\ NUuTôhûPj ¾odL: 

¾oÜ : 

 x9 + x5 − x4 − 1 = 0 ⇒  x5 (x4 + 1) − 1 (x4 + 1) = 0 

  ⇒ (x5 − 1) (x4 + 1) = 0 

  ⇒ x5 − 1 = 0  ;  x4 + 1 = 0 

  x = (1)
1
5 ; (− 1)

1
4 

 (i) x = (1)
1
5  = (cos 0 + i sin 0)

1
5    

   = (cos 2kπ + i sin 2kπ)
1
5   

   =  cos 
2kπ
5  + i sin 

2kπ
5 ,  k = 0, 1, 2, 3, 4 

 (ii) x = (− 1)
1
4 = (cos π + i sin π)

1
4  

   = {cos (2k + 1)π + i sin (2k + 1)π}
1
4  

   = cos 
(2k + 1)π

4   + i sin 
(2k + 1)π

4  ,  k = 0, 1, 2, 3 

 CqYôß 9 êXeLs ùT\lTÓ¡u\], 

GÓjÕdLôhÓ 3.24 : x7 + x4 + x3 + 1 = 0 Gu\ NUuTôhûPj ¾odL, 

¾oÜ : 

 x7 + x4 + x3 + 1 = 0 ⇒  x4 (x3 + 1) + 1 (x3 + 1) = 0 

  ⇒ (x4 + 1) (x3 + 1) = 0 

  x4 = − 1   ; x3 = − 1 
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 (i) x = (− 1)
1
4 

   = (cosπ + i sin π)
1
4 

 (A,Õ,).  = [cos (2kπ + π) + i sin (2kπ + π)]
1
4   

   = 



cos 

(2k + 1)π
4  + i sin 

(2k + 1)π
4    ;  k = 0, 1, 2, 3 

 (ii) x3 = − 1    ⇒  x = (− 1)
1
3 

   = (cos π + i sin π)
1
3 

   = [cos (2kπ + π) + i sin (2kπ + π)] 
1
3  

   = cos (2k + 1) 
π
3 + i sin (2k + 1) 

π
3 ,  k = 0, 1, 2 

 CqYô\ôL 7 êXeLs ùT\lTÓ¡u\], 

Ï±l× : 

 êXeLs 



cos 

π
4 + i sin 

π
4   ;  



cos 

3π
4  + i sin 

3π
4   ;  



cos 

5π
4  + i sin 

5π
4   





cos 

7π
4  + i sin 

7π
4   



cos 

π
3 + i sin 

π
3  , (cos π + i sin π), 



cos 

5π
3  + i sin 

5π
3  

BÏm, 

GÓjÕdLôhÓ 3.25 :  

 ( )3 + i
2
3-Cu GpXô U§l×Lû[Ùm LôiL, 

¾oÜ : 

  3 + i = r (cos θ + i sin θ) GuL, 

   ⇒ r cosθ = 3 ,  r sin θ = 1 

   ⇒ r  =  ( )3
2
 + 1 = 2 

  Cos θ = 
3

2  ,   sin θ = 
1
2   ⇒   θ  =  

π
6 

  ∴ ( )3 + i
2
3 = 2

2
3  



cos 

π
6 + i sin 

π
6  

2
3 
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   = 2
2
3 











cos 

π
6 + i sin 

π
6

2

 

1
3
  

   = 2
2
3  



cos 

π
3 + i sin 

π
3  

1
3 

   = 2
2
3 



cos 



2kπ + 
π
3  + i sin 



2kπ + 
π
3  

1
3 

   = 2
2
3 



cos (6k + 1) 

π
9 + i sin (6k + 1) 

π
9   CeÏ n = 0, 1, 2 

Ï±l× :  U§l×Ls  

    2
2
3 



cos 

π
9 + i sin 

π
9  ,  2

2
3 



cos 

7π
9  + i sin 

7π
9 ,  2

2
3 



cos 

13π
9  + i sin 

13π
9 BÏm, 

Uôtß Øû\ : 

  ( )3 + i
2
3 = 2

2
3 



cos 

π
6 + i sin 

π
6

2
3 

   = 2
2
3 



cos 



2kπ + 
π
6  + i sin 



2kπ + 
π
6  

2
3 

   = 2
2
3 



cos (12k + 1) 

π
6 + i sin (12k + 1) 

π
6  

2
3 

   = 2
2
3 



cos (12k + 1) 

π
9 + i sin (12k + 1) 

π
9    CeÏ k = 0, 1, 2 

 U§l×Ls 2
2
3 



cos 

π
9 + i sin 

π
9  , 2

2
3  



cos 

13π
9  + i sin 

13π
9 ,   

2
2
3 



cos 

25π
9  + i sin 

25π
9     

 i.e., 2
2
3 



cos 

π
9 + i sin 

π
9 , 2

2
3  



cos 

7π
9  + i sin 

7π
9 , Utßm  

 2
2
3 



cos 

13π
9  + i sin 

13π
9  CeÏ cos 

25π
9  + i sin 

25π
9  = cos 

7π
9  + i sin 

7π
9  

   BLúY CmØû\«Ûm AúR U§l×Ls ùT\lTÓ¡u\], 

Ï±l× : CeÏ AÓdÏ 2I Esú[ ùLôiÓ YÚYRtÏ Øu 2kπI 

áh¥]ôÛm AúR ®ûPûVjRôu ùTß¡ú\ôm GuTÕ 

ùR°Yô¡\Õ, 
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T«t£ 3.5 
 (1) GpXô U§l×Lû[Ùm LôiL, 

  (i) (i)
1
3 (ii) (8i))

1
3 (iii) ( )− 3 − i

2
3 

 (2) ω GuTÕ Ju±u ØlT¥ êXm Utßm 

  x = a + b,   y = aω + bω2,   z = aw2 + bω  G²p  

  (i) xyz = a3 + b3 

  (ii)  x3 + y3 + z3 = 3 (a3 + b3)   G] ¨ì©dL, 

 (3) ω3 = 1 G²p 

  (i)   (a + b + c)  (a + bω + cω2) (a + bω2 + cω) = a3 + b3 + c3 − 3abc 

  (ii)  



− 1 + i 3

2

5

 + 



− 1 − i 3

2

5

  =  − 1 

  (iii) 
1

1 + 2ω  −  
1

1 + ω  +  
1

2 + ω  =  0 G] ¨ßÜL, 

 (4) ¾odL : 

  (i) x4 + 4 = 0     (ii) x4 − x3 + x2 − x + 1 = 0 

 (5) 



1

2 − i 
3

2

3
4
-u GpXô U§l×Lû[Ùm LôiL Utßm ARu 

U§l×L°u ùTÚdLtTXu 1 G]Üm LôhÓL, 



 182

 
4, TÏØû\ Y¥YdL¦Rm 

(ANALYTICAL GEOMETRY) 
4,1 A±ØLm : 
 H\jRôZ ¡,Ø, 430m LôXjûRV L¦R YWXôtßf ÑY¥Lû[j 

§Úl©l TôodûL«p JÚ EsÇPt\ úSoYhPd ám©u TpúYß 

ùYhÓ ØLeLs ApXÕ ám× Yû[Ü Tt±V BnÜLs ùRôPe¡VÕ 

SUdÏj ùR¬V YÚ¡\Õ, CjRûLV BnÜLs ×s°. UôßThP 

úLôhÓf úNô¥Ls. CÚNUdúLôÓLs (¸r YÏl×L°p 

®[dLlThPûY) úTôu\Ytû\Ùm YhPeLs. TWYû[VeLs. ¿s 

YhPeLs. A§TWYû[VeLs GuTûYLû[Ùm Es[Pd¡VRôÏm, 

 Cuû\V BVj ùRôûXjR[j§p ®Y¬dLlTÓm CÚT¥f 

NUuTôÓL°u YûWTPUô]Õ. ¡úWdL Y¥Yd L¦R Øû\lT¥ 

AlúTôúXô²Vv (Apollonius) GuTYWôp EÚYôdLlThP ám× 

ùYh¥Ls Tt±V BnYôÏm, ©[ôhúPô (Plato)®u (429 − ¡,Ø, 347) 
LôXjûRV ¡úWdLd L¦R úUûRLs, CWhûPd ámûT JÚ R[m 

N¬YôL ùYhÓmúTôÕ ¡ûPdLlùTßm ùYhÓØLm JÚ 

×s°VôLúYô. CWhûP úSodúLôÓL[ôLúYô. YhPeL[ôLúYô. 

TWYû[VeL[ôLúYô. ¿s YhPeL[ôLúYô. A§TWYû[VeLs 

BLúYô ¡ûPdLXôm G] ®Y¬jR]o, G]úYRôu CqYûL 

Yû[YûWLû[ ám× Yû[ÜLs G] AûZjR]o, 

 Y¥YdL¦R ©Wf£û]Lû[j ¾olTRtÏ¬V ºWô] Y¯Øû\Lû[ 

¨ßÜYRtLô] úRûY«u A¥lTûP«p TÏØû\ Y¥YdL¦Rm 

Y[okRÕ, úUÛm. SûPØû\l ©Wf£û]L°p £\l× Ød¡VjÕYm 

YônkR £X Yû[YûWLû[ BnÜ ùNnVl TVuTÓjÕm úSôdúLôÓ 

Y¥YdL¦Rl ©Wf£û]LÞdÏ ¾oÜ LôQlThPÕ, 

 CqYô\ôL. ©Wf£û]LÞdÏj ¾oÜ LôiT§p TÏØû\ Y¥Yd 

L¦Rm Ïû\kR BnÜ ÖÔdLeLû[úVd ùLôiÓs[Õ. TiûPV 

¡úWdL (≈ 1 − ¡,Ø, 2) TôWmT¬V Øû\Vô] TÏØû\ Y¥Yd L¦Rm 

ùToúUh(Fermat). ¥-LôoúP (Descartes). ùLl[o (Kepler). ¨ëhPu 

(Newton). ëXo (Euler). Äl²hv (Leibnitz). úXô©Rôs (L’Hôpital). 
¡[ôWh(Clairaut). ¡úWUo (Cramer) Utßm _ôúLô©v (Jacobis) úTôu\ 

UôùTÚm L¦RúUûRL[ôp 17Bm èt\ôi¥u ØRp Tô§«p 

Øû\lT¥VôL úUmTÓjRlThPÕ,  
 ù_oUu L¦RúUûRÙm CVt©Vp A±OÚUô] ù_ôLôu]v 

ùLl[o(Johannes Kepler)Cu úLôsLs CVdLm Tt±V GÓúLôsL°u 

úRôt\j§u FPôL TÏØû\ Y¥Yd L¦Rm Tt±V BnÜ 

ªLlùTÚm ùYt±ûVd LiPÕ, RûX¸r YodL ®§dÏd LhÓlThÓ 

éª Es°hP Aû]jÕ úLôsLÞm ã¬Vû]d Ï®VUôL ûYjÕ 
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¿sYhPl TôûR«p Ñt±YÚ¡u\] G]d ùLl[o Ï±l©hPôo, 

CÕúY ¨ëhP²u ×®Âol×d ùLôsûLdÏm Y¯YÏjÕ ¨u\Õ, 

 ëXo ùY° Yû[YûWLs Utßm Yû[ R[lTWl×Ls Tt±V 

R]Õ Bn®p TÏØû\ Y¥Yd L¦R ÖhTeLû[l ùTÚU[®p 

TVuTÓj§]ôo, BpToh _uv¼u (Albert Einstein) R]Õ Nôo×d 

ùLôsûL«p úUÛm CRû] úUmTÓj§]ôo, 

 TÏØû\ Y¥Yd L¦Rj§u Y[of£ Cuû\V ùRô¯p. 

UÚjÕYm Utßm A±®Vp BnÜ B¡VYtû\ ùT¬Õm 

ùYuß®hPÕ Guß ùNôu]ôp AÕ ªûLVôLôÕ, ám× ùYh¥Ls 

Tt±V ®¬Yô]l T¥lûTj ùRôPeÏYRtÏ Øu AYt±u £X 

TVuTôÓLû[d LôiúTôm, 

4,1,1 TWYû[Vj§u Y¥YdL¦R Utßm SûPØû\l 

TVuTôÓLs (Geometry and Practical applications of a parabola) : 
O JÚ úSoYhPd ám©u 

Øû]l×s° Utßm úYù\ôÚ 

×s° CYtû\ CûQdÏm 

úSodúLôh¥tÏ CûQVôL Es[ 

R[jRôp ám× ùYhPlTP 

EÚYôÏm ám× Yû[Ü JÚ 

TWYû[VUôÏm (TPm 4.1), 
 

TPm 4.1 

O Ï®Vm F, Øû]l×s° V ùLôiP 

TWYû[Vj§u ÁRô] HúRàùUôÚ ×s° 

P G²p.  P ÁRô] ùRôÓ úLôhÓPu FP, 
PX B¡V] HtTÓjÕm úLôQm NUm 

BÏm, CeÏ PX TWYû[V AfÑ VFAdÏ 

CûQVô]Õ (TPm 4.2), 

 
 
 
 
 

TPm 4.2 

   ClTiTô]Õ TPm 4.3Cp 

Es[ÕúTôp J−. J° Utßm 

Yôù]ô− AûXL°u úRôtßYôn 

Ï®Vm  SCp CÚdÏmúTôÕ CYt±u 

TWYû[V G§ùWô°lTôuL°p 

TVuTÓjRlTÓ¡\Õ, (TWYû[V 

G§ùWô°lTôu GuTÕ ùYs° 

ØXôm éNlThP TWYû[Vm Ru 

AfûNl Tt± ÑtßYRôp EÚYôÏm 

Yû[R[l TWlTôÏm,  

 
 
 
 
 

 
 

TPm 4.3 

Ï®Vm SC−ÚkÕ G§ùWô°dÏm TWl©p ®Ým J° (ApXÕ J− 

ApXÕ Yôù]ô− AûXLs) TWYû[Vj§u Af£tÏ CûQVôL 

©W§T−dLlTÓ¡u\], GÓjÕdLôhPôL Pôof ®[dÏ. úUôhPôo 

V F

P
X

AV F

P
X

A

x
V S

x
V S
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YôL]eL°u ØLl× ®[dÏ. TWYû[Vd LiQô¥Ls (parabolic 
mirrors) B¡V], 

  CkRl TWYû[V G§ùWô°lTôu 

NªdûLLû[j ¾®WlTÓjÕm 

®RUôLÜm TVuTÓm (TPm 4.4)Cp 

Lôh¥Ùs[Õ úTôp TWYû[V 

G§ùWô°lTô²u AfÑdÏ CûQVôL 

YkÕúNÚm ªuLôkR AûXLs Ï®Vm 

SCp ûYdLlTh¥ÚdÏm, Ht© Rp 

Ï®dLlTÓm, 

 
 
 
 
 
 

TPm 4.4 

 GÓjÕdLôhPôL úW¥úVô ùRôûXúSôd¡. ùRôûXdLôh£ 

ÕûQdúLôs ¡iQ Ht©. ã¬V AÓl×Ls. úWPôo H¬VpLs 

úTôu\ûY, 

O TWYû[V Y¥®p Es[ G°ûUVô] Yû[Ü ªLl TXm 

YônkRRôL CÚdÏm, 

O ºWô] GûPùLôiP TôXjûRj RôeÏm Lm© YPj§u 

(TôXj§u GûPúVôÓ Jl©ÓûL«p Lm© YPj§u GûP ®PlTP 

úYi¥VÕ) Y¥Ym TWYû[VUôÏm, 

O G±VlThP ùTôÚs ApXÕ úUpúSôd¡ ÅNlThP 

G±ùTôÚ°u TôûR JÚ TWYû[VUôÏm, T\kÕ ùLôi¥ÚdÏm 

úTôo ®Uô]j§−ÚkÕ ÅNlTÓm ÏiÓLs ApXÕ ×Vp UûZd 

LôXeL°p ùa−LôlPoL°−ÚkÕ ¸úZ ®PlTÓm EQÜl 

ùTôhPXeLs áP TWYû[Vl TôûRûVl ©uTtßm, 

O £X Yôp ®iÁuLs ã¬Vû] Ï®VUôLd ùLôiP TWYû[Vl 

TôûRûVl ùTt±Úd¡u\], 

4,1,2 ¿sYhPj§u Y¥YdL¦Rm Utßm SûPØû\l 

TVuTôÓLs (Geometry and Practical Applications of an ellipse) : 

 
TPm 4 5 

O ám©u JÚ TÏ§ûV UhÓm 

N¬YôL JÚ R[m ùYhÓmúTôÕ 

EÚYôÏm ám×ùYh¥ Yû[YûW 

¿sYhPm G]lTÓm, (TPm 4.5) 

O ¿sYhPj§u HúRàùUôÚ 

×s° P Utßm F1, F2 GuT] ARu 

CWiÓ Ï®V ûUVeLs G²p. 

F1Pm F2Pm P«PjÕj 

ùRôÓúLôhÓPu HtTÓjÕm 

úLôQeLs NUm Utßm J° 

ApXÕ J−«u JÚ úRôtßYôûV 

JÚ ¿sYhP G§ùWô°lTô²u JÚ  

 
 
 

TPm 4.6 

xV R xV R

F 1

P

F 2 F 1

P

F 2
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Ï®V ûUVj§p ûYjRôp GpXô AûXLÞm Ut\ Ï®V ûUVj§u 

Y¯VôLd LPkÕf ùNpÛUôß ©W§T−dLlTÓm (TPm 4.6) ¿[YhP 

G§ùWô°lTôu GuTÕ JÚ ¿sYhPm R]Õ úTWfûNl Tt±f 

ÑtßYRôp EÚYôÏm Yû[R[l TWlTôÏm, ClTiTô]Õ ¿sYhP 

G§ùWô°lTôu úTôuß Y¥YûUdLlTh¥ÚdÏm   “Wispering 
Gallery” áûW ApXÕ ÑYoL°p TVuTÓjRlTÓ¡\Õ, 

O UÚjÕYm. ùRô¯p Utßm A±®Vp BnÜL°p ªLl TWYXôLl 

TVuTÓjRlTÓm Nd : YAG (ND3+ ¨úVô¥ªVm AVôuLs 

(Neodymium ions) ; YAG – Yttrium Aluminium Garnetz úXNÚdLôL 

¿sYhP G§ùWô°lTôuLs Y¥YûUdLlTÓ¡u\], 

 ÏßdÏùYhÓj úRôt\m. 

¿sYhPm ùTt\ ÏZôn ®[dÏ 

Y¥Yj§p Es[ 

G§ùWô°lTôuL°p YAG 
RiÓ Es[Õ Utßm ¿s 

YhPj§u Ï®VûUVj§p JÚ 

úSodúLôhÓ ªu]p ®[dÏ 

ûYdLlTh¥ÚdÏm (TPm 4.7).  
®[d¡−ÚkÕ ùY°lTÓm 

J°Vô]Õ Nd : YAG RiúPôÓ  

 

Power Supply Ballast resistor

Capacitor bank

Flashtube

Laser rod

Output

Ellipsoidal
reflector

Trigger
pulse

M1 M2

 
TPm 4.7 

©ûQdLlThÓ úXNo L§o Ltû\Ls EtTj§ ùNnVlTÓ¡u\], 

O öúTôo-úNôUoÀpÓ (Bohr-Sommerfeld) AÔdúLôhTôh¥p 

GXdhWô²u ÑtßYhPlTôûR YhPm ApXÕ ¿sYhPUôÏm, 

O ã¬Vd ÏÓmTj§p Es[ SUÕ úLô[ô¡V éª Utßm CRW 

úLôsLs. £ß úLôsLs GpXôYt±u ÑtßlTôûRÙm ã¬Vû] Ï®V 

ûUVUôLd ùLôiP ¿sYhPUôLm, ã¬Vd ÏÓmTj§p Es[ 

Aû]jÕd úLôsL°u ùNVtûL ApXÕ CVtûLj ÕûQd 

úLôsLÞm (RûX¸r YodL ®§dÏhThP ®ûNÙPu) ¿sYhPf 

ÑtßlTôûRûV ùTtßs[] (TPm4.8(a)) 
 
 
 
 

 
TPm 4.8(a) 

 
 
 
 

TPm 4.8(b) 

 GÝTjûRkÕ BiÓLÞdùLôÚØû\ §ÚmTj úRôußm 

aôúX«u Yôp ShNj§Wj§u (Path of Halley’s Comet)  

Sun

MercuryVenus

EarthMars

Jupiter
Saturn

Uranus

Neptune Pluto
Asteroids

Sun

MercuryVenus

EarthMars

Jupiter
Saturn

Uranus

Neptune Pluto
Asteroids

Pluto
Halley’s Comet SaturnJupiterSun

Earth

Pluto
Halley’s Comet SaturnJupiterSun

Earth
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ÑtßlTôûRÙm ûUVd úLôhPm e ≈ 0.97 ùLôiP ¿sYhPUôÏm, 

[TPm 4.8 (b)]. 

O ¿sYhP Yû[ÜLs AYt±u AZÏdLôLÜm 

TVuTÓjRlTÓ¡u\], 

O ¿Wô®d ùLô§LXuL°u 

RûXlTôLm ùShPfÑ Utßm 

Ït\fÑL°u ¿[m 2 : 1 Gu\ 

®¡Rm ùLôiP ¿s YhPUôL 

Y¥YûUdLlThPôp A§L TXm 

YônkRRôL CÚdÏm G] 

SmTlTÓ¡\Õ, 

 
TPm 4.9 

/   £X úSWeL°p (£\l×j úRûYdLôL) ÕûQl ùTô±Ls (gears) 
¿sYhP Y¥®p EiÓTiQlTÓ¡u\], (TPm 4.9) 

 

TPm 4.10 

O úLôáPd(Comet Kohoutek)¡u Yôp ®iÁu ShNj§Wj§u 

ÑtßlTôûR ûUVdúLôhPm e ≈ 0.9999 ùLôiP ¿sYhPUôÏm,  

(TPm 4.10). 

O Sôm YôÝm úLô[ô¡V éª NônkR úLô[UôÏm, ARôYÕ 

¿sYhPm R]Õ £t\fûNl Tt±f ÑtßYRôp EÚYôÏm §iUm, 

CkRf NônÜd úLô[Uô]Õ ¨XSÓdúLôhÓl TÏ§«p ×ûPjÕm. 

ÕÚYl TÏ§«p RhûPVôLÜm CÚdÏm, 

O SLokÕ ùLôi¥ÚdÏm ®Uô]jRôe¡ûV ®hÓl T\kÕf 

ùNpÛm ®Uô]m JÚ Ï±l©hP úSWj§p ÁiÓm RûW«\eÏm 

®Uô]j§u ùNVtTôhÓl TÏ§Vô]Õ. T\dL BWm©dÏm ¨ûX 

Utßm RûW«\eÏm ×s° B¡VYtû\ Ï®VeL[ônd ùLôiP 

¿sYhPUôÏm, 

O Uô\ôj §ûNúYLm ùTt\ ÅÑm 

Lôt±p T\kÕ Bu-ûTXôu  

(On-pylon) §ÚlTjûR HtTÓjÕm 

®Uô]j§u TôûR ûTXôàdÏ úSo 

úUúX Ï®Vm ùLôiP 

¿sYhPUôÏm, (TPm 4.11).  
TPm 4.11 
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4,1,2 JÚ A§TWYû[Vj§u Y¥Yd L¦Rm Utßm SûPØû\l 

TVuTôÓLs (Geometry and Practical Applications of a Hyperbola): 

 

O JÚ CWhûPd ám× Ru Af£tÏ 

CûQVôL JÚ R[jRôp 

ùYhPlTÓmúTôÕ EÚYôÏm ám× 

Yû[Ü JÚ A§TWYû[VUôÏm,  

(TPm 4.12)  

TPm 4 12 

O Ï®VeL°−ÚkÕ A§TWYû[Vj§u 

ÁRô] HúRàm JÚ ×s°dÏ YûWVlTÓm 

úSodúLôÓLs Al×s°«PjÕ 

ùRôÓúLôhÓPu HtTÓjÕm úLôQeLs 

NUm, G]úY A§TWYû[Vm Ru 

ÏßdLfûNf ÑtßYRôp EÚYôÏm 

A§TWYû[V     G§ùWô°lTô²u      JÚ  

 

 

 

 

TPm  4. 13 

Ï®Vj§p Ï®Ùm GpXô J°dLtû\LÞm AÓjR Ï®Vj§tÏ 

G§ùWô°dLlTÓ¡u\] (TPm 4.13), 

O G§ùWô°dÏm ClTiTô]Õ TWYû[V 

G§ùWô°lTôàPu á¥V 

ùRôûXúSôd¡L°p TVuTÓjRlTÓ¡\Õ, 

AùU¬dL ®iùY° BWônf£ ¨ßY]Uô] 

NASA al©s (Hubble) ùRôûXúSôd¡«p 

TWYû[V G§ùWô°lTôuLÞPu á¥V 

A§TWYû[V G§ùWô°lTôuL°p 

G§ùWô°dÏm TiûTÙm TVuTÓjÕ¡\Õ, 
(TPm 4.14). 

O A§TWYû[VeLs ÅfÑ LiÓ©¥dLl 

TVuTÓ¡\Õ, (ùYqúY\ô] CWiÓ 

CPeL°−p CÚkÕ úLhLlTÓm J−«u 

úSWeL°u ®j§VôNm J− GÝm×m 

CPj§−ÚkÕ J− úLhÏm CPeL°u 

çWeL°u ®j§VôNj§tÏ úSo ®¡Rj§p 

CÚdÏm,  

 

TPm 4.14 

P

F1F2

P

F1F2
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êu\ôYÕ J− úLhÏªPm Utù\ôÚ A§TWYû[VjûRj RÚ¡\Õ 

Utßm J− GÝm×m CPUô]Õ CWiÓ A§TWYû[VeLÞm 

ùYh¥d ùLôsÞm ×s°VôÏm), 

O pv = Uô±− Gàm Tô«−u ®§ A§TWYû[VjûRd Ï±lTRôÏm, 

JußdùLôuß G§o®¡Rj§p CÚdÏm CWiÓ Uô±L°u ùRôPo× 

JÚ A§TWYû[VUôÏm, 

O _uv¥²u Nôo×d ùLôsûL«p GÝm A§TWYû[Vl TôûRLs 

ùRôûX ÅfÑ Yôù]ô− A§oùYi ùR¬Øû\Vô] LORAN (Long 
Range Navigation)dÏ A¥lTûPVôL AûU¡\Õ, 

4,2 ám× Yû[ÜLs : YûWVû\ (Definition of a Conic) : 
 YhPmC-I GÓjÕd ùLôsúYôm, 

YhPj§u ûUVm Y¯VôLÜm ARu 

R[j§tÏf ùNeÏjRôLÜm ùNpÛm 

úSodúLôhûP A GuúTôm,  V B]Õ C-

Cu R[j§p ApXôR  A-Cu ÁRô] 

×s°, YhPj§u ÁRô] HúRàùUôÚ 

×s°ûV P GuL, ×s°Ls P Utßm V 

Y¯VôLf ùNpÛm úSodúLôhûP 

YûWL,  

 
 
 
 
 
 

 

TPm 4.15 
ClúTôÕ PB]Õ C-If Ñt±YW EÚYôÏm Yû[R[lTWlúT JÚ 

EsÇPt\ úSoYhP CWhûPd ám× BÏm, JqùYôÚ úSodúLôÓ  
PV-m ARu Bd¡ G]lTÓm ám©u Af£tÏm Bd¡ PV-dÏm 

CûPlThP úLôQm α Ef£d úLôQm (AûW Ef£d úLôQm) 

G]lTÓm, Ef£«p Nk§dÏm ám©u úUp Utßm ¸r TÏ§Ls ARu 

ú]l©Ls (nappes) G]lTÓm (TPm 4.15). 
 Ef£ Y¯VôLf ùNpXôR JÚ R[jRôp CWhûPd ám× 

ùYhPlTPd ¡ûPdÏm Yû[YûWLs Ï®V ám× Yû[ÜLs 

ApXÕ ám× ùYh¥Ls G]lTÓm, 

 YûWlTP Y¥YØû\d 

L¦Rj§p ám× Yû[ÜLs 

CqYô\ôL YûWVßdLlT¥àm 

TÏØû\ Y¥Yd L¦R Ã§VôL 

©uYÚUôß YûWVßdLlTÓ¡\Õ, 

 F, PGuT] JÚ R[j§u ¨ûX 

Utßm SLÚm ×s°Ls, PC−ÚkÕ 

¨ûXl×s°     F-Cu     çWj§tÏm  

 
 
 
 
. 
 

TPm 4.16 
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AjR[j§Ûs[ ¨ûXdúLôÓ l-C−ÚkÕ PCu çWj§tÏm Es[ 

®¡Rm Uô±−VôL CÚdÏUôß SLÚm PCu ¨VUlTôûR 

ùTôÕdÏ®V ám× Yû[ÜLs G]lTÓm, (TPm 4.16) 
 ¨ûXl×s° F Ï®Vm G]Üm ¨ûXdúLôÓ l CVdÏYûW G]Üm 

Uô±− ®¡Rm e ûUVj ùRôûXjRLÜ G]Üm AûZdLlTÓm, 

 TPj§−ÚkÕ  
FP
PM  = Uô±− = e 

4,2,1, ám× Yû[®u ùTôÕf NUuTôÓ  

(General equation of a Conic) : 
 ám× Yû[®u Ï®Vm F(x1, y1), CVdÏYûW  ‘l’Cu NUuTôÓ   
lx + my + n = 0 úUÛm ûUVj ùRôûXj RLÜ ‘e’ GuL, 

 ám× Yû[®u úUp Es[ GúRàm JÚ ×s°ûV P(x, y) GuL, 

P«−ÚkÕ ‘l’dÏ JÚ ùNeÏjÕdúLôÓ YûWL, 
 PM = P«−ÚkÕ lx + my + n = 0 Gu\ 

úLôh¥tÏs[ ùNeÏjÕ çWm  

 FP = (x − x1)2 + (y − y1)2 
 PM = P«−ÚkÕ lx + my + n = 0 Gu\ 

úLôh¥tÏs[ ùNeÏjÕ çWm P(x, y)  

  = ±  
lx + my + n

l2 + m2
  

 
 

 
 
 
 

TPm 4.17 

ám× Yû[®u YûWVû\«uT¥  
FP
PM  =  e           ∴ FP2 =  e2 PM2 

 ∴ (x − x1)2 + (y − y1)2 = e2     






±  

lx + my + n

l2 + m2
 

2

 

 CûRf ÑÚdÏYRu êXm Ax2 + Bxy + Cy2 + Dx + Ey + F = 0 Gu\ 

Y¥®p Es[ x Utßm yBp B] CÚT¥f NUuTôh¥û]l 

ùT\Xôm, 

4,2,2, ám× Yû[®u ùTôÕ NUuTôh¥û]l ùTôßjÕ 

YûLlTÓjÕRp : 
 Ax2 + Bxy + Cy2 + Dx + Ey + F = 0 Gu\ NUuTôÓ JÚ £ûRkR 

ApXÕ £ûRVôR ám× Yû[ûY Ï±dLhÓm, CÕ JÚ ám× 

Yû[YôL CÚdÏmúTôÕ  

 (i) B2 − 4AC = 0 G²p CÕ JÚ TWYû[Vm           

 (ii) B2 − 4AC < 0 G²p CÕ JÚ ¿sYhPm 

 (iii) B2 − 4AC > 0 G²p CÕ JÚ A§TWYû[Vm BÏm, 

M
P(x,y)

F(x1,y1)

l

M
P(x,y)

F(x1,y1)

l
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4,2,3, ûUVj ùRôûXj RLûYl ùTôßjÕ ám× Yû[®û] 

YûLlTÓjÕRp : 
(i) e < 1 G²p ám× Yû[Ü JÚ 

¿sYhPm BÏm, TPm 

4.18C−ÚkÕ  F2Pi B]Õ PiMiI 

®P GlúTôÕm £±VRôLúY 

CÚdÏm GuTRû]d LôiL, 

  (A,Õ,).  
F2Pi
PiMi

 = e < 1, (i = 1, 2, 3)  

 

 
 
 
 

 
 TPm 4.18 

 
(ii) e = 1 G²p. ám× Yû[Ü JÚ 

TWYû[Vm BÏm, TPm 
4.19C−ÚkÕ  FPi Utßm PiMi 
GlúTôÕm NUUôLúY CÚdÏm, 

  (A,Õ,).  
FPi
PiMi

 = e = 1, (i = 1, 2, 3) 

 

 
 
 
 
 
 

 
TPm 4.19 

 
(iii) e > 1 G²p ám× Yû[Ü 

JÚ A§TWYû[Vm BÏm,  

TPm 4.20C−ÚkÕ F1Pi 
B]Õ PiMiI ®P GlúTôÕm 

ùT¬RôLúY CÚdÏm 

GuTRû]d LôiL, 

  (A,Õ,).  
F1Pi
PiMi

 = e > 1,  

(i = 1, 2, 3) 

 
 
 
 
 
 
 
 

TPm 4.20 

4,3 TWYû[Vm (Parabola) : 

 JÚ ×s°Vô]Õ ¨ûXl×s°«−ÚkÕ ARtÏ Es[ ùRôûXÜm. 

¨ûXd úLôh¥−ÚkÕ ARtÏ Es[ ùRôûXÜm NUUôL CÚdÏUôß 

SLÚUô«u Al×s°«u ¨VUlTôûR JÚ TWYû[VôÏm, ARôYÕ 

ûUVjùRôûXj RL®u U§l× 1 G] CÚdÏm ám× Yû[Ü 

TWYû[VUôÏm, 

P1

P2

P3

F1F2

x

y

M2

M1

M3

P1

P2

P3

F1F2

x

y

M2

M1

M3

F

P2

x

y

M3

P1

P3

M2

M1

F

P2

x

y

M3

P1

P3

M2

M1

O

y

x

P2

M3

P1

P3

M2

M1

F2 F1
O

y

x

P2

M3

P1

P3

M2

M1

F2 F1
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Ï±l× : TôPj§hPj§uT¥ NUuTôh¥u YûWØû\ (4.3.1, 4.3.2) 
Utßm TWYû[Vj§û] YûWÙm Øû\ úRûY«pûX, NUuTôh¥u 

AûUl× Utßm ARu Yû[YûW«u AûUl× UhÓúU úRûY, 

CÚl©àm. Lt\p §\û] A§L¬dÏm úSôdÏPu NUuTôh¥u 

YûWØû\Ùm Yû[YûW«u úTôdÏm ùLôÓdLlThÓs[Õ. 
4,3,1 TWYû[Vf NUuTôh¥u §hPY¥Ym  

(Standard equation of a parabola) :  
ùLôÓdLlTÓY] : 
+ ¨ûXl×s° (F) 
+ ¨ûXdúLôÓ (l) 
+ ûUVj ùRôûXjRLÜ (e = 1) 
+ SLÚm ×s°  P(x, y) 
YûWØû\ : 
+ ¨ûXl×s° FI Ï±dL Utßm 

¨ûXdúLôÓ ‘l’I YûWL, 

 
 
 
 
 
 

TPm 4.21 

+ FC−ÚkÕ ldÏ JÚ ÏjÕdúLôÓ (FZ) YûWL,  
+ FZ = 2a G] GÓjÕd ùLôiÓ ARû] x-AfNôLj ùR¬Ü ùNnL,, 
+ FZdÏ ûUVd ÏjÕdúLôhûP YûWkÕ ARû] y-AfNôLj ùR¬Ü 

ùNnL, 
+ V(0, 0) B§l×s° G]d ùLôsL, 

+ P-C−ÚkÕ ldÏ JÚ ùNeÏjÕd úLôÓ (PM) YûWL, 
+ SôU±kRûY F(a, 0), Z(− a, 0), G]úY M GuTÕ (− a, y) BÏm, 

 YûWVû\«uT¥ 
FP
PM  = e = 1   ⇒  FP2 =  PM2 

   (x − a)2 + (y − 0)2 = (x + a)2 + (y − y)2 

   x2 − 2ax + a2 + y2 = x2 + 2ax + a2 

      y2 = 4ax. 
     CÕúY TWYû[Vf NUuTôh¥u §hPY¥YUôÏm, Yû[YûW YûWYRtÏ 

Aj§VôVm 6-Cp ùLôÓdLlThÓs[ Ej§Lû[l TVuTÓjÕúYôm, 

4,3,2  y2 = 4ax Gu\ TWYû[VjûR YûWRp : 
(i) NUfºo RuûU (Symmetry property) :  x-AfûNl ùTôßjÕ 

NUfºWô]Õ, ARôYÕ. x-AfNô]Õ Yû[YûWûV CÚ NU 

TôLeL[ôLl ©¬d¡u\Õ, 

(ii) £\l×l ×s°Ls (Special points) :  (0, 0)-B]Õ y2 = 4ax-I ¨û\Ü 

ùNnYRôp. TWYû[VUô]Õ B§ Y¯úV ùNp¡u\Õ, 

 AÕ x-AfûN ùYhÓm ×s°ûVd LôiTRtÏ y = 0 G]l 

©W§«P x = 0 UhÓúU ¡ûPd¡\Õ, 

l

x

y

P (x,y)

F (a,0)O

M
(-a, y)

Z
(-a,0)

l

x

y

P (x,y)

F (a,0)O

M
(-a, y)

Z
(-a,0)
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 ∴ TWYû[Vm x-AfûN ùYhÓm ×s° B§ (0, 0) BÏm, 
 y-AfûN ùYhÓm ×s° LôiTRtÏ x = 0 G]l ©W§«P. y = 0 
UhÓúU ¡ûPd¡u\Õ, 
 ∴ TWYû[Vm y-AfûN B§ (0, 0)«p ùYhÓ¡u\Õ, 
(iii) Yû[YûW«u úTôdÏ (Existence of the curve) : 

 x < 0 G²p y2
-Cu U§l× JÚ Ïû\ Gi, ARôYÕ,  

y LtTû]Vô]Õ, G]úY Yû[YûW x-Cu Ïû\ U§l×LÞdÏ 

AûUVôÕ, ARôYÕ. Yû[YûW Ïû\Vt\ ªûL U§l×LÞdÏ 

UhÓúU AûUÙm, 

(iv) LkR¯«p Yû[YûW (The curve at 
infinity) : 
 x A§L¬dL. y2

-m A§L¬dÏm, 

 ARôYÕ. x → ∞ G²p y2 → ∞ 
 ARôYÕ. x → ∞ G²p. y → ± ∞ 
 ∴  Yû[YûW YXÕTdLm §\kÕ 

CÚdÏm, [TPm 4.22] 

 
 
 
 
 
 

 
TPm 4.22 

4,3,1 TWYû[VjûRl ùTôßjÕ Ød¡VUô] YûWVû\Ls : 
 Ï®Vm : TWYû[Vm YûWVl TVuTÓm ¨ûXVô] ×s° Ï®Vm 

(F)  Gu¡ú\ôm, CeÏ Ï®Vm F(a, 0) BÏm, 
 CVdÏYûWd úLôÓ : TWYû[Vm YûWVl TVuTÓm ¨ûXVô] 

úLôÓ WYû[Vj§u CVdÏYûW Gu¡ú\ôm, CeÏ CVdÏYûW«u 

úLôh¥u NUuTôÓ x = − a. 
  AfÑ : TWYû[Vm GkR AfÑdLÏ NUfºWôL Es[úRô AqYfÑ 

TWYû[Vj§u AfNôÏm, Yû[YûW y2 = 4ax GuTÕ x-AfûN 

ùTôßjÕ NUfºWô]Õ, úUÛm x-AfÑ (ApXÕ y = 0) B]Õ 

TWYû[Vm y2 = 4ax-Cu AfNôÏm, TWYû[Vj§u AfNô]Õ Ï®Vm 

Y¯úVf ùNp¡u\Õ, úUÛm CVdÏYûWd úLôh¥tÏf 

ùNeÏjRôLÜm Es[Õ, 

     Øû] (Ef£): TWYû[Vm Utßm ARu AfÑ ùYh¥d ùLôsÞm 

×s° Øû]l ×s°VôÏm, CeL Øû]l×s° V(0, 0) BÏm, 
 Ï® çWm : Ï®VjÕdÏm TWYû[Vj§u ÁÕs[ JÚ ×s°dÏm 

CûPúVÙs[ ùRôûXÜ Ï®çWm G]lTÓm, 

 Ï® Sôi : TWYû[Vj§u Ï®Vm Y¯úVf ùNpÛm Sôi 

AlTWYû[Vj§u Ï® Sôi G]lTÓm, 

 ùNqYLXm : CÕ TWYû[Vj§u AfÑdÏ ùNeÏjRôL Es[ JÚ 

Ï®Sôi BÏm, CeÏ ùNqYLXj§u NUuTôÓ x = a BÏm, 

V

M
(-a, y)

x

y

Z
(-a, o)

F(a, o)

P (x, y)

V

M
(-a, y)

x

y

Z
(-a, o)

F(a, o)

P (x, y)
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ùNqYLXj§u Øû]l ×s°LÞm ARu ¿[Øm : 
 ùNqYLXj§u Øû]l×s°Ls 

LôiTRtÏ x = a Utßm y2 = 4axLû[ 

¾oÜ LôiL,  

  x = a ûY y2 = 4axCp ©W§«P 

  y2 = (4a)a  = 4a2 
  ∴ y = ± 2a 

 
 
 
 
 

TPm 4.23 

 L Utßm L′ ùNqYLXj§u Øû]l×s°Ls G²p L GuTÕ  

(a, 2a) Utßm L′ GuTÕ (a, − 2a) BÏm, ùNqYLXj§u ¿[ = LL′ = 4a.  

AûWf ùNqYLXj§u ¿[m= FL = FL′ = 2a. CÕYûW Sôm YXÕTdLm 

§\kÕ CÚdÏm TWYû[Vj§u §hPY¥YjûRd LiúPôm, 

CúRlúTôp SUdÏ CPÕTdLm §\kÕ. úUpTdLm §\kÕ. ¸rlTdLm 

§\kÕ CÚdLdá¥V TWYû[VeLÞm Es[], 

4,3,4 TWYû[Vj§u ©\ §hP Y¥YeLs :  
1. CPÕTdLm §\l×ûPVÕ :  

 y2 = − 4ax [a > 0] 
 x > 0 G²p y LtTû]Vô]Õ, 

ARôYÕ. Yû[YûW x > 0®tÏ 

AûUVôÕ, ARôYÕ. x ≤ 0®tÏ 

Yû[YûW AûUÙm, 

 
 
 
 
 

TPm 4.24 
2. úUtTdLm §\l×ûPVÕ  :  

 x2 =  4ay [a > 0] 
 y < 0 G²p. x LtTû]Vô]Õ, 
ARôYÕ. Yû[YûW y < 0®tÏ 

AûUVôÕ, ARôYÕ. Yû[YûW  
y ≥ 0®tÏ AûUÙm, 
 

 
 
 
 
 
 
 
 

TPm 4.25 
3. ¸rlTdLm §\l×ûPVÕ  :  

 x2 =  − 4ay [a > 0] 
 y > 0 G²p x LtTû]Vô]Õ, 

ARôYÕ. Yû[YûW y > 0®tÏ 

AûUVôÕ, ARôYÕ. y ≤ 0®tÏ 

Yû[YûW AûUÙm, 
 

 
 
 
 
 
 

TPm 4.26 

FV

L

L′

x

y

FV

L

L′

x

y

V
x

y

F(0, a)

y = - a

x2
 =

 4
ay

V
x

y

F(0, a)

y = - a

x2
 =

 4
ay

y = a

V x

y

F(0,- a)

x2
 =

 -
4a

y

y = a

V x

y

F(0,- a)

x2
 =

 -
4a

y

 

V x

y
y2 = -4ax

F(-a,0)

x = a

V x

y
y2 = -4ax

F(-a,0)

x = a
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 úUtÏ±l× : CÕYûW Sôm SôuÏ YûLVô] TWYû[Vj§u 

§hP Y¥YeLû[l Tt±l TôojúRôm, úUÛm CkR §hP 

Y¥YeL°p AûUVôR TXYûLVô] TWYû[VeLÞm Es[], 

GÓjÕdLôhPôL. £X TWYû[VeLs ¸úZ  ùLôÓdLlThÓs[], 

 
 
 
 
 
 
 

   

TPm 4.27 

 úUúX Ï±l©hP TWYû[VeLÞdÏ AfÑLs x-AfÑdúLô 

ApXÕ y-AfÑdúLô CûQVôL LôQlTP®pûX. CqYûLVô] 

TWYû[VeL°u NUuTôÓL°p xy Eßl× LôQlTÓm, CqYûLVô] 

TWYû[Vj§u NUuTôÓLs Sm TôPj§hPj§tÏ AlTôtThPÕ, 

CÚl©àm Sôm CeÏ CqYûLVô] TWYû[VeL°u 

NUuTôÓLû[d LôiúTôm, §hP Y¥Yj§p Es[ TWYû[VeL°u 

AfÑLs x-AfÑdúLô ApXÕ y-AfÑdúLô CûQVôL CÚdÏm 

GuTûRd LôQXôm, CqYûLVô] SôuÏ YûL TWYû[VeLû[l 

Tt± UhÓúU Sôm T¥lúTôm, 

 CÕYûW Sôm TôojR TWYû[VeL°p GpXôm Øû] B§«p 

LôQlTÓ¡\Õ, ùTôÕYôL JÚ TWYû[Vj§u Øû] B§«p CÚdL 

úYiÓm GuTÕ úRûY«pûX, G]úY CqYûLLû[ BWôV B§ûV 

CPUôt\m ùNnRp ApXÕ AfÑdLû[ CPlùTVof£ ùNnRp Gu\ 

ùLôsûLLs úRûYlTÓ¡u\], 

4,3,5 B§ûV CPUôt\m ùNnRp ApXÕ AfÑdLû[ 

CPlùTVof£ ùNnRp Øû\ 

(The process of shifting the origin or translation of axes) :  
 xoy AûUl©p x-AfÑdÏ CûQVô] JÚ úLôÓ YûWL,  (X-AfÑ 

GuL) Utßm y-AfÑdÏ CûQVô] JÚ úLôÓ YûWL (Y-AfÑ GuL). 
P(x, y) Gu\ ×s°ûV xoy AûUl©p GÓjÕd ùLôsL, AúR ×s° 

XOY AûUl©p P(X, Y) GuL, 

 xoy-Cu AûUl©p O′-Cu AfÑjçWeLs  (h, k) GuL, 

y

x

y

x

y

x

y

x

y

x

y

x

y

x

y

x
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 xoy AûUl©p P-Cu 

×§V AfÑj çWeLs 

 OL = OM + ML = h + X 
 x = X + h 
 CúR úTôp y = Y + k 

∴ XOY AûUl©p PCu 

×§V BV AfÑj çWeLs, 

 X = x − h 

 Y = y − k 

 
 
 
 
 
 
 

TPm 4.28 

4,3,6 TWYû[Vj§u §hPf NUuTôh¥u ùTôÕ Y¥Ym – 
YXÕ×\m §\l×ûPVÕ (ARôYÕ. Øû] B§«p AûUVôRÕ) 

 XOY AûUl©p Øû] V (0, 0) CÚdÏUôß JÚ TWYû[VjûR 

GÓjÕd ùLôsúYôm. CRu AfÑj çWm xoy AûUl©p (h, k) GuL, 

 CkR TWYû[Vm XOY AûUl©p YXÕ×\m §\l×ûPVÕ, G]úY 

CRu NUuTôÓ Y2 = 4aX BÏm, 

 B§ûV CPUôt\m ùNnYRôp  

 X = x − h Utßm Y = y − k B¡\Õ,  xoy AûUl©p TWYû[Vj§u 

NUuTôÓ (y − k)2 = 4a(x − h). 

 CÕúY YXÕ×\m §\l×ûPV TWYû[Vj§u §hP 

NUuTôh¥u ùTôÕY¥Ym BÏm, CúRúTôp Ut\ ùTôÕ Y¥YeLs  

 (y − k)2 = − 4a (x − h) (CPÕTdLm §\l×ûPVÕ) 

 (x − h)2 = 4a (y − k) (úUpTdLm §\l×ûPVÕ) 

 (x − h)2 = − 4a (y − k) (¸rlTdLm §\l×ûPVÕ) 

 Ï±l× : Øû] (h, k) G²p. ùTôÕ Y¥Ym ùT\ xI  x − h BLÜm 

Utßm yI y − kBLÜm Uôt\m ùNnL, 

 úUtÏ±l× : úUtÏ±l©hP AûUl©p Es[ NUuTôÓL°p xy 
Eßl× LôQlTPôRûR A±L, 

GÓjÕdLôhÓ 4.1: ùLôÓdLlThP Ï®Vm Utßm CVdÏYûWLÞdÏ 

TWYû[VeL°u NUuTôÓLû[d LôiL, 

 (i) (a, 0) ; x = − a a > 0 

 (ii) (− 1, − 2) ; x − 2y + 3 = 0 

 (iii) (2, − 3) ; y − 2 = 0 

y

x

X

Y

P(x, y)

O  (0,0) M

Y

k X
h

O′

L

(X, Y)y

x

X

Y

P(x, y)

O  (0,0) M

Y

k X
h

O′

L

(X, Y)
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¾oÜ: (i) TWYû[Vj§u úUp Es[ ×s° P(x, y) GuL, CVdÏYûWdÏ 

PM B]Õ ùNeÏjÕ G²p. 

  
FP
PM  = e = 1 

 ⇒   FP2 = PM2 

 (x − a)2 + (y − 0)2 = 






± 

x + a

12

2

  

 ⇒ (x − a)2 + y2 = (x + a)2 

 ⇒ y2 = 4ax 

 
 
 
 
 
 

TPm 4.29 

 CÕúY úRûYVô] NUuTôPôÏm,  

Uôtß Øû\ : 
 ùLôÓdLlThP ®YWeL°−p 

CÚkÕ CkR TWYû[Vm YXÕTdLm 

§\l×ûPVRôL AûU¡u\Õ,  

 ∴ TWYû[Vj§u NUuTôh¥u 

AûUl× (y − k)2 = 4a (x − h) 
 Z(− a, 0) Utßm Ï®Vm F(a, 0) 
GuTRu ûUVm TWYû[Vj§u 

Øû] GuTÕ SUdÏj ùR¬kRúR, 

CeÏ Z GuTÕ x-AfÑ Utßm 

CVdÏYûWÙm Nk§dÏm ×s°VôÏm 

 

 

 

 

 

 

 

TPm 4.30 

 ∴ Øû] 



− a + a

2 ,    
0 + 0

2   = (0, 0) = (h, k) 

 úUÛm Øû] Utßm Ï®VjÕdÏm CûPlThP çWm VF = a 

 ∴ úRûYVô] NUuTôÓ (y − 0)2 = 4a (x − 0)   ARôYÕ.  y2 = 4ax 
(ii) TWYû[Vj§u úUp Es[ ×s° P(x, y) GuL, PM B]Õ 

CVdÏYûWdÏf ùNeÏjÕ G²p.  

  
FP
PM  = e = 1 

 ⇒   FP2 = PM2 

  (x + 1)2 + (y + 2)2 = 






± 

x − 2y + 3

12+22

2

  

 ⇒ 4x2 + 4xy + y2 + 4x + 32y + 16 = 0 

 
 
 
 
 
 

TPm 4.31 

M

F(a,0)

x = - a
P(x,y)

M

F(a,0)

x = - a
P(x,y)

M P(x, y)

F( -1, -2 )

x 
-

2y
 +

 3
 =

 0

M P(x, y)

F( -1, -2 )

x 
-

2y
 +

 3
 =

 0

 y

x
Z

(-a,0)
V (0,0)

x = - a

F(a,0)

y

x
Z

(-a,0)
V (0,0)

x = - a

F(a,0)
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 Ï±l× :  CeÏ CVdÏYûW x-AfÑdúLô ApXÕ y-AfÑdúLô 

CûQVôL CpûX, úUÛm CkR YûL §hPY¥®p CpûX, G]úY 

CqYûL LQdÏLû[ úUtÏ±l©hP Uôtß Øû\«p ùNnV 

CVXôÕ, 

(iii) TWYû[Vj§u úUp Es[ ×s° P(x, y) GuL, PM B]Õ 

CVdÏYûWdÏf ùNeÏjÕ G²p.,  

  
FP
PM  = e = 1 

 ⇒   FP2 = PM2 

  i.e., (x − 2)2 + (y + 3)2 = 




± 

y − 2
1

2

  

  (x − 2)2+ (y + 3)2 = (y − 2)2 

 ⇒   x2 − 4x + 10y + 9 = 0 

 

 

 

 

TPm 4.32 

 Ï±l× :  CeÏ CVdÏYûW y = 2, x-AfÑdÏ CûQ, G]úY CÕ 

§hP AûUlûT EûPVÕ, G]úY. CkR LQdûL UôtßØû\ 4.1(i) 
êXm ¾odLXôm, 

GÓjÕdLôhÓ 4.2 :  

 TWYû[Vj§u NUuTôÓLû[d LôiL, 

 (i) Øû] (0, 0) Utßm Ï®Vm (− a, 0), a > 0 

 (ii) Øû] (4, 1) Utßm Ï®Vm (4, − 3) 

¾oÜ :  

 (i) ùLôÓdLlThP ®YWeL°uT¥ TWYû[Vm CPÕTdLm 

§\l×ûPVÕ,  

G]úY TWYû[Vj§u NUuTôÓ 

(y − k)2 = − 4a(x − h) Gu\ 

AûUl×ûPVÕ, CeÏ Øû]  

(h, k) GuTÕ (0, 0) Utßm VF = a 
∴ úRûYVô] NUuTôÓ 

  (y − 0)2 = − 4a (x − 0) 

  y2 = − 4ax 

 

 

 

 

TPm 4.33 

 

F
(-a,o)

V (o,o)

y

x
F

(-a,o)

V (o,o)

y

x

 M P(x,y)

F(2,-3)y 
-
2 

=
 0

M P(x,y)

F(2,-3)y 
-
2 

=
 0
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(ii) ùLôÓdLlThP ®YWeL°uT¥ TWYû[VUô]Õ ¸rúSôd¡j 

§\l×ûPVRôL Es[Õ, 

 ∴  NUuTôÓ   

  (x − h)2 = − 4a (y − k)  Gu\ 

AûUl×ûPVÕ, CeÏ Øû]  

(h, k) GuTÕ (4, 1) Utßm 

Øû]dÏm Ï®VjÕdÏm 

CûPlThP çWm  
  VF = a 

    ⇒ (4 − 4)2 + (1 + 3)2  = 4 = a 
 ∴ úRûYVô] NUuTôÓ 

  (x − 4)2 = − 4(4) (y − 1) 

  (x − 4)2 = − 16(y − 1) 

 
 
 
 
 
 
 
 
 

TPm 4.34 

GÓjÕdLôhÓ 4.3: Øû] (1, 2) Utßm ùNqYLXj§u NUuTôÓ x = 3 
G²p. TWYû[Vj§u NUuTôhûPd LôiL, 

¾oÜ : ùLôÓdLlThP ®YWeL°uT¥ CkR TWYû[Vm YXlTdLm 

§\l×ûPVRôL Es[Õ, 

 ∴ NUuTôÓ (y − k)2 = 4a(x − h) Gu\ 

Y¥®p Es[Õ, CeÏ Øû]  
(h, k) GuTÕ (1, 2)C−ÚkÕ ùNqY-

LXjÕdÏ JÚ ùNeÏjÕ YûWL, CÕ 

Ï®Vm Y¯VôLf ùNp¡\Õ, 

 ∴ F GuTÕ (3, 2) 

 úUÛm VF = a = 2 

 
 
 
 
 
 
 
 

TPm 4.35 

 ∴ úRûYVô] NUuTôÓ 

  (y − 2)2 = 4(2) (x − 1) 

   (y − 2)2 = 8(x − 1) 
GÓjÕdLôhÓ 4.4: Øû] (2, 1) EûPVÕm. (6, 5) Gu\ ×s° Y¯úV 

ùNpYÕm. YXÕTdLm §\l×ûPVÕUô] TWYû[Vj§u NUuTôÓ 

LôiL, 

¾oÜ : Yû[YûW YXÕ×\m §\l×ûPVRôL CÚlTRôp ARu Y¥Ym  

(y − k)2 = 4a(x − h) BÏm, 

y

x
V(4,1)

F(4,-3)

x = 4

y

x
V(4,1)

F(4,-3)

x = 4

y = 2
F(3,2)

x

y

x = 3

V

(1,2) y = 2
F(3,2)

x

y

x = 3

V

(1,2)
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 Øû]  V(h, k) GuTÕ (2, 1) 

   ∴  (y − 1)2 = 4a (x − 2) 

 CÕ (6, 5)  Gu\ ×s° Y¯f ùNp¡\Õ,    

   ∴   42 = 4a (6 − 2)    ⇒  a = 1 

 ∴ úRûYVô] NUuTôÓ (y − 1)2 = 4(x − 2) 

GÓjÕdLôhÓ 4.5 : Øû] (− 1, − 2) . ùNqYLXj§u ¿[m 4 Utßm 

úUt×\m §\l×ûPV TWYû[Vj§u NUuTôÓ LôiL,  

¾oÜ : Yû[YûW úUt×\m §\l×ûPVRôL CÚlTRôp ARu Y¥Ym  

   (x − h)2 = 4a(y − k) BÏm, 

   ùNqYXLj§u ¿[m = 4a  =  4  G]úY a = 1 

 Ef£ V (h, k) GuTÕ (− 1, − 2) 

  ∴ úRûYVô] NUuTôÓ  (x + 1)2  =  4 (y + 2) 

GÓjÕdLôhÓ 4.6 : Ef£ (2, 0) Utßm CVdÏYûWdÏm 

ùNqLXjÕdÏm CûPlThP çWm 2 Utßm CPÕ×\m 

§\l×ûPVÕUô] TWYû[Vj§u NUuTôhûPd LôiL, 

¾oÜ: Yû[YûWVô]Õ CPÕ×\m §\l×ûPVRôL CÚlTRôp ARu 

Y¥Ym (y − k)2 = − 4a(x − h)  BÏm, 

 CeÏ Øû] V(h, k) GuTÕ (2, 0) 

 CVdÏYûWdÏm ùNqYLXjÕdÏm CûPlThP çWm 2a  =  2  

 G]úY a = 1 úRûYVô] TWYû[Vj§u NUuTôÓ  

   (y − 0)2 = − 4(1) (x − 2) 

   ApXÕ   y2 = − 4(x − 2) 

GÓjÕdLôhÓ 4.7 : ©uYÚm TWYû[VeLÞdÏ AfÑ. Øû]. Ï®Vm. 

CVdÏYûW. ùNqYLXj§u NUuTôÓ Utßm ùNqYLXj§u ¿[m 

LôiL, úUÛm AqYû[YûWLû[ YûWL, 

 (i) y2 = 4x (ii) x2 = − 4y (iii) (y + 2)2 = − 8(x + 1) 

 (iv) y2 − 8x + 6y + 9 = 0   (v) x2 − 2x + 8y + 17 = 0  

¾oÜ :  

 (i)     y2 = 4x 

   (y − 0)2 = 4(1) (x − 0) 
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CeÏ (h, k) GuTÕ (0, 0) Utßm  a = 1 

AfÑ : x-AfÑPu NUfºo ùLôiPÕ, 

Øû] : Øû] V (h, k) GuTÕ (0, 0) 

Ï®Vm : Ï®Vm F (a, 0) GuTÕ (1, 0) 

CVdÏYûW : CVdÏYûW«u NUuTôÓ 

x = − a    ARôYÕ. x = − 1 

ùNqYLXm : ùNqYLXj§u NUuTôÓ x 
= a   (A,Õ,). x = 1 

 
 
 
 
 
 
 
 

TPm 4.36 
úUÛm CRu ¿[m 4a = 4(1) = 4  ∴ TWYû[Vm TPm 4.36Cp 

YûWVlThPÕ úTôp AûUÙm, 

 (ii)     x2 = − 4y 

   (x − 0)2 = − 4(1) (y − 0) 
CeÏ  (h, k) GuTÕ (0, 0) Utßm a = 1 
AfÑ : y-AfÑ ApXÕ x = 0 
Øû] : V (0, 0) 

Ï®Vm : F (0, − a) ARôYÕ. F (0, − 1) 
CVdÏYûW : y = a    ARôYÕ  y = 1 

ùNqYLXm : y = − a   ARôYÕ  y = − 1 

 
 
 
 
 
 

TPm 4.37 

∴ TWYû[Vm TPm 4.37-Cp YûWVlThPÕ úTôp AûUÙm, 

 (iii)     (y + 2)2 = − 8 (x + 1) 

   Y2 = − 8X     CeÏ X = x + 1,  Y = y + 2 

   Y2 = − 4(2) X           ∴ a = 2 
 ∴ CPÕ×\m §\l×ûPV Y¥®p AûU¡\Õ, 
 X, YIl ùTôßjÕ x, yIl ùTôßjÕ 

X = x + 1, Y = y + 2 
AfÑ Y = 0 Y = 0   ⇒  y + 2 = 0 
Øû] (0, 0) X = 0  ;  Y = 0   

⇒  x + 1 = 0  ;  y + 2 = 0 
x = − 1,   y = − 2 
∴  V (− 1, − 2) 

Ï®Vm (− a, 0)   i.e.  (− 2, 0) X = − 2   ;  Y = 0 
⇒  x + 1 = − 2, y + 2 = 0 
x = − 3, y = − 2 
F (− 3, − 2) 

x

y

y = -1

V (0,0)

y = 1

F
(0,-1) 

x

y

y = -1

V (0,0)

y = 1

F
(0,-1) 

 

V (0,0)
F(1,0) 

x = -1

x

y

x = 1

V (0,0)
F(1,0) 

x = -1

x

y

x = 1
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CVdÏYûW X = a    i.e.   X = 2 X = 2   ⇒  x + 1 = 2 
            ⇒  x = 1 

ùNqYLXm X = − a    i.e.  X = − 2 X = − 2  ⇒  x + 1 = − 2 
              ⇒  x = − 3 

ùNqYLXj§u ¿[m  4a = 8 8 

 
 
 
 
 
 
 
 

TPm 4. 38 

 (iv)     y2 − 8x + 6y + 9 = 0 

   y2 + 6y = + 8x − 9 

   (y + 3)2 − 9 = + 8x − 9 

   (y + 3)2 = 8x 

   Y2 = 8X  CeÏ X = x, Y = y + 3 

   Y2 = 4(2)X   
   ∴  a = 2 
 YXÕ×\m §\l×ûPV Y¥®p AûU¡\Õ, 

 
X, YI ùTôßjÕ 

x, yI ùTôßjÕ 

X = x , Y = y + 3 
AfÑ Y = 0 Y = 0   ⇒  y + 3 = 0 
Øû] (0, 0) X = 0  ;  Y = 0   

⇒  x = 0  ;  y + 3 = 0 

∴  V (0, − 3) 
Ï®Vm (a, 0)   i.e.  (2, 0) X = + 2   ;  Y = 0 

⇒  x = 2, y + 3 = 0 
F (2, − 3) 

CVdÏYûW X = − a ARôYÕ.   X = − 2 X = − 2   ⇒  x = − 2 
ùNqYLXm X = a ARôYÕ. X = 2 X = 2  ⇒  x = 2 
ùNqYLj§u ¿[m  4a = 8 8 

X

Y

x

y

F
(-3,-2 )

V (-1,-2)

(0,0)
x = 1

X

Y

x

y

F
(-3,-2 )

V (-1,-2)

(0,0)
x = 1



 203

 
 

 
 
 
 
 
 

TPm 4.39 

 (v)     x2 − 2x + 8y + 17 = 0 

   x2 − 2x = − 8y − 17 

   (x − 1)2 − 1 = − 8y − 17 

   (x − 1)2 = − 8y − 16 

   (x − 1)2 = − 8(y + 2) 

   X2 = − 8Y CeÏ X = x − 1, Y = y + 2 

   X2 = − 4(2)Y   
   a = 2 
 ∴ TWYû[Vm ¸rúSôd¡ §\l×ûPV Y¥®p AûU¡\Õ, 

 
 
 
 
 
 
 
 
 
 

TPm 4.40 
 

X, YI ùTôßjÕ 
x, yI ùTôßjÕ 
X = x − 1 , Y = y + 2 

AfÑ X = 0 X = 0   ⇒  x − 1 = 0 
            ⇒  x = 1 

Øû] (0, 0) X = 0  ;  Y = 0   
⇒  x −1 = 0,  y + 2 = 0 
∴  V (1, − 2) 

X

Y

x

F(2,-3)
V

( 0,-3)

x = -2 y

y = -3
x = 2

X

Y

x

F(2,-3)
V

( 0,-3)

x = -2 y

y = -3
x = 2

F  (1,-4)

V  (1,-2)
X

Y

x

y

y = -2

y = -4
F  (1,-4)

V  (1,-2)
X

Y

x

y

y = -2

y = -4
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Ï®Vm (0, − a)   i.e.  (0, − 2) X = 0   ;  Y = − 2 

⇒  x − 1 = 0, y + 2 = − 2 

F (1, − 4) 

CVdÏYûW Y = a    ARôYÕ.   Y = 2 Y = 2   ⇒  y + 2 = 2 

            ⇒  y = 0 

ùNqYLXm Y = − a    ARôYÕ.  Y = − 2 Y = − 2  ⇒  y + 2 =  − 2 

y = − 4 

ùNqYLXj§u  

¿[m 
4a = 8 8 

4,3,7 £X SûPØû\d LQdÏLs (Some practical problems) : 
GÓjÕdLôhÓ 4.8 : 

 JÚ W«púY TôXj§u úUp Yû[Ü TWYû[Vj§u AûUlûTd 

ùLôiÓs[Õ, AkR Yû[®u ALXm 100 A¥VôLÜm AqYû[®u 

Ef£l×s°«u EVWm TôXj§−ÚkÕ 10 A¥VôLÜm Es[Õ G²p.  

TôXj§u Uj§«−ÚkÕ CPl×\m ApXÕ YXl×\m 10 A¥ 

çWj§p TôXj§u úUp Yû[Ü GqY[Ü EVWj§p CÚdÏm G]d 

LôiL, 

¾oÜ :  

 

 

 

 

 

TPm 4.41 

 CeÏ TWYû[Vm ¸rúSôd¡j §\l×ûPVRôL GÓjÕd 

ùLôsúYôm, 

  ARôYÕ. x2 = − 4ay 

  CÕ (50, − 10) Y¯VôLf ùNp¡\Õ, 

   ∴   50 × 50 = − 4a (− 10) 

   ⇒    a = 
250

4   

x

y

(-50,-10)

10

(50,-10)

10
A

C

B

Girder
x

y

(-50,-10)

10

(50,-10)

10
A

C

B
x

y

(-50,-10)

10

(50,-10)

10
A

C

B

GirderGirder
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   ∴    x2 = − 4



250

4  y 

   x2  = − 250y 

 TWYû[Vj§u úUp Es[ ×s° B(10, y1) GuL, 

   ∴  100 = − 250y1 

   y1 = − 
100
250   =  − 

2
5  

 AB GuTÕ TôXj§u ûUVj§−ÚkÕ YXl×\j§p 10 A¥ 

ùRôûX®p. TôXj§u EVWUôÏm, 

 AC = 10 Utßm BC = 
2
5  

 AB = 10 − 
2
5   =  9 

3
5  ft 

 ARôYÕ. úRûYlThP CPj§−ÚkÕ TôXj§u ªL EVWm  9 
3
5  

A¥ BÏm, 

GÓjÕdLôhÓ 4.9 : 
 JÚ CÚfNdLW YôL]j§u ØLl× ®[d¡p Es[ ©W§T−lTôu 

JÚ TWYû[V AûUl©p Es[Õ, ARu ®hPm 12 ùN,Á. BZm 4 

ùN,Á G²p ARu Af£p Gq®Pj§p Tp©û] (bulb) ùTôÚj§]ôp 

ØLl× ®[dÏ ªLf £\kR Øû\«p J°ûVj RWØ¥Ùm G]d 

LQd¡ÓL, 

¾oÜ :  
 TWYû[V ©W§T−lTôu 

Ti©uT¥ Ïªr ®[dÏ Ï®Vj§p 

AûUk§ÚdL úYiÓm, Øû]ûV 

B§VôL GÓjÕd ùLôiPôp ARu 

NUuTôÓ y2 = 4ax 
 PQ GuTÕ ©W§T−lTô²u ®hPm 

GuL, ∴ P GuTÕ (4, 6) BÏm, 

 úUÛm P (4, 6) TWYû[Vj§u ÁÕ 

AûUYRôp. 36 = 4a × 4  ⇒  a = 2.25 

 
  
 
 
 
 
 
 
 
 

TPm 4.42 

V

P

Q

12 cm-- - 4 - --
x

y

F
V

P

Q

12 cm-- - 4 - --
x

y

F
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 G]úY Ï®Vm Øû]«−ÚkÕ x-Af£p 2.25 ùN,Á ùRôûX®p 

AûUÙm, 

 ∴ Ïªr ®[dûL ûUVj§−ÚkÕ 2.25 ùN.Á ùRôûX®p ùTôÚjR 

úYiÓm, 

GÓjÕdLôhÓ 4.10 : 
 JÚ WôdùLh ùY¥Vô]Õ ùLôÞjÕmúTôÕ AÕ JÚ TWYû[Vl 

TôûR«p ùNp¡\Õ, ARu EfN EVWm 4 Á-I GhÓmúTôÕ AÕ 

ùLôÞjRlThP CPj§−ÚkÕ ¡ûPUhP çWm 6 Á 

ùRôûX®Ûs[Õ, Cß§VôL ¡ûPUhPUôL 12 Á ùRôûX®p 

RûWûV YkRûP¡\Õ G²p ×\lThP CPj§p RûWÙPu 

HtTÓjRlTÓm G±úLôQm LôiL, 

¾oÜ :  

 

 

 

 
 

 
TPm 4.43 

 
 
 
 
 

 
TPm 4.44 

 TWYû[Vj§u NUuTôÓ x2 = − 4ay Gu\ AûUlûT EûPVÕ 

(Øû]ûV B§VôLd ùLôsL), CÕ (6, − 4)  Y¯f ùNp¡\Õ, 

   ∴  36 = 16a    ⇒   a  =  
9
4  

   NUuTôÓ   x2 = − 9y   …(1) 

     ClùTôÝÕ (− 6, − 4) Gu\ ×s°«p NônûYd LQd¡P úYiÓm, 

 (1)-I x-I ùTôßjÕ YûLdùLÝ LôiúTôm, 

   2x = − 9 
dy
dx    ⇒   

dy
dx   =  −  

2
9   x 

   
dy
dx  (− 6, − 4)Cp  =  − 

2
9  × − 6 = 

4
3    ARôYÕ.  tan θ = 

4
3  

   θ = tan−1  



4

3   

 ∴ úRûYVô] G±úLôQm tan−1 



4

3   

4

12

4

12
(- 6, - 4)

4

V (0,0) 

(6, - 4)

6 mts 6 mts
(- 6, - 4)

4

V (0,0) 

(6, - 4)

6 mts 6 mts
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GÓjÕdLôhÓ 4.11 : 
 JÚ G§ùWô−lTôu ùRôûXúSôd¡«p TWYû[V B¥ Es[Õ, 

ARu Øû]«−ÚkÕ Ï®Vj§tÏ CûPlThP çWm 9 Á, AkR 

B¥«u úUt×\ ®hPm  160 ùN,Á G²p ûUVj§p AkR B¥«u 

Ï¯Ü LôiL, 

¾oÜ :  
 Øû] B§«p AûUÙm GuL, 

  VF = a  =  900 
 TWûYVj§u NUuTôÓ 

  y2 = 4 × 900 × x 
 B¥«u ûUVj§Ûs[ Ï¯ûY x1 GuL,  
 (x1, 80) TWYû[Vj§u ÁÕ CÚlTRôp 

  802 = 4 × 900 × x1 ⇒ x1 =  
16
9   

 ∴ G]úY B¥«u Ï¯Ü = 
16
9   ùN,Á

 

 
 
 
 
 

 

 

TPm 4.45 

GÓjÕdLôhÓ 4.12 : 

 RûWUhPj§−ÚkÕ 7.5Á EVWj§p RûWdÏ CûQVôL 

ùTôÚjRlThP JÚ ÏZô«−ÚkÕ ùY°úVßm ¿o RûWûVj ùRôÓm 

TôûR JÚ TWYû[VjûR HtTÓjÕ¡\Õ, úUÛm CkR TWYû[Vl 

TôûR«u Øû] ÏZô«u Yô«p AûU¡\Õ, ÏZôn UhPj§tÏ  

2.5 Á ¸úZ ¿¬u TônYô]Õ ÏZô«u Øû] Y¯VôLf ùNpÛm ¨ûX 

ÏjÕdúLôh¥tÏ 3 ÁhPo çWj§p Es[Õ G²p ÏjÕd 

úLôh¥−ÚkÕ GqY[Ü çWj§tÏ AlTôp ¿Wô]Õ RûW«p ®Ým 

GuTûRd LôiL, 

¾oÜ :  

3 mts
2.5 mts

?
Ground

Pipe line

7.5 mts

 TPm 4.46 

x

y

x1

2.5

3

V (0,0)

P(3, -2.5)

Q (x1, -7.5)
A

7.5

 
TPm 4.47 

(x1, 80)

(x1, - 80)

V(0,0)

----------900------

x1 F
x

y
(x1, 80)

(x1, - 80)

V(0,0)

----------900------

x1 F
x

y
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 ùLôÓdLlThP ®YWeL°uT¥ TWYû[Vm ¸rúSôd¡ 

§\l×ûPVRôL AûU¡\Õ, ARôYÕ x2 = − 4ay. 

 P Gu\ ×s° TWYû[Vl TôûR«p ÏZôn UhPj§tÏ 2.5Á 

¸úZÙm. ÏZô«u Øû] Y¯úV ùNpÛm ¨ûX ÏjÕdúLôh¥tÏ 3 Á 

AlTôÛm Es[Õ, 

 ∴ P GuTÕ (3, − 2.5) 

   G]úY     9 = − 4a (− 2.5) 

   ⇒  a = 
9

10  

 ∴  TWYû[Vj§u NUuTôÓ  x2 = − 4 × 
9
10  y 

 ÏjÕdúLôh¥u A¥l×s°«−ÚkÕ x1 çWjÕdÏ AlTôp 

¿Wô]Õ RûW«p ®ÝYRôLd ùLôsL, B]ôp ÏZôVô]Õ 

RûWUhPj§−ÚkÕ 7.5 Á EVWj§p AûUkÕs[Õ, 

  (x1, − 7.5) Gu\ ×s° TWYû[Vj§Ûs[Õ, 

   x1
2 = − 4 × 

9
10  × (− 7.5) = 27 

   x1 = 3 3  

 ∴ G]úY Ri½o RûWûVj ùRôÓm CPjÕdÏm ÏZô«u 

Øû]«−ÚkÕ YûWVlTÓm ÏjÕdúLôh¥tÏm CûPlThP çWm 

3 3 Á BÏm, 

GÓjÕdLôhÓ 4.13 : 

 JÚ Yôp ®iÁu (comet) B]Õ ã¬Vû]f (sun) Ñt± 

TWYû[Vl TôûR«p ùNp¡\Õ, Utßm ã¬Vu TWYû[Vj§u 

Ï®Vj§p AûU¡\Õ, Yôp ®iÁu ã¬V²−ÚkÕ 80 ªp−Vu ¡,Á, 

ùRôûX®p AûUkÕ CÚdÏm úTôÕ Yôp ®iÁû]Ùm 

ã¬Vû]Ùm CûQdÏm úLôÓ TôûR«u AfÑPu 
π
3 úLôQj§û] 

HtTÓjÕUô]ôp (i) Yôp ®iÁ²u TôûR«u NUuTôhûPd 

LôiL (ii) Yôp ®iÁu ã¬VàdÏ GqY[Ü AÚ¡p YWØ¥Ùm 

GuTûRÙm LôiL, (TôûR YXÕ×\m §\l×ûPVRôL ùLôsL), 

 



 209

¾oÜ  :  
 TWYû[Vj§u TôûR YXÕTdLm 

§\l×ûPVÕ, úUÛm Øû]l×s° 

B§«Ûs[Õ, 

 Yôp®iÁ²u ¨ûX P G]d  

FP = 80 ªp−Vu ¡,Á, BÏm, 
 P-«−ÚkÕ TWYû[Vj§u AfÑdÏ 

PQ Gu\ ùNeÏjÕ YûWL, 

  FQ = x1 GuL 
 ØdúLôQm FQP «−ÚkÕ 

  PQ = FP . sin 
π
3 

   = 80 × 
3

2   =  40 3 

 
 

 

 

 
 
 

 

TPm 4.48 

  FQ = x1 = FP . cos 
π
3  = 80 × 

1
2 = 40 

  ∴ VQ = a + 40 (VF = a GuTRôp)  

  P GuTÕ(VQ, PQ) = ( )a + 40, 40 3  

 P GuTÕ TWYû[Vm  y2 = 4ax úUp CÚlTRôp 

  ( )40 3
2
 = 4a(a + 40) 

  ⇒  a = − 60  or  20 
  a = − 60 Ht×ûPVRpX, 

 ∴ TôûR«u NUuTôÓ  y2 = 4 × 20 × x 

  y2 = 80x 
 ã¬VàdÏm Yôp ®iÁàdÏm CûPúVÙs[ ªLd Ïû\kR 

çWm VF ARôYÕ. a 

 ∴ ªLd Ïû\kR çWm 20 ªp−Vu ¡,Á, BÏm, 
GÓjÕdLôhÓ 4.14 : 
 JÚ ùRôeÏ TôXj§u Lm© YPm TWYû[V Y¥®Ûs[Õ, ARu 

TôWm ¡ûPUhPUôL ºWôL TW®Ùs[Õ, AûRj RôeÏm CÚ 

çiLÞdÏ CûPúVÙs[ çWm 1500 A¥, Lm© YPjûRj RôeÏm 

×s°Ls ç¦p RûW«−ÚkÕ 200 A¥ EVWj§p AûUkÕs[], 

úUÛm RûW«−ÚkÕ Lm© YPj§u RôrYô] ×s°«u EVWm 70 

A¥. Lm©YPm 122 A¥ EVWj§p RôeÏm LmTj§tÏ CûPúV Es[ 

ùNeÏjÕ ¿[m (RûWdÏ CûQVôL) LôiL, 

x

y

F

P

80

)  π
/3

Qx1Sun
V

Comet

x

y

F

P

80

)  π
/3

Qx1Sun
V

Comet
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¾oÜ : 

 

 

 

 

 

 
TPm 4.49 

 Lm© YPj§u ÁÕ ªLj RôrYô] ×s° Øû]VôÏm, CRû] 

B§VôLd ùLôsL, AB Utßm CD RôeÏm çiLs BÏm, CÚ 

çiLÞdÏ CûPúVÙs[ ùRôûXÜ 1500 A¥ GuTRôp 

   VA′ = 750 A¥  ;  AB = 200 A¥ 

  ∴A′B = 200 − 70 = 130 A¥ 

 G]úY B GuTÕ (750, 130) 

 TWYû[Vj§u NUuTôÓ x2 = 4ay 

 B Gu\ ×s° x2 = 4ay-Cp Es[Rôp 

   (750)2 = 4a(130) 

   ⇒  4a = 
75 × 750

13  

 ∴ x2 = 
75 × 750

13  y GuTÕ NUuTôPôÏm, 

 LmTm RQ -®−ÚkÕ Lm© YPj§tÏf ùNeÏjRô] ¿[m PQ GuL, 

 RQ = 122,   RR′ = 70    ⇒    R′Q = 52 

 VR′ = x1GuL, ∴ Q GuTÕ (x1, 52) 

 Q TWYû[Vj§u ÁÕs[ JÚ ×s° 

   x1
2 = 

75 × 750
13  × 52 

   x1 = 150 10 

   PQ = 2x1 = 300 10 A¥ 

D

C′
C

B

A

A′
R

QP

V
R′

70

52

70750 70

130

D

C′
C

B

A

A′
R

QP

V
R′

70

52

70750 70

130
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T«t£ 4.1 
 (1) TWYû[Vj§u NUuTôÓ LôiL, 

  (i) Ï®Vm : (2, − 3) ; CVdÏYûW : 2y − 3 = 0 
  (ii) Ï®Vm : (− 1, 3) ; CVdÏYûW : 2x + 3y = 3 

  (iii) Øû] : (0, 0) ; Ï®Vm : (0, − 4) 

  (iv) Øû] : (1, 4) ; Ï®Vm : (− 2, 4) 
  (v) Øû] : (1, 2) ; ùNqYLXm : y = 5 
  (vi) Øû] : (1, 4) ; CPÕ×\m §\l×ûPVÕ Utßm  

(− 2, 10)  Gu\ ×s° Y¯úVf ùNpYÕm 

  (vii) Øû] : (3, − 2) ; ¸rúSôd¡ §\l×ûPVÕ Utßm 

ùNqYLXj§u ¿[m 8. 

  (viii) Øû] : (3, − 1) ; YXÕ×\m §\l×ûPVÕ. 

ùNqYLXj§tÏm CVdÏYûWdÏm 

CûPlThP çWm 4. 

  (ix) Øû] : (2, 3) ; úUpúSôd¡ §\l×ûPVÕ Utßm (6, 4)  
Y¯úVf ùNpXdá¥VÕ, 

 (2) ©uYÚm TWYû[VeLÞdÏ AfÑ. Øû]. Ï®Vm. 

CVdÏYûW«u NUuTôÓ. ùNqYLXj§u NUuTôÓ. 

ùNqYLXj§u ¿[m B¡VYtû\d LôiL, úUÛm AYt±u 

YûWTPeLû[ YûWL, 

  (i) y2 = − 8x  (ii) x2 = 20y 

  (iii) (x − 4)2 = 4(y + 2) (iv) y2 + 8x − 6y + 1 = 0 

  (v) x2 − 6x − 12y − 3 = 0 
 (3) JÚ TWYû[V ©W§T−lTô²u ®hPm 20ùN,Á ARu Ï¯Ü  

5 ùN,Á G²p Al©W§T−lTô²u ûUVj§−ÚkÕ Ï®Vj§tÏ 

CûPlThP çWm LôiL, 

 (4) TWYû[V B¥«u Ï®Vm ARu ûUVj§−ÚkÕ (Øû]) 8 

ùN,Á ùRôûX®p Es[Õ, B¥«u Ï¯Ü 25 ùN,Á G²p 

AqYô¥«u ®hPm LôiL, 

 (5) JÚ ùRôeÏ TôXj§u Lm© YPm TWYû[V Y¥®−Ûs[Õ, 

ARu ¿[m 40 ÁhPo BÏm, Y¯lTôûRVô]Õ, Lm© YPj§u 

¡rUhPl ×s°«−ÚkÕ 5 ÁhPo ¸úZ Es[Õ, Lm© 

YPjûRj RôeÏm çiL°u EVWeLs  55 ÁhPo G²p. 30 
ÁhPo EVWj§p Lm© YPj§tÏ JÚ ÕûQ Rôe¡ áÓRXôLd 

ùLôÓdLlThPôp AjÕûQjRôe¡«u ¿[jûRd LôiL, 
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4,4 ¿sYhPm (Ellipse) 
YûWVû\ : R[j§p. JÚ ¨ûXl×s°«−ÚkÕ Es[ çWm 

AjR[j§p Es[ ¨ûXdúLôh¥−ÚkÕ Es[ çWjÕPu Uô±− 

®¡RjûR HtTÓj§ Aq®¡R U§l× JußdÏ Ïû\YôL CÚdÏUôß 

CVeÏm ×s°«u ¨VUlTôûR ¿sYhPUôÏm, 
Ï±l× : TôPj§hPj§uT¥ NUuTôh¥u YûWØû\ (4.4.1, 4.4.2) 
Utßm ¿sYhPj§û] YûWÙm Øû\ úRûY«pûX, NUuTôh¥u 

AûUl× Utßm ARu Yû[YûW«u AûUl× UhÓúU úRûY, 

CÚl©àm. Lt\p §\û] A§L¬dÏm úSôdÏPu NUuTôh¥u 

YûWØû\Ùm Yû[YûW«u úTôdÏm ùLôÓdLlThÓs[Õ. 

4,4,1 ¿sYhPf NUuTôh¥u §hP Y¥Ym   

(Standard equation of the ellipse)  :  
ùLôÓdLlThPûY 

 + ¨ûXl×s°  F 

 + ¨ûXdúLôÓ l 
 + ûUVj ùRôûXj 

RLÜ  e (e < 1) 
 + SLÚm ×s° P (x, y) 
YûWVû\ : 
 + ¨ûXl×s° FId 

Ï±dLÜm, úUÛm 

¨ûXdúLôÓ lI 

YûWVÜm, 
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 + FC−ÚkÕ ldÏ FZGu\ ÏjÕdúLôhûP YûWL, 

 + PC−ÚkÕ ldÏ PM Gu\ ÏjÕdúLôhûP YûWL, 
 + FZI Eh×\UôLÜm. ùY°l×\UôLÜm e : 1 Gu\ ®¡Rj§p 

©¬dÏm ×s°Ls Øû\úV   A, A′ GuL,  

 + AA′ = 2a GuL, CûR x-AfÑ G]d ùLôsL,  

 + AA′Cu ûUVdÏjÕdúLôhûP YûWL, AûR y-AfÑ G]d 

ùLôsL, 

 + AA′Cu ûUVl×s°ûV CGuL, CûV B§VôLd ùLôsúYôm,  

C, A Utßm  A′Cu ×s°Ls Øû\úV (0, 0), (a, 0), (− a, 0) 
F Utßm M-Cu AfÑj ùRôûXÜLû[d LôQp : 

 FZI Eh×\UôLÜm. ùY°l×\UôLÜm e : 1 Gu\ ®¡Rj§p 

©¬dÏm ×s°Ls A, A′ BRXôp  

F(ae,0)

P(x,y) M

Z
(a/e, 0)

AA′ (-a,0)

(a,0)
x

y

C

x = a / e

F(ae,0)

P(x,y) M

Z
(a/e, 0)

AA′ (-a,0)

(a,0)
x

y

C

x = a / e
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FA
AZ  = 

e
1  

 ∴ FA = e AZ 

 i.e., CA − CF = e (CZ − CA) 

 ∴ a − CF = e (CZ − a) …(1) 

 
FA′

A′Z
  = 

e
1  

 ∴ FA′ = e A′Z 

 i.e. A′C + CF = e (A′C + CZ) 

 ∴ a + CF = e(a + CZ) … (2) 

   (2) + (1)    ⇒    2a = e [2CZ]    ⇒  CZ = 
a
e  

   (2) − (1)    ⇒    2CF = e(2a)      ⇒    CF = ae 

 ∴ M GuTÕ 



a

e,  y ,  F GuTÕ (ae, 0) 

¿sYhPj§u NUuTôÓ LôÔRp : 

 P Gu\ ×s° ¿sYhPj§u úUp AûUYRôp  

   
FP
PM = e  ⇒  FP2 = e2PM2 

   i.e.  (x − ae)2 + (y − 0)2 = e2  












x − 

a
e

2

 + (y − y)2  

   ⇒   x2 − e2x2 + y2 = a2 − a2e2 

   (1 − e2) x2 + y2 = a2 (1 − e2) 

 a2 (1 − e2) p YÏdL 

   
x2

a2  +  
y2

a2(1 − e2)
 = 1 

  ARôYÕ. 
x2

a2 + 
y2

b2 = 1,     ‡ b2 = a2 (1 − e2) 

 CÕúY ¿sYhPj§u §hPf NUuTôÓ BÏm, 

4,4,2 ¿sYhPjûR YûWRp 
x2

a2  + 
y2

b2  = 1, a > b 

 (i) NUfºo Ti× : 
 Yû[YûW x, y AfÑdLû[l ùTôßjÕ NUfºo BL Es[Rôp 

B§ûVl ùTôßjÕm NUfºWôL CÚdÏm, 

 (ii) £\l×l ×s°Ls : 
 ¿sYhPm B§ Y¯úVf ùNpXôÕ, 
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 y = 0 G²p x-Af£u úUÛs[ ×s°Ls x = ± a. ∴ Yû[YûW  

x-AfûN A(a, 0), A′(− a, 0) Gu\ ×s°L°p Nk§d¡\Õ, 

 x = 0 G²p y = ± b ∴ Yû[YûW y-AfûN B(0, b), B′(0, − b) Gu\ 

×s°L°p Nk§d¡u\], 
(iii) Yû[YûW«u CÚl× : 

 ¿sYhPj§u NUuTôhûP y = ± 
b
a   a2 − x2  G] GÝRXôm,    

a2 − x2  ≥ 0 G²p. y JÚ ùUnùVi BÏm, ARôYÕ a2 − x2 < 0 ApXÕ 

x2 − a2 > 0 G²p. AlTÏ§«p Yû[YûW AûUVôÕ, CqYô\ôL  

− a ≤ x ≤ a Gu\ TÏ§«ýp UhÓúU Yû[YûW AûUÙm, 

 ¿sYhPj§u NUuTôhûP x = ± 
a
b   b2 − y2 G] GÝÕúYôm, 

b2 − y2 ≥ 0 Gu\ôp UhÓúU x JÚ ùUnùVi BÏm, Yû[YûW  

b2 − y2 < 0 Gu\ TÏ§«p AûUVôÕ, ARôYÕ y > b  Utßm y < b Gu\ 

TÏ§«p Yû[YûW AûUVôÕ, Yû[YûWVô]Õ − b ≤ y ≤ b Gu\ 

TÏ§«p UhÓúU AûUÙm, 

 ∴ x = ± a, y = ± b Gu\ úLôÓLÞdÏ CûPúV ê¥V 

Yû[YûWVôL ¿sYhPm AûU¡\Õ, CqYô\ôL ¿sYhPj§u 

YûWTPm TPj§p Lôh¥Ùs[ÕúTôp ¡ûPd¡\Õ, 
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4,4,3 ¿sYhPj§u Ød¡V YûWVû\Ls  :  
 Ï®Vm : ¨ûXl×s°Vô]Õ ¿sYhPj§u Ï®Vm BÏm, 

Al×s°ûV F1 (ae, 0) G]d Ï±d¡ú\ôm, 

 CVdÏYûW : ¨ûXdúLôÓ. A§TWYû[Vj§u CVdÏYûWVôÏm, 

CRu NUuTôÓ x = 
a
e  BÏm, 

F 1
(ae,0)

P(x,y)

C
(0,0)

M′

x = - a/e x = a/e

Z′
(- a/e, 0)

A
(a,0)

Z 
(a/e, 0)

A′
(- a,0)

B

B′

M

x

y

F 1
(ae,0)

P(x,y)

C
(0,0)

M′

x = - a/e x = a/e

Z′
(- a/e, 0)

A
(a,0)

Z 
(a/e, 0)

A′
(- a,0)

B

B′

M

x

y
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 ùShPfÑ : úLôhÓjÕiÓ AA′ GuTÕ ùShPfÑ, ARu ¿[m 2a 

BÏm, ùShPf£u NUuTôÓ y = 0. 

 Ït\fÑ : úLôhÓjÕiÓ BB′ GuTÕ Ït\fÑ, ARu ¿[m 2b, 

Ït\f£u NUuTôÓ x = 0. 
 ûUVm : ùShPfÑm. Ït\fÑm ùYhÓm ×s° ¿sYhPj§u 

ûUVm BÏm, CeÏ C(0, 0) B]Õ ¿sYhPj§u ûUVm BÏm, 

ùNqYLXj§u Cß§l×s°LÞm ARu ¿[Øm LôÔRp: 

     Cß§l×s°Lû[d LôQ x = ae … (1) Utßm   
x2

a2  + 
y2

b2  = 1 … (2) –I 

¾odL úYiÓm,   NUuTôÓ (1)I (2)-Cp ©W§«Pd ¡ûPlTÕ 

   
a2 e2

a2    +  
y2

b2  = 1 

   ∴  
y2

b2  = 1 − e2 

   ∴  y2 = b2 (1 − e2) 

    = b2  






b2

a2     



  ‡ b2 = a2 (1 − e2)

 ApXÕ 
b2

a2 = 1 − e2 

   ∴  y = ± 
b2

a   

 L1 Utßm L1
′ ùNqYLXj§u Cß§l×s°Ls G²p L1 GuTÕ 







ae,  
b2

a  , L1
′ GuTÕ 





ae,  − 
b2

a   BÏm, 

 CúR úTôp Utù\ôÚ ùNqYLXj§u Cß§l×s°Ls 







− ae,  ±  
b2

a   BÏm, 

 ùNqYLXj§u ¿[m 
2b2

a   . 

 úUtá±V ¿sYhPj§tÏ ùShPfÑ x-Af£u Y¯«p Es[Õ, 

§hP ¿sYhPjûR CúRúTôuß Utù\ôÚ §hP¿s YhPj§û] 

ARu ùShPfÑ y-Af£u Y¯«p AûUÙUôß LôQXôm, 



 216

 Øû]l×s°Ls : ¿sYhPm. ùShPfûN ùYhÓm ×s°Ls 

¿sYhPj§u Øû]l×s°L[ôÏm, CeÏ ¿sYhPj§u 

Øû]l×s°Ls A(a, 0) Utßm A′(− a, 0) BÏm, 
 Ï®çWm : GúRàm JÚ Ï®Vj§p CÚkÕ ¿sYhPj§u 

úUÛs[ ×s° PdÏ Es[ çWm Ï®çWm BÏm, 

 Ï®Sôi : ¿sYhPj§u HúRàm JÚSôi ARu HúRàm JÚ 

Ï®Vm Y¯f ùNu\ôp AkSôi Ï® Sôi G]lTÓm, 

JÚ £\l× Ti× : ¿sYhPm B§ûVl ùTôßjÕ NUfºWôL 

CÚlTRôp ¿sYhPj§p 

 (i)  CWiPôYÕ Ï®Vm F2 (− ae, 0) 

 (ii) CWiPôYÕ CVdÏYûW x = − 
a
e  

ùNqYLXm : JÚ Ï® Sôi ùShPfÑdÏf ùNeÏjÕ G²p AkSôi 

ùNqYLXm BÏm, ùNqYLXj§u NUuTôÓLs x = ae Utßm x = − ae , 

ûUVjùRôûXjRLÜ :  e = 1 − 
b2

a2     

úUtÏ±l× : 

 ¿sYhPj§p 0 < e < 1, e → 0  G²p 
b
a → 1   ARôYÕ. b → a  

ApXÕ Ït\fÑm ùShPfÑm ¡hPjRhP NU ¿[eLû[ AûPÙm, 

ARôYÕ ¿sYhPm ¡hPjRhP YhPm úTôu\ AûUlûT 

AûPÙm, e B]Õ 1-I ùSÚeÏm úTôÕ 
b
a éf£VjûR ùSÚeÏm, 

G]úY ¿sYhPUô]Õ JÚ úLôhÓj ÕiÓ AûUlûT AûPÙm, 

ARôYÕ ¿sYhPUô]Õ ªLÜm RhûPVô] Y¥YjûR AûPÙm, 

4,4,4 ¿sYhPj§u Utù\ôÚ Y¥Ym  :  
 ùShPfNô]Õ y-AfÑ Y¯Vô]Õ G²p ¿sYhPj§u NUuTôÓ 

x2

b2  + 
y2

a2  = 1, a > b.  BÏm, 

 ØkûRV ¿sYhPj§tÏ ®Y¬jRÕ úTôXúY Ck¿sYhPj§tÏm 

©uYÚY]Ytû\ AûP¡ú\ôm, 

 ûUVm : C (0, 0) 

 Øû]Ls : A (0, a),  A′ (0, − a) 

 Ï®VeLs : F1 (0, ae), F2 (0, − ae) 

 ùShPf£u NUuTôÓ : x = 0 

 Ït\f£u NUuTôÓ :  y = 0 
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 Ït\f£u Øû]Ls : B (b, 0),  B′(− b, 0) 
 CVdÏYûWL°u NUuTôÓLs : y = ± a/e 

 ùNqYLXj§u Øû]Ls : 





± 
b2

a ,  ae   ,  





± 
b2

a ,  − ae   

 

 

 

 

 

 

 

 

 

 

 
TPm 4.52 

4,4,5 ¿sYhPj§u ùTôÕ Y¥YeLs   

(General forms of standard ellipses) : 
 ûUVm C(h, k) G²p ¿sYhPf NUuTôh¥u ùTôÕ Y¥Ym 

LôQ xdÏl T§p x − h, y dÏl T§p (y − k) G] §hPf NUuTôh¥p 

©W§«Pd ¡ûPlTÕ 
(x − h)2

a2   + 
(y − k)2

b2   = 1, 
(x − h)2

b2   + 
(y − k)2

a2   = 1,  a > b 

¿sYhPj§u Ï®l Ti× (Focal property of an ellipse) : 
 ¿sYhPj§u ÁÕs[ HúRàm JÚ ×s°«u 

Ï®jùRôûXÜL°u áÓRp ARu ùShPf£u ¿[j§tÏf NUm, 

 
 
 
 
 
 
 
 

TPm 4.53 

(-b2/a ,ae) L1
1

(-b2/a -,ae)L2
1

y = a/e

y = - a/e

x

y

B1 BC

L1 (-b2/a,ae)

L2 (b2/a,-ae)

A(0,a)

A′(0,-a)

x

(-b2/a ,ae) L1
1

(-b2/a -,ae)L2
1

y = a/e

y = - a/e

x

y

B1 BC

L1 (-b2/a,ae)

L2 (b2/a,-ae)

A(0,a)

A′(0,-a)

x

F 1

P

C
x

y

MM′

x = - a/e x = a/e

Z′ ZF 2 F 1

P

C
x

y

MM′

x = - a/e x = a/e

Z′ ZF 2
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¨ìTQm  : 
 ¨ßY úYi¥VÕ  F1P + F2P = 2a 

 P GuTÕ ¿sYhPj§u úUp Es[ ×s° GuL, x = 
a
e  Utßm   

x = − 
a
e  Gu\ CVdÏYûWLÞdÏ PM, PM′ Gu\ ùNeÏjÕdúLôÓLs 

YûWL, 

 
F1P
PM    =  e,   

F2P

PM ′
  = e G] A±úYôm, 

   ∴ F1P = ePM,   F2P = e PM′ 

   ∴  F1P + F2P = e(PM + PM′) 

    = e(MM′) 

    = e . 
2a
e   

    = 2a 
    = ùShPf£u ¿[m 
GÓjÕdLôhÓ 4.15 : JÚ ¿sYhPj§u Ï®VeLs (1, 0), (− 1, 0) 

Utßm ûUVj ùRôûXj RLÜ 
1
2  G²p ARu NUuTôhûPd LôiL, 

¾oÜ : Ï®VeLs F1 (1, 0), F2 (− 1, 0) G²p F1F2Cu SÓl×s° 

¿sYhPj§u ûUVm BÏm, 

∴ûUVm C GuTÕ



1 − 1

2   ,  
0 + 0

2   = (0, 0) 

  B]ôp   F1F2 = 2ae  =  2  

 Utßm e = 
1
2 

  2a × 
1
2  = 2 

 
 
 
 
 
 

TPm 4.54 
  a = 2 

  b2 = a2 (1 − e2)  =  4 



1 − 

1
4   =  3 

 ùLôÓdLlThP ®YWeL°−ÚkÕ ¿sYhPj§u ùShPfÑ  

x-AfÑY¯f ùNp¡u\Õ GuTÕ ùR°Yô¡\Õ, 

 ∴ ¿sYhPj§u NUuTôÓ ©uYÚm Y¥Yj§p CÚdÏm, 

   
(x − h)2

a2    +  
(y − k)2

b2   = 1    ⇒    
x2

4    +  
y2

3   = 1 

C

y

(-1,0) F2 F1 (1,0) 
xC

y

(-1,0) F2 F1 (1,0) 
x
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GÓjÕdLôhÓ 4.16 : JÚ ¿sYhPj§u JÚ Ï®Vm (2, 0) ARu JjR 

CVdÏYûW x = 8 Utßm ûUVj ùRôûXj RLÜ 1/2 G²p 

¿sYhPj§u NUuTôhûPd LôiL, 

¾oÜ : P(x, y) JÚ SLÚm ×s° GuL, YûWVû\lT¥ 

 
FP
PM  = e 

 ∴   FP2 = e2 PM2 

 (x − 2)2 + (y − 0)2 = 
1
4   





± 

x − 8
1

2

 

 (x − 2)2 + y2 = 
1
4   (x − 8)2 

 

 

 

 

 

 
TPm 4.55 

 4 [(x − 2)2 + y2] = (x − 8)2 

 3x2 + 4y2 = 48 

 
x2

16  + 
y2

12  = 1 

Uôtß Øû\lT¥ : 

 ùLôÓdLlThP 

®YWeL°uT¥ 

¿sYhPj§u ùShPfÑ  

x-AfÑY¯f ùNp¡\Õ,  

∴ ¿s YhPj§u NUuTôÓ 

  
x2

a2 + 
y2

b2 = 1 

  FZ = 
a
e   −  ae = 6 

B]ôp e = 
1
2   ⇒  2a − 

1
2  a = 6 

 
 
 
 
 
 
 

TPm 4.56 

 ⇒  
3
2 a = 6  ⇒  a = 4 

   b2 = a2 (1 − e2) = 16 



1 − 

1
4    =  16 × 

3
4   =  12 

 ∴ úRûYVô] NUuTôÓ  
x2

16  + 
y2

12  = 1 

M (8,y)  

F(2,0)

P(x,y)

x

y
x = 8  

M (8,y)  

F(2,0)

P(x,y)

x

y
x = 8  

F(2,0) Z(8,0)

x = 8

C
x

y

F(2,0) Z(8,0)

x = 8

C
x

y
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GÓjÕdLôhÓ 4.17 : ¿sYhPj§u JÚ Ï®Vm (− 1, − 3) CVdÏYûW  

x − 2y = 0 Utßm ûUVjùRôûXj RLÜ 
4
5  G²p ARu NUuTôhûPd 

LôiL, 
¾oÜ : P(x, y) GuTÕ SLÚm ×s° GuL, YûWVû\lT¥  

 
FP
PM  = e 

 ∴   FP2 = e2 PM2 

 (x + 1)2 + (y + 3)2 = 
16
25   





± 

x − 2y
1 + 4

 

2

 

125 [(x + 1)2 + (y + 3)2 ] = 16 (x − 2y)2
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  ⇒ 109x2 + 64xy + 61y2 + 250x + 750y + 1250 = 0 
GÓjÕdLôhÓ 4.18: ¿sYhPj§u Ï®VeLs (±4, 0) Utßm Øû]Ls 

(± 5, 0) G²p ARu NUuTôhûPd LôiL, 
¾oÜ : 
Ï®VeLû[F1(4, 0), 

F2(−4,0) Utßm Øû]Lû[ 

A(5, 0), A′(− 5, 0)  GuL, 

AA′Cu SÓl×s°Vô]Õ 

¿sYhPj§u ûUVm 

BÏm, i.e., CB]Õ   





− 5 + 5

2  ,  
0 + 0

2     

               = (0, 0) 

 

 
 
 
 
 
 
 

 
TPm 4.58 

 ùLôÓdLlThP ®YWeL°uT¥ ¿sYhPj§u ùShPfÑ  

x-AfÑ Y¯f ùNp¡\Õ,  

 ∴ ¿sYhPj§u NUuTôÓ  
x2

a2  + 
y2

b2 =1 Gu\ Y¥®p Es[Õ, 

   CeÏ CA = a  =  5      CF = ae = 4     ‡  e  =  
4
5  

   b2 = a2 (1 − e2)  =  25 − 16 = 9  

∴ úRûYVô] ¿sYhPj§u NUuTôÓ 
x2

25  + 
y2

9    =  1 

  

A
(5,0)

y

xA′
(-5,0)

F2

(-4,0)

C (0,0) F1 

(4,0) 

A
(5,0)

y

xA′
(-5,0)

F2

(-4,0)

C (0,0) F1 

(4,0) 

 

F(-1,-3)

P(x,y)

x 
-2

y
= 

0

F(-1,-3)

P(x,y)

x 
-2

y
= 

0
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GÓjÕdLôhÓ 4.19 : ¿sYhPj§u ûUVm (2, 3). JÚ Ï®Vm (3, 3)  
G²p ARu Utù\ôÚ Ï®VjûRd LôiL, 

¾oÜ :  
 ùLôÓdLlThP ®YWeL°uT¥ 

ùShPfÑ x AfÑdÏ CûQVôL 

Es[Õ, F1  (3, 3) GuL, 

 F2 (x, y) GuL, 

ùShPfÑ y = 3Cp F1 F2Cu 

SÓl×s° C (2, 3) GuTRôp. 

 
x + 3

2   = 2 Utßm 
y + 3

2   = 3 

F2 F1C y = 3

 TPm 4.59 

 ∴ x = 1, y = 3. ∴ Utù\ôÚ Ï®Vm (1, 3). 

GÓjÕdLôhÓ 4.20 : JÚ ¿sYhPj§u ûUVm (1, 2), JÚ Ï®Vm (1, 3) 

Utßm ûUVj ùRôûXj RLÜ 
1
2  G²p ARu NUuTôhûPd LôiL, 

¾oÜ :  
 ùShPfÑ y-AfÑdÏ CûQVôL 

CÚlTRôp ¿sYhPj§u NUuTôÓ. 

 
(x − h)2

b2  + 
(y − k)2

a2  = 1 

 CF1 = ae = 1 

B]ôp e = 
1
2  ⇒  a = 2,  a2 = 4 

 
 
 
 
 
 

TPm 4.60 

  b2 = a2(1 − e2) = 4



1 − 

1
4  = 3 ;   C(h, k) = (1, 2) 

 ∴ úRûYVô] NUuTôÓ  
(x − 1)2

3  + 
(y − 2)2

4  = 1 

GÓjÕdLôhÓ 4.21 : ûUVm B§. x-AfÑ. ùShPfÑ. ûUVj 

ùRôûXjRLÜ 1/2 EûPVÕm (2, 1) Gu\ ×s°Y¯f ùNpÛm 

¿sYhPj§u NUuTôhûPd LôiL,   
¾oÜ :  ûUVm. B§. x-AfÑ ùShPfÑ EûPV ¿sYhPj§u NUuTôÓ 

x2

a2  + 
y2

b2 = 1  

C(1,2)

F1(1,3)
x = 1

x

y

C(1,2)

F1(1,3)
x = 1

x

y
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 CÕ (2, 1)Y¯f ùNpYRôp  
4
a2 + 

1
b2  =  1                 … (1) 

  e = 
1
2  

 b2 =  a2 (1 − e2)   ⇒   b2 = a2 



1 − 

1
4   

 ∴  4b2 = 3a2                … (2) 

NUuTôÓ (1)-m  (2)-m ¾odLd ¡ûPlTÕ a2 = 
16
3  ,  b2 = 4 

∴ úRûYVô] NUuTôÓ  
x2

16/3  + 
y2

4   = 1 

GÓjÕdLôhÓ 4.22 : ùShPfÑ y AfÑdÏ CûQVôLÜm  

AûW-ùShPf£u ¿[m 12. ùNqYLXj§u ¿[m 6. ûUVm (1, 12) 
EûPVÕUô] ¿sYhPj§u NUuTôhûPd LôiL, 
¾oÜ :  ùShPfÑ y-AfÑdÏ CûQVôL CÚlTRôp ¿sYhPj§u 

NUuTôÓ  
(x − h)2

b2   + 
(y − k)2

a2  = 1 Gu\ Y¥®p CÚdÏm, 

 ûUVm (h, k) = (1, 12) 

 AûW ùShPfÑ  a = 12 ⇒ a2 = 144 

 ùNqYLXj§u ¿[m  
2b2

a  = 6 ⇒ 
2b2

12  = 6   

 ∴  b2 = 36  ∴úRûYVô] NUuTôÓ  
(x − 1)2

36   + 
(y − 12)2

144   = 1 

GÓjÕdLôhÓ 4.23 : ûUVm (4, − 1) Utßm JÚ Ï®Vm (1, − 1) 
EûPVÕm. (8, 0) Gu\ ×s°Y¯f ùNpYÕUô] ¿sYhPj§u 

NUuTôhûPd LôiL, 
¾oÜ : 
 ùShPfÑ x AfÑdÏ 

CûQVôL CÚlTRôp 

¿sYhPj§u NUuTôÓ 

 
(x − h)2

a2   + 
(y − k)2

b2  = 1 

 ûUVm (h, k) GuTÕ (4, − 1) 

 
(x − 4)2

a2   + 
(y + 1)2

b2   = 1 

 
 
 
 
 
 
 

TPm 4.61 

F2(1,-1)
y = -1

y

x
C(4,-1)

F2(1,-1)
y = -1

y

x
C(4,-1)
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 CÕ (8, 0) Gu\ ×s°Y¯f ùNpYRôp ∴ 
16

a2 + 
1

b2 = 1       … (1) 

   B]ôp    CF1 = ae = 3 

   b2 = a2 (1 − e2) = a2 − a2 e2 = a2 − 9 

 (1)   ⇒   
16

a2 + 
1

a2 − 9
  = 1 

  ⇒ 16a2 − 144 + a2 = a4 − 9a2 

  ⇒   a4 − 26a2 + 144 = 0 

  ⇒ a2 = 18 ApXÕ 8 

 ¨ûX (i) : a2 = 18 

   b2 = a2 − 9   =   18 − 9  =  9 

 ¨ûX (ii) : a2 = 8 

   b2 = 8 − 9  =  − 1  GuTÕ ùTôÚkRôÕ, 

  ∴ a2 = 18,    b2 = 9 

 ∴úRûYVô] NUuTôÓ 
(x − 4)2

18   + 
(y + 1)2

9   = 1 

GÓjÕdLôhÓ 4.24 :  JÚ ¿sYhPj§u Ï®VeLs (2, 1), (−2, 1) 
Utßm ùNqYLXWj§u ¿Xm 6 G²p ARu NUuTôhûPd LôiL, 

¾oÜ : 
 ùLôÓjÕs[ ®YWeL°uT¥ 

¿sYhPj§u ùShPfÑ x AfÑdÏ 

CûQVôL CÚlTRôp ARu 

NUuTôÓ 

 
(x − h)2

a2   + 
(y − k)2

b2  = 1 Gu\ Y¥®p 

AûUÙm, 
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 ¿sYhPj§u ûUVm F1F2Cu SÓl×s°VôÏm, 

∴ ûUVm 



− 2 + 2

2   ,  
1 + 1

2   =  (0, 1) 

∴ G]úY ¿sYhPj§u NUuTôÓ  
x2

a2 + 
(y − 1)2

b2  = 1 

F2(-2,1)
y = 1

x

y

F1(2,1)F2(-2,1)
y = 1

x

y

F1(2,1)
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   F1 F2 = 2ae  =  4   ⇒   a2 e2 = 4 

   a2 e2 = a2 − b2 

   ∴  a2 − b2 = 4 … (1) 

   ùNqYLj§u ¿[m      
2b2

a   = 6      b2 = 3a … (2) 

 (1) ⇒ a2 − 3a − 4 = 0   (NUuTôÓ (2))CuT¥ 

  ⇒ a = 4   ApXÕ   − 1 

   a = − 1 GuTÕ ùTôÚjRUt\Õ 

   ∴a = 4 

   b2 = 3a  =  12 

 ∴ G]úY úRûYVô] NUuTôÓ 
x2

16  + 
(y − 1)2

12   = 1 

GÓjÕdLôhÓ 4.25 : JÚ ¿sYhPj§u Øû]Ls (−1, 4). (−7, 4) Utßm 

ûUVjùRôûXj RLÜ 
1
3  G²p ARu NUuTôhûPd LôiL, 

¾oÜ : 
 ùLôÓjÕs[ ®YWeL°uT¥ 

¿sYhPj§u ùShPfÑ x AfÑdÏ 

CûQVôL Es[Õ, G]úY 

¿sYhPj§u NUuTôÓ 

 
(x − h)2

a2   + 
(y − k)2

b2  = 1 Gu\ Y¥®p 

AûUÙm, 
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 ¿sYhPj§u ûUVm B]Õ AA′Cu SÓl×s°VôÏm, 

 ARôYÕ.   



− 1 − 7

2   ,  
4 + 4

2   = (− 4, 4) 

 G]úY.  
(x + 4)2

a2   +  
(y − 4)2

b2  = 1 

   úUÛm    AA′ = 2a = 6    ⇒  a = 3 

   b2 = a2 (1 − e2) = 9 



1 − 

1
9   =  8 

 ∴ ¿sYhPj§u NUuTôÓ  
(x + 4)2

9   +  
(y − 4)2

8  = 1 

A′

(-7,4)

x

y

y = 4
A   

(-1,4)

y

A′

(-7,4)

x

y

y = 4
A   

(-1,4)

y
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GÓjÕdLôhÓ 4.26 : ¿sYhPj§u Ï®VeLs (1, 3), (1, 9) Utßm 

ûUVj ùRôûXjRLÜ 
1
2  G²p ARu NUuTôhûPd LôiL, 

¾oÜ : 
 ùLôÓjÕs[ ®YWeL°uT¥ 

¿sYhPj§u ùShPfÑ y AfÑdÏ 

CûQVôL Es[Õ, G]úY ARu 

NUuTôÓ 

 
(x − h)2

b2   + 
(y − k)2

a2  = 1 

 F1 F2Cu SÓl×s°Vô]Õ 

¿sYhPj§u ûUVUôÏm, 

 ∴ ûUVm = 



1 + 1

2   ,  
3 + 9

2  = (1, 6) 

 
  
 
 
 
 
 

TPm 4.64 

   F1 F2 = 2ae  =  6 

   ae = 3 

        B]ôp   e = 
1
2      ∴   a = 6 

   b2 = a2 (1 − e2)  =  36 



1 − 

1
4  = 27 

 úRûYVô] NUuTôÓ   
(x − 1)2

27   +  
(y − 6)2

36  = 1 

Ti×  (¨ìTQªu±) : 

 JÚ ×s°Vô]Õ. Al×s°dÏm CÚ ¨ûXVô] ×s°LÞdÏm 

CûPúVVô] çWeL°u áÓRp JÚ Uô±−VôL CÚdÏUôß 

SLÚUô]ôp. Al×s°«u ¨VUlTôûR ¿sYhPUôÏm, 

GÓjÕdLôhÓ 4.27 :  JÚ ×s°Vô]Õ Al×s°dÏm (4, 0) Utßm  

(− 4, 0) Gu\ ×s°LÞdÏm CûPúVVô] çWeL°u áÓRp 10BL 

CÚdÏUôß SLÚUô]ôp Al×s°«u ¨VUlTôûRûVd LôiL, 

 
 
 
 
 

TPm 4.65 

F1(1,3)

F2(1,9)

x = 1

x

y

F1(1,3)

F2(1,9)

x = 1

x

y

P(x,y)

F2(-4,0)
x

y

F1(4,0)

P(x,y)

F2(-4,0)
x

y

F1(4,0)



 226

¾oÜ : 

 ¨ûXl×s°Ls (4, 0), (− 4, 0) Gu\ ×s°Lû[F1 Utßm F2 GuL, 

SLÚm ×s°ûV P(x1, y1) GuL, 

 ùLôÓdLlThPûY  F1P + F2P = 10 

 ARôYÕ.  (x1 − 4)2 + (y1 − 0)2 + (x1 + 4)2 + (y1 − 0)2  = 10 

 ÑÚd¡V ©u. 

   9x1
2 + 25y1

2 = 225.   

 ∴ (x1, y1)-Cu ¨VUlTôûR   
x2

25  +  
y2

9   = 1 

GÓjÕdLôhÓ 4.28 : ©uYÚY]Yt±u ùShPfÑ. Ït\fÑdL°u 

NUuTôÓLû[Ùm ¿[eLû[Ùm LôiL, 

 (i)  
x2

9   + 
y2

4   = 1 (ii)   4x2 + 3y2 = 12 (iii)  
(x − 1)2

9   + 
(y + 1)2

16   = 1 

¾oÜLs : 
(i) ùShPfÑ xAfÑ Y¯VôLÜm. Ït\fÑ y AfÑ Y¯VôLÜm 

ùNp¡\Õ, ∴ ùShPf£u NUuTôÓ y = 0. Ït\f£u NUuTôÓ  

x = 0.         a2 = 9  ;  b2 = 4    ⇒  a = 3,  b = 2  

 ∴ ùShPf£u ¿[m  2a = 6,   Utßm Ït\f£u ¿[m 2b = 4 

(ii)  
x2

3  + 
y2

4   = 1 

 ùShPfÑ y AfÑ Y¯VôLÜm Ït\fÑ x AfÑ Y¯VôLÜm 

ùNp¡\Õ, 

 ∴ ùShPf£u NUuTôÓ x = 0 Utßm Ït\f£u NUuTôÓ y = 0 

CeÏ a2 = 4   ;   b2 = 3   ⇒  a = 2,   b = 3  

 ∴ ùShPf£u ¿[m (2a) = 4 

      Ït\f£u ¿[m    (2b) = 2 3  

(iii) x − 1 = X Utßm y + 1 = Y GuL, 

 ∴ G]úY ùLôÓdLlThP NUuTôÓ 
X2

9  + 
Y2

16  = 1  

 CeÏ ùShPfÑ Y AfÑ Y¯VôLÜm Ït\fÑ  X AfÑ Y¯VôLÜm 

ùNp¡\Õ, 
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 ∴ ùShPf£u NUuTôÓ X = 0 Ït\f£u NUuTôÓ Y = 0 

 (A,Õ,). ùShPf£u NUuTôÓ x − 1 = 0 Utßm Ït\f£u NUuTôÓ 

y + 1 = 0 

 úUÛm a2 = 16,    b2 = 9 

 ⇒  a = 4,   b = 3 

 ∴ ùShPf£u ¿[m (2a) = 8 

 ∴ Ït\f£u ¿[m (2b) = 6 

GÓjÕdLôhÓ 4.29 : 6x2 + 9y2 + 12x − 36y − 12 = 0 Gu\ ¿sYhPj§u 

AfÑdL°u NUuTôhûPÙm ¿[jûRÙm LôiL, 

¾oÜ : 

   6x2 + 9y2 + 12x − 36y − 12 = 0 

   (6x2 + 12x) + (9y2 − 36y) = 12 

   6(x2 + 2x) + 9(y2 − 4y) = 12 

   6{(x + 1)2 − 1} + 9  {(y − 2)2 − 4} = 12 

   6(x + 1)2 + 9 (y − 2)2 = 12 + 6 + 36 

   6(x + 1)2 + 9(y − 2)2 = 54 

   
(x + 1)2

9    +  
(y − 2)2

6   = 1 

 X  =  x + 1 ;    Y = y − 2 GuL, 

 G]úY NUuTôÓ   
X2

9   + 
Y2

6   = 1 

 ùShPfÑ X AfÑ Y¯VôLÜm Utßm Ït\fÑ Y AfÑ Y¯VôLÜm 

ùNp¡\Õ GuTÕ ùR°Yô¡u\Õ, 

 ∴ ùShPf£u NUuTôÓ Y = 0 Utßm Ït\f£u NUuTôÓ X = 0. 

    ARôYÕ ùShPf£u NUuTôÓ y − 2 = 0 Utßm Ït\f£u NUuTôÓ 

x + 1 = 0 
 ARôYÕ. ùShPf£u NUuTôÓ y − 2 = 0 

 CeÏ  a2 = 9,   b2 = 6    ⇒  a = 3,    b = 6  

 ∴ ùShPf£u ¿[m (2a) = 6 

     Ït\f£u ¿[m (2b) = 2 6  
GÓjÕdLôhÓ 4.30 :  ©uYÚm ¿sYhPeL°u CVdÏYûWL°u 

NUuTôÓLs. ùNqYLXj§u NUuTôÓLs Utßm ùNqYLXj§u 

¿[eLs B¡VYtû\d LôiL : 
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   (i)  
x2

16  + 
y2

9   = 1    (ii) 25x2 + 9y2 = 225     (iii)  4x2 + 3y2 + 8x + 12y + 4 = 0 

¾oÜ : 
(i) ùShPfÑ x AfÑ Y¯f ùNp¡\Õ, 

 CeÏ a2 = 16, b2 = 9 

   e = 1 − 
b2

a2  =  1 − 
9

16  = 
7

4   

 CVdÏYûWL°u NUuTôÓLs   x = ± 
a
e   

   x = 
± 16

7
 

  ùNqYLXeL°u NUuTôÓLs x = ± ae 
   x = ± 7 

 ùNqYLXj§u ¿[m  
2b2

a   = 
2 × 9

4   =  
9
2  

(ii) 25x2 + 9y2 = 225 ∴  
x2

9   + 
y2

25  = 1 

 CeÏ  a2 = 25,    b2 = 9 

   e = 1 − 
b2

a2  =  1 − 
9

25  = 
4
5  

 CVdÏYûWL°u NUuTôÓLs y = ± 
a
e  

   y = 
± 25

4  

 ùNqYLXeL°u NUuTôÓLs y = ± ae 
   y = ± 4 

   ùNqYXLj§u ¿[m  =  
2b2

a   =
2 × 9

5   =  
18
5  

(iii)   4x2 + 3y2 + 8x + 12y + 4 = 0 

   (4x2 + 8x) + (3y2 + 12y) + 4 = 0 

   4(x2 + 2x) + 3(y2 + 4y) = − 4 

   4{(x + 1)2 − 1} + 3 {(y + 2)2 − 4} = − 4 

   4(x + 1)2 + 3(y + 2)2 = 12 

   
(x + 1)2

3   +  
(y + 2)2

4   = 1 
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X2

3   + 
Y2

4   = 1  CeÏ X = x + 1  ,  Y = y + 2 

 ùShPfÑ Y AfÑY¯f ùNp¡\Õ. CeÏ a2 = 4,  b2 = 3 Utßm  e = 
1
2  

 CVdÏYûWL°u NUuTôÓLs Y = ± 
a
e      ARôYÕ   Y = ± 

2
(1/2)  

   Y = ± 4 
(i) Y = 4 ⇒ y + 2 = 4 ⇒ y = 2 
(ii) Y = − 4 ⇒ y + 2  =  − 4 ⇒ y = − 6 
 G]úY CVdÏYûW NUuTôÓLs y = 2 Utßm y = − 6 

 ùNqYLXeL°u NUuTôÓLs   Y = ± ae    (A,Õ,).   Y = ± 2 



1

2  

   Y = ± 1 
(i) Y = 1 ⇒ y + 2 = 1 
  ⇒ y = − 1 
(ii) Y = − 1 ⇒ y + 2 = 1 
  ⇒ y = − 3 
 ∴ ùNqYLXeL°u NUuTôÓLs y  = − 1 Utßm y = − 3 

  ùNqYLXj§u ¿[m =  
2b2

a   = 
2 × 3

2   = 3 

GÓjÕdLôhÓ 4.31 : ©uYÚm ¿sYhPeL°u ûUVj ùRôûXjRLÜ. 

ûUVm. Ï®VeLs. Øû]Ls B¡VYtû\d LôiL : 

  (i)  
x2

25 + 
y2

9   = 1 (ii)  
x2

4  + 
y2

9   = 1  

 (iii)  
(x + 3)2

6  + 
(y − 5)2

4   = 1 (iv) 36x2 + 4y2 − 72x + 32y − 44 = 0 

¾oÜ :   (i)
x2

25 + 
y2

9   = 1 

 ùShPfÑ x-Y¯f ùNp¡\Õ,  a2 = 25, b2 = 9 

  e = 
4
5  Utßm ae = 4 

 ûUVm C (0, 0),  

 Ï®VeLs (± ae, 0) = (± 4, 0) 

 Øû]Ls  (± a, 0) = (± 5, 0) 

 
 
 

 
 
 

TPm 4.66 

A

(5,0)

y

xA′

(-5,0)

F2

(-4,0)
C (0,0) F1

(4,0)

A

(5,0)

y

xA′

(-5,0)

F2

(-4,0)
C (0,0) F1

(4,0)



 230

(ii) ùShPfÑ y Y¯f ùNp¡\Õ   a2 = 9, b2 = 4 
 

  e = 
5

3   Utßm ae = 5  

 ûUVm C (0, 0) 

 Ï®VeLs (0, ± ae) = (0, ± 5 ) 

 Øû]Ls (0, ± a) = (0,  ± 3) 

 
 
 
 
 
 

 
 
 

TPm 4.67 

(iii) x + 3 = X,   y − 5 = Y GuL, 

 G]úY NUuTôÓ  
X2

6   +  
Y2

4   = 1 

 ùShPfÑ X-AfNY¯f ùNp¡\Õ,    

   a2 = 6,   b2 = 4 

   e = 
1
3

  Utßm  ae = 2  

 
X, YIl ùTôßjÕ 

x, yIl ùTôßjÕ 

X = x + 3 ;  Y = y − 5 
ûUVm (0, 0)  X = 0  ;  Y = 0 

⇒   x + 3 = 0,  y − 5 = 0 
 x = − 3,  y = 5 
ûUVm C(− 3, 5) 

(± a, 0) i.e. ( )± 6, 0   

(i) ( )6, 0   

 

(i)  X = 6 ,  Y = 0 
 x + 3 = 6  ,  y − 5 = 0 
 x = 6  − 3,  y = 5 

   A ( )− 3 + 6, 5   

 
 
 
 
Øû]Ls 

(ii) ( )− 6, 0   (ii) X = − 6 , Y = 0 
 x + 3 = − 6 , y − 5 = 0 
 x = − 3 − 6  , y = 5 

   A′ ( )− 3 − 6, 5    

C  (0,0)

F1    (0,√5) 

F2 (0,-√5)

A′(0,-3)

A(0,3)

y

xC  (0,0)

F1    (0,√5) 

F2 (0,-√5)

A′(0,-3)

A(0,3)

y

x
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(± ae, 0)   

i.e. ( )± 2 , 0   

(i) ( )2 , 0   

(i) X = 2 ,  Y = 0 
 x + 3 = 2 ,  y − 5 = 0 
 x = − 3 + 2 , y = 5 

   F1 ( )− 3 + 2 , 5    

 
 
 
 
Ï®VeLs 

(ii) ( )− 2, 0   (ii) X = − 2  ,  Y = 0 
 x + 3 = − 2 , y − 5 = 0 
 x = − 3 − 2 , y = 5 

   F2 ( )− 3 − 2 , 5   

 

 

 

 

 

 

TPm 4.68 

(iv) 36x2 + 4y2 − 72x + 32y − 44 = 0 

  36 (x2 − 2x) + 4 (y2 + 8y) = 44 

  36 {(x − 1)2 − 1} + 4 {(y + 4)2 − 16} = 44 

  36(x − 1)2 + 4 (y + 4)2 = 144 

  
(x − 1)2

4    +  
(y + 4)2

36   = 1 

  i.e.,         
X2

4    +  
Y2

36  = 1   CeÏ  X = x − 1 , Y = y + 4 

 ùShPfÑ Y-AfÑY¯f ùNp¡\Õ. 

 a2 = 36,   b2= 4 

 e  =  
2 2

3   úUÛm  ae =  4 2   

C (-3,5) F1

(-3+√2,5)

y

x

X

Y

y = 5
AA1

(-3 - √6, 5)

F2

(-3- √2, 5)

A 

(-3 + √6, 5)

C (-3,5) F1

(-3+√2,5)

y

x

X

Y

y = 5
AA1

(-3 - √6, 5)

F2

(-3- √2, 5)

A 

(-3 + √6, 5)
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 X, YI ùTôßjÕ x, yI ùTôßjÕ 
X = x − 1 ;  Y = y + 4 

ûUVm (0, 0)  X = 0  ;  Y = 0 
⇒   x − 1 = 0,  y + 4 = 0 
 x = 1, y = − 4 
ûUVm C(1, − 4) 

(0, ± a) i.e. (0, ± 6) 
(i) (0, 6) 
 

(i)  X = 0,  Y = 6 
 x − 1 = 0 ,  y + 4 = 6 
 x = 1,   y = 2 
   A (1, 2) 

 
 
 
Øû]Ls 

(ii) (0, − 6) (ii) X = 0, Y = − 6 
 x − 1 = 0, y + 4 = − 6 
 x − 1 = 0 , y + 4 = − 6 
 x = 1,  y = − 10 

   A′ (1, − 10)  
(0, ± ae)  
i.e.  ( )0, ± 4 2   

(i) ( )0, 4 2   

(i) X = 0 ;  Y = 4 2  
 x − 1 = 0,  y + 4 = 4 2  
 x = 1, y = 4 2  − 4 
   F1 ( )1, 4 2 − 4    

 
 
 
 
Ï®VeLs 

(ii) ( )0, − 4 2   (ii) X = 0 ,  Y = − 4 2  
 x − 1= 0 ;  y + 4 = − 4 2  
 x = 1,  y = − 4 − 4 2  
   F2 ( )1, − 4 − 4 2   

 
 
 
 
 
 
 
 
 

TPm 4.69 

A(1,2)

A′(1,-10)

F1

F2           

C  (1,-4)

Where  

F1(1, 4 √2 – 4)

F2(1, - 4 – 4 √2)

X

Y

x

y

x = 1
A(1,2)

A′(1,-10)

F1

F2           

C  (1,-4)

Where  

F1(1, 4 √2 – 4)

F2(1, - 4 – 4 √2)

X

Y

x

y

x = 1
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4,4,6 £XSûPØû\ LQdÏLs  (Some practical problems) : 
GÓjÕdLôhÓ 4.32 : JÚ Yû[Ü AûW-¿sYhP Y¥Yj§p Es[Õ, 

ARu ALXm  48 A¥. EVWm 20 A¥, RûW«−ÚkÕ 10 A¥ EVWj§p 

Yû[®u ALXm Gu]? 

¾oÜ  :  
 RûW«u SÓl×s°ûV 

ûUVm C (0, 0)BLd ùLôsL, 
 RûW«u ALXm 48 A¥ 

GuTRôp Øû]Ls A, A′ 

B]ûY A(24, 0) A′(− 24, 0) 
BÏm, 

  
 
 
 
 

TPm 4.70 

 2a = 48 Utßm b = 20 GuTÕ ùR°Yô¡\Õ, 

 ∴ ARtÏ¬V ¿sYhPj§u NUuTôÓ  
x2

242  + 
y2

202   = 1              … (1) 

     10Á EVWØs[ ç¦tÏm ûUVj§tÏm CûPúV Es[ çWm  x1 
GuL, 

 G]úY (x1, 10) Gu\ ×s° NUuTôÓ (1) I ¨û\Ü ùNnÙm, 

   ∴  
x1

2

242  + 
102

202 = 1    ⇒  x1 = 12 3  

 ∴ RûW«−ÚkÕ 10 A¥ EVWj§p Yû[®u ALXm GuTÕ  

 2x1  =  24 3  

 ∴ úRûYVô] Yû[®u ALXm 24 3  A¥, 
GÓjÕdLôhÓ 4.33 : JÚ ÖûZÜ Yô«−u úUtáûWVô]Õ AûW-

¿sYhP Y¥Yj§p Es[Õ, CRu ALXm 20A¥, ûUVj§−ÚkÕ 

ARu EVWm 18 A¥ Utßm TdLf ÑYoL°u EVWm 12 A¥ G²p 

HúRàm JÚ TdLf ÑY¬−WkÕ 4 A¥ çWj§p úUtáûW«u EVWm 

Gu]YôL CÚdÏm? 

¾oÜ : TdLf ÑY¬−ÚkÕ 4 A¥ 

çWj§p Es[ úU\áûW«u 

EVWm PQR GuL, TPj§u êXm 

PQ = 12 A¥ 
 QR-Cu ¿[jûRd LôiúTôm, 
 ALXm 20 A¥VôL CÚlTRôp 

Øû]Ls A, A′Cu BVjùRôûXLs  
(− 10, 0), (10, 0) G]d ùLôsL,  

 
 
 
 
 
 
 

TPm 4.71 

C  (0,0)

(x1,10)

10

A′
(-24,0)

A
(24,0) 

Q P

20
x1

C  (0,0)

(x1,10)

10

A′
(-24,0)

A
(24,0) 

Q P

20
x1

R (6, y1)

A
(10,0)

A′
(-10,0)

10 6
C (0,0)

12

6
4

P

Q

R (6, y1)

A
(10,0)

A′
(-10,0)

10 6
C (0,0)

12

6
4

P

Q
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 TPj§u êXm AA′ = 2a  =  20   ⇒  a = 10 
   Utßm           b = 18 − 12  =  6 

   ∴    
x2

100  +  
y2

36  = 1 

 QR GuTÕ y1 G²p R-Cu BVjùRôûXLs (6, y1) 
 ¿sYhPj§u ÁÕ R AûUYRôp.  

   
36
100  +  

y1
2

36   = 1    ⇒   y1 = 4.8 

   ∴  PQ +  QR = 12 + 4.8 
 ∴  úRûYVô] úUtáûW«u EVWm 16.8 A¥VôÏm, 
GÓjÕdLôhÓ 4.34 : ã¬Vu Ï®Vj§−ÚdÏUôß éªVô]Õ ã¬Vû] 

JÚ ¿sYhPl TôûR«p Ñt± YÚ¡\Õ, ARu AûW-ùShPf£u ¿[m 

92.9 ªp−Vu ûUpLs BLôLÜm. ûUVj ùRôûXj RLÜ 

0.017BLôLÜm Es[Õ G²p éªVô]Õ ã¬VàdÏ ªL 

AÚLôûU«p YÚmúTôÕ Es[ çWØm ªLj ùRôûX®p 

CÚdÏmúTôÕ Es[ çWØm LôiL, 

¾oÜ  : 
 AûW ùShPf£u ¿[m  

 CA = a = 92.9 ªp−Vu ûUpLs 

 e = 0.017G]lThÓs[Õ, 
 ã¬VàdÏ ªL AÚLôûU«p 

YÚmúTôÕ Es[ çWm = FA 

Utßm ªLj ùRôûX®p CÚdÏm 

úTôÕ Es[ çWm = FA′ 

 
 
 
 
 
 

TPm 4.72 

   CF  =  ae = 92.9 × 0.017 
   FA  =  CA − CF = 92.9 − 92.9 × 0.017 
    = 92.9 [1 − 0.017]  
    = 92.9 × 0.983 = 91.3207 ªp−Vu ûUpLs 

   FA′  =  CA′ + CF = 92.9 + 92.9 × 0.017 
    = 92.9 (1 + 0.017) 
    = 92.9 × 1.017 = 94.4793 ªp−Vu ûUpLs 
GÓjÕdLôhÓ 4.35 : JÚ NUR[j§u úUp ùNeÏjRôL AûUkÕs[ 

ÑY¬u ÁÕ 15Á ¿[Øs[ JÚ H¦Vô]Õ R[j§û]Ùm 

ÑYt±û]Ùm ùRôÓUôß SLokÕ ùLôiÓ CÚd¡\Õ G²p. H¦«u 

¸rUhP Øû]«−ÚkÕ 6Á çWj§p H¦«p AûUkÕs[ P Gu\ 

×s°«u ¨VUlTôûRûVd LôiL, 

C  (0,0)

EARTH

SUNA′ A x

y

FC  (0,0)

EARTH

SUNA′ A x

y

F
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¾oÜ  : 
 AB GuTÕ H¦ GuL, H¦«u 

ÁÕ P(x1, y1) Gu\ ×s° AP = 6Á 

CÚdÏUôß GÓjÕd ùLôsL, 

 x-AfÑdÏ ùNeÏjRôL PDÙm  
y-AfÑdÏ ùNeÏjRôL PCÙm YûWL, 

 ∆ADP Utßm ∆PCB Y¥ùYôjRûY  

 ∴  
PC
DA  = 

PB
AP   =  

BC
PD  

 i.e.,    
x1
DA  = 

9
6   =  

BC
y1

  

 

 

 

 

 

 

 

 

TPm 4.73 

 ⇒       DA = 
6x1
9    =  

2x1
3     ;   BC = 

9y1
6    =  

3
2  y1 

 OA = OD + DA = x1 + 
2x1
3    =  

5
3  x1 ;  OB = OC + BC = y1 + 

3y1
2    =  

5
2  y1 

     OA2  +  OB2 = AB2    ⇒   
25
9  x1

2 + 
25
4  y1

2 = 225 

 
x1

2

9   + 
y1

2

4   = 9 

 ∴ (x1, y1)Cu ¨VUlTôûR 
x2

81  + 
y2

36  = 1, CÕ Ko ¿s YhPUôÏm, 

T«t£ 4.2 
 (1) ©uYÚm ®YWeLÞdÏ¬V ¿s YhPj§u NUuTôhûPd 

LôiL, 

  (i) JÚ Ï®Vm (0, − 1), JjR CVdÏYûW  

   3x + 16 = 0 Utßm  e = 
3
5 

  (ii) Ï®VeLs (2, − 1), (0, −1) Utßm e = 
1
2 

  (iii) Ï®VeLs (± 3, 0) Utßm Øû]Ls (± 5, 0) 

  (iv) ûUVm (3, − 4), JÚ Ï®Vm ( )3 + 3, − 4  Utßm e = 
3

2  

y1

9

6

C

O A

B

x

y

D

y1

x1

x1

P(x1y1)
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  (v) ûUVm B§. ùShPfÑ x Y¯Vô]Õ. e = 
2
3 Utßm 



2,  

− 5
3  

Gu\ ×s°Y¯f ùNpYÕm 
  (vi) AûW ùShPf£u ¨[m. ùNqYLXj§u ¿[m Øû\úV  

7, 
80
7  ûUVm (2, 5) Utßm ùShPfÑ y-AfÑdÏ 

CûQVô]Õ. 

  (vii) ûUVm (3, − 1) JÚ Ï®Vm (6, − 1) Ut\m (8, − 1)  Gu\ 

×s°Y¯f ùNpYÕ, 

  (viii) Ï®VeLs (± 3, 0) Utßm ùNqYLXj§u ¿[m 
32
5  . 

  (ix) Øû]Ls (± 4, 0) Utßm e = 
3

2  

 (2) JÚ ¿sYhPj§u ûUVm (4, − 2) Utßm JÚ Ï®Vm (4, 2) G²p 

ARu Utù\ôÚ Ï®Vm LôiL, 

 (3) JÚ ×s°Vô]Õ. Al×s°dÏm (3, 0) Utßm (−3, 0) Gu\ 

×s°LÞdÏm CûPúVVô] çWeL°u áÓRp 9BL 

CÚdÏUôß SLÚUô]ôp Al×s°«u CVeÏYûWûVd LôiL, 

 (4) ùShPfÑ Utßm Ït\fÑL°u NUuTôhûPd LôiL, 

  (i) 9x2 + 25y2 = 225 (iii) 9x2 + 4y2 = 20 

  (ii) 5x2 + 9y2 + 10x − 36y − 4 = 0 (iv) 16x2 + 9y2 + 32x − 36y − 92 = 0 
 (5) ©uYÚm ¿sYhPeL°u CVdÏYûWL°u NUuTôhûPÙm 

ùNqYLXj§u ¿[eLû[Ùm LôiL, 

  (i) 25x2 + 169y2 = 4225 (ii) 9x2 + 16y2 = 144 

  (iii) x2 + 4y2 − 8x − 16y − 68 = 0 (iv) 3x2 + 2y2 − 30x − 4y + 23 = 0 
 (6) ©uYÚm ¿sYhPeL°u ûUVj ùRôûXj RLÜ. ûUVm. 

Ï®VeLs. Øû]Ls B¡VYtû\d LôiL Utßm YûWTPm 

YûWL, 

  (i) 16x2 + 25y2 = 400 (ii) x2 + 4y2 − 8x − 16y − 68 = 0 

  (iii) 9x2 + 4y2 = 36 (iv) 16x2 + 9y2 + 32x − 36y = 92 
 (7) JÚ úLô-úLô ®û[VôhÓ ÅWo ®û[VôhÓl T«t£«uúTôÕ 

AYÚdÏm úLô-úLô Ïf£LÞdÏm CûPúVÙs[ çWm 

GlùTôÝÕm 8Á BL CÚdÏUôß EQo¡\ôo, Aq®Ú 

Ïf£LÞdÏ CûPlThP çWm 6Á G²p AYo KÓm TôûR«u 

NUuTôhûPd LôiL. 
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 (8) JÚ ¿sYhPl TôûR«u Ï®Vj§p éª CÚdÏUôß JÚ 

ÕûQdúLôs Ñt± YÚ¡\Õ, CRu ûUVj ùRôûXj RLÜ ½ 

BLÜm éªdÏm ÕûQd úLôÞdÏm CûPlThP Áf£ß çWm 

400 ¡úXô ÁhPoLs BLÜm CÚdÏUô]ôp éªdÏm 

ÕûQdúLôÞdÏm CûPlThP A§LThN çWm Gu]? 

 (9) ã¬Vu Ï®Vj§−ÚdÏUôß ùUodÏ¬ ¡WLUô]Õ ã¬Vû] JÚ 

¿sYhPl TôûR«p Ñt± YÚ¡\Õ, ARu AûW ùShPf£u 

¿[m 36 ªp−Vu ûUpLs BLÜm ûUVj ùRôûXj RLÜ 0.206 
BLÜm CÚdÏUô«u (i) ùUodÏ¬ ¡WLUô]Õ ã¬VàdÏ ªL 

AÚLôûU«p YÚmúTôÕ Es[ çWm (ii) ùUodÏ¬ ¡WLUô]Õ 

ã¬VàdÏ ªLj ùRôûX®p CÚdÏmúTôÕ Es[ çWm 

B¡VYtû\d LôiL, 

 (10) JÚ TôXj§u Yû[Yô]Õ AûW ¿sYhPj§u Y¥®p 

Es[Õ, ¡ûPUhPj§p ARu ALXm 40 A¥VôLÜm 

ûUVj§−ÚkÕ ARu EVWm 16 A¥VôLÜm Es[Õ G²p 

ûUVj§−ÚkÕ YXÕ ApXÕ CPl×\j§p 9 A¥ çWj§p 

Es[ RûWl×s°«−ÚkÕ TôXj§u EVWm Gu]? 

4,5 A§TWYû[Vm (Hyperbola) : 
YûWVû\ : R[j§p. JÚ ¨ûXl×s°«−ÚkÕs[ çWm AjR[j§p 

Es[ JÚ ¨ûXd úLôh¥−ÚkÕ Es[ çWjÕPu Uô±− ®¡RjûR 

HtTÓj§ Aq®¡R U§l× Juû\®P A§LUôL CÚdÏUôß CVeÏm 

×s°«u ¨VUl TôûRVô]Õ JÚ A§TWYû[VUôÏm, 

Ï±l× : TôPj§hPj§uT¥ NUuTôh¥u YûWØû\ (4.5.1, 4.5.2) Utßm 
A§TWYû[Vj§û] YûWÙm Øû\ úRûY«pûX, NUuTôh¥u AûUl× 
Utßm ARu Yû[YûW«u AûUl× UhÓúU úRûY, CÚl©àm. Lt\p 
§\û] A§L¬dÏm úSôdÏPu NUuTôh¥u YûWØû\Ùm 
Yû[YûW«u úTôdÏm ùLôÓdLlThÓs[Õ, 
4,5,1 A§TWYû[Vj§u §hPf NUuTôÓ   

(Standard equation of the hyperbola) :  
ùLôÓdLlThPûY: 
+ ¨ûXl×s° (F) 
+ ¨ûXdúLôÓ (l) 
+ ûUVj ùRôûXÜ ®¡Rm  e, (e > 1) 
+ SLÚm ×s° P(x, y) 
YûWØû\ : 
+ ¨ûXl×s° FI Ï±dLÜm úUÛm 

¨ûXdúLôÓ ‘l’I YûWVÜm, 
+ FC−ÚkÕ ldÏ  (FZ) Gu\ 

ÏjÕdúLôhûP YûWL, 

 
 
 
 
 
 
 

TPm 4.74 

F(ae,0)

y

M P(x,y)

x

l

A′ C Z A F(ae,0)

y

M P(x,y)

x

l

A′ C Z A
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+ PC−ÚkÕ ldÏ (PM) Gu\ ÏjÕdúLôhûP YûWL, 

+ FZI Eh×\UôLÜm. ùY°l×\UôLÜm e : 1 Gu\ ®¡Rj§p 

©¬dÏm ×s°Ls Øû\úV A, A′ GuL, 

+ AA′ = 2a GuL, CûR x-AfÑ GuL, 

+ AA′-Cu ûUVd ÏjÕd úLôhûP YûWkÕ AûR y-AfÑ GuL, 

CûV B§l×s°VôLd ùLôsúYôm,  

 C(0, 0), A(a, 0), A′(− a, 0) BÏm, 

F Utßm MCu AfÑj ùRôûXÜLû[d LôQp : 
 FZI Eh×\UôLÜm. ùY°l×\UôLÜm e : 1 Gu\ ®¡Rj§p 

©¬dÏm ×s°Ls A, A′ G]úY. 

 
FA
AZ  = 

e
1  

 ∴ FA = e AZ 

 i.e. CF − CA = e (CA − CZ) 

 ∴ CF − a = e (a − CZ) …(1) 

 
FA′

A′Z
  = 

e
1  

 ∴ FA′ = e A′Z 

 i.e. A′C + CF = e (A′C + CZ) 

 ∴ a + CF = e(a + CZ) … (2) 

   (2) − (1)    ⇒    2a = e [2CZ]  ⇒  CZ = 
a
e  

   (2) + (1)    ⇒    2CF = e(2a)   ⇒    CF = ae 

 ∴ M GuTÕ 



a

e,  y   úUÛm F (ae, 0) BÏm, 

A§TWYû[Vj§u NUuTôÓ LôQp : 
 P Gu\ ×s° A§TWYû[Vj§u úUp AûUYRôp. 

   
FP
PM  = e   ∴   FP2 = e2PM2 

   ∴   (x − ae)2 + (y − 0)2 = e2 









x − 

a
e

2
 + (y − y)2   

   x2 − 2aex + a2e2 + y2 = e2 
[e2x2 − 2aex + a2]

e2   

   x2 − e2x2 + y2 = a2 − a2e2 

   (e2 − 1)x2 − y2 = a2(e2 − 1) 

   
x2

a2  −  
y2

a2(e2 − 1)
 = 1 



 239

 ∴    
x2

a2   −  
y2

b2  = 1 CeÏ b2 = a2 (e2 − 1) ªûL GiQôÏm, 

 CÕúY A§TWYû[Vj§u §hPf NUuTôPôÏm, 

4,5,2  A§TWYû[VjûR YûWRp 
x2

a2  − 
y2

b2  = 1 

(i) NUfºo (Symmetry) : 
 Yû[YûW x, y AfÑdLû[l ùTôßjÕ NUfºo EûPVÕ, AR]ôp 

B§l×s°ûVl ùTôßjÕm NUfºÚûPVÕ 
(ii) Ød¡Vl ×s°Ls (Special points) : 
 A§TWYû[Vm. B§l×s° Y¯úV ùNpXôÕ, 

 y = 0 G²p. x-Af£u úUÛs[ ×s°Ls x = ± a BÏm,  

 ∴ Yû[YûW x-AfûN A(a, 0) úUÛm A′(− a, 0) Gu\ ×s°L°p 

Nk§d¡u\Õ, x = 0 G²p y2 = −b2. ARôYÕ. y LtTû] U§lTôÏm. 

G]úY Yû[YûW y-AfûN ùYhPôÕ, 

(iii) Yû[YûW«u CÚl× (Existence of the curve) : 

 A§TWYû[Vj§u NUuTôhûP y = ± 
b
a   x2 − a2  G] GÝRXôm, 

x2 − a2 < 0 G²p − a < x < a, y LtTû] U§lûT ùTß¡\Õ, 

Yû[YûWVô]Õ − a < x < a Gu\ CûPùY°«p AûUVôÕ, x ≤ − a 
ApXÕ x ≥ a TÏ§L°úXRôu Yû[YûW AûUÙm, yCu GpXô 

U§l×LÞdÏm Yû[YûW AûUÙm GuTÕ Ï±l©PjRdLÕ, 

(iv) LkR¯«p Yû[YûW 

(The curve at infinity) : 
 x Cu U§l× áÓm 

ùTôÝÕ. y2
Cu U§l×m 

áÓ¡\Õ, ARôYÕ. x → ∞ 

G²p.  y2 → ∞.  ARôYÕ.  
x → ∞ G²p y → ± ∞. 
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 Yû[YûW«u ¡û[Ls CÚ×\Øm LkR¯ YûW ùNp¡u\], 
4,5,3  A§TWYû[Vj§u Ød¡V YûWVû\Ls : 
 Ï®Vm : ¨ûXl×s°ûV A§TWYû[Vj§u Ï®Vm F1(ae, 0) 
BÏm, 

 CVdÏYûW : ¨ûXdúLôÓ. A§TWYû[Vj§u CVdÏ YûWVôÏm, 

CRu NUuTôÓ x = 
a
e  . 

C F1

(ae,0)

F2

(-ae,0) Z′ Z
A′ A

y

x

x = -a/e x = a/e

B

B′

C F1

(ae,0)

F2

(-ae,0) Z′ Z
A′ A

y

x

x = -a/e x = a/e

B

B′
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 ÏßdLfÑ : Øû]l ×s°Lû[ CûQdÏm AA′ Gu\ 

úLôhÓjÕiÓ ÏßdLfÑ G]lTÓm, úUÛm ÏßdLf£u ¿[m 2a 
BÏm, ÏßdLf£u NUuTôÓ y = 0. ÏßdLfÑ A§TW Yû[Vj§u CÚ 

¡û[Lû[Ùm ùYhÓ¡\Õ, 

 ÕûQVfÑ : ×s°Ls B(0, b)ûVÙm B′(0, − b)ûVÙm CûQdÏm 

úLôhÓjÕiÓ ÕûQVfNôÏm, ÕûQVf£u ¿[m 2b. úUÛm CRu 

NUuTôÓ x = 0 BÏm, 

 ûUVm : ÏßdLfÑ. ÕûQVfÑ CYt±u ùYhÓm ×s°úV A§TW 

Yû[Vj§u ûUVl ×s°VôÏm, CeÏ C(0,0) A§TWYû[Vj§u 

ûUVUôÏm, 

 Øû]l ×s°Ls : A§TWYû[Vm. ÏßdLfûN ùYhÓm ×s°Ls 

A§TWYû[Vj§u Øû]l ×s°L[ôÏm, A(a, 0) Utßm   A′(− a, 0) 
Øû]l ×s°L[ôÏm, 
 ¿s YhPjûRl úTôXúY. A§TWYû[Vj§tÏs CWiPôm 

Ï®Vm F2(− ae, 0) Utßm CWiPôm CVdÏYûW x = − 
a
e  EiÓ, 

ûUVj ùRôûXj RLÜ :  e = 1 + 
b2

a2 

úUtÏ±l× : 

 A§TWYû[Vj§tÏ e > 1. e → 1 G²p.  
b
a → 0  ARôYÕ. e → 1 

G²p bCu U§l× a EPu Jl©ÓûL«p ªLd Ïû\YôL Es[Õ, 

∴A§TWYû[Vm á¬V êdÏ Y¥YjûRl ùTß¡\Õ, e → ∞ G²p.  

bCu U§l× a-I ®P ªL A§LUô¡\Õ, A§TWYû[Vm 

RhûPVô¡\Õ, 

 ùNqYLXm : CÕ A§TWYû[Vj§u Af£tÏf ùNeÏjRô] 

Ï®Sôi BÏm, CRu NUuTôÓLs x = ± ae. 

ùNqYLXj§u Cß§l ×s°LÞm ARu ¿[Øm : 
 ùNqYLXj§u Cß§l ×s°Lû[d LôQ. 

 x = ae … (1)     Utßm   
x2

a2  − 
y2

b2  = 1 … (2)-I ¾odL, 

 NUuTôÓ (1)-I  (2)-Cp ©W§«P. 

   
a2 e2

a2    −  
y2

b2  = 1 
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   ∴  
y2

b2  = e2 − 1 

   ∴  y2 = b2 (e2 − 1) 

    = b2 . 






b2

a2     (‡ b2 = a2 (e2 − 1)) 

   ∴  y = ± 
b2

a   

 L1 Utßm L1
′ ùNqYLXj§u Cß§l×s°Ls G²p L1 





ae,  
b2

a  , 

L1
′  





ae,  − 
b2

a   BÏm, 

 CÕúTôX CWiPôYÕ ùNqYLXj§u Cß§l×s°Ls  







− ae,  ±  
b2

a   BÏm, ùNqYLXj§u ¿[m 
2b2

a   . 

 úUtá±V A§TWYû[Vj§p. ÏßdLfÑ x-Af£u Y¯«p Es[Õ,  

ÏßdLfÑ y-Af£u Y¯«p AûUÙUôß úUÛm JÚ §hP 

A§TWYû[Vm Es[Õ, 

4,5,4  A§TWYû[Vj§u Utù\ôÚ Y¥Ym  

(The other form of the hyperbola) :  
 y-Af£u Y¯úV ÏßdLfÑm. x-Af£u Y¯úV ÕûQVfÑm 

AûUkRôp A§TWYû[Vj§u NUuTôÓ 
y2

a2  −  
x2

b2  =  1 BÏm, CkR 

A§TWYû[Vj§tÏ ¸rdLôÔm Ti×Lû[ ØkûRV 

A§TWYû[Vj§tÏd LiPÕúTôp LôiúTôm, 

 ûUVm : C (0, 0) 

 Øû]Ls : A (0, a),  A′ (0, − a) 

 Ï®VeLs : F1 (0, ae), F2 (0, − ae) 

 ÏßdLf£u NUuTôÓ :  x = 0 

 ÕûQVf£u NUuTôÓ  : y = 0 

 ÕûQVf£u Øû]l×s°Ls : (b, 0),  (− b, 0) 

 ùNqYLXj§u NUuTôÓLs  : y = ± ae 
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 CVdÏYûW«u NUuTôÓLs  : y = ± 
a
e  

 ùNqYLXj§u Cß§l ×s°Ls : 





± 
b2

a ,  ae  , 





± 
b2

a ,  − ae   
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GÓjÕdLôhÓ 4.36 : CVdÏYûW 2x + y = 1, Ï®Vm (1, 2) úUÛm ûUVj 

ùRôûXjRLÜ 3  G²p A§TWYû[Vj§u NUuTôÓ LôiL, 

¾oÜ :  

  A§TWYû[Vj§u úUÛs[ HúRàm JÚ ×s°ûV P(x, y) GuL,  

 YûWVû\«uT¥    
FP
PM  = e     ∴ FP2 = e2 . PM2 

i.e., (x − 1)2 + (y − 2)2= 3 




2x + y − 1

4 + 1

2

 

  (x − 1)2 + (y − 2)2 = 
3
5  (2x + y − 1)2 

i.e., 7x2 + 12xy − 2y2 − 2x + 14y − 22 = 0 
CÕúY úRûYVô] 

A§TWYû[Vj§u NUuTôPôÏm,
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C

F1   (0, ae)

F2    (0, - ae) 

Z′

Z

A′(0, -a)

A(0,a)

y

x

y = -a/e

y = a/e

BB′
C

F1   (0, ae)

F2    (0, - ae) 

Z′

Z

A′(0, -a)

A(0,a)

y

x

y = -a/e

y = a/e

BB′

F(1,2)

P(x,y)M

2x
 +

 y
 -

1=
 0

F(1,2)

P(x,y)M

2x
 +

 y
 -

1=
 0
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GÓjÕdLôhÓ 4.37 : ûUVm (0, 0) AûWd ÏßdLf£u ¿[m 6, ûUVj 

ùRôûXj RLÜ 3 Utßm x AfûN ÏßdLfNôL EûPV TWYû[Vj§u 

NUuTôÓ LôiL, 

¾oÜ :  
 ÏßdLfÑ x Y¯f ùNpYRôÛm. ûUVm (0, 0)BL Es[Rôp 

A§TWYû[Vj§u NUuTôÓ 
x2

a2 − 
y2

b2  = 1 Gu\ AûUl©p Es[Õ, 

 ùLôÓdLlThPûY : 

AûWdÏßdLfÑ  a = 6, e = 3 

 b2 = a2 (e2 − 1) G]j ùR¬Ùm, 

  ∴  b2 = 36(8) 
   = 288 

∴ A§TWYû[Vj§u NUuTôÓ 

  
x2

36  −  
y2

288 = 1 

   
 
 
 
 
 

TPm 4.78 

GÓjÕdLôhÓ 4.38 : ÏßdLfÑ. x-AfÑdÏ CûQVôLÜm. ûUVm (1, 2) 
ÕûQVf£u ¿[m 4 úUÛm ûUVj ùRôûXj RLÜ e = 2 G] EûPV 

A§TWYû[Vj§u NUuTôÓ LôiL, 

¾oÜ : ÏßdLfÑ x-AfÑdÏ CûQVôL CÚlTRôp A§TWYû[Vj§u 

NUuTôÓ  
(x − h)2

a2   −  
(y − k)2

b2  = 1 

 CeÏ ûUVm C(h, k) GuTÕ (1, 2) BÏm, 

 ÏßdLf£u ¿[m 2b = 4 úUÛm e = 2 

   b2 = a2 (e2 − 1) 

   4 = a2 (4 − 1) 

   ⇒  a2 = 
4
3  

 ∴ úRûYVô] NUuTôÓ 
(x − 1)2

4/3    −  
(y − 2)2

4  = 1 

GÓjÕdLôhÓ 4.39 : ûUVm (1, 2) . CVdÏYûWL°u CûPlThP 

çWm 
20
3  , Ï®VeLÞdÏ CûPlThP çWm 30. ÏßdLfÑ y-AfÑdÏ 

CûQVôLÜm AûUÙm A§TWYû[Vj§u NUuTôÓ LôiL, 

 

F2

C
F1

A′ A

y

x
6F2

C
F1

A′ A

y

x
6
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¾oÜ  :  
 ÏßdLfÑ y-AfÑdÏ CûQVôL Es[Rôp A§TWYû[Vj§u 

NUuTôÓ 

   
(y − k)2

a2   −  
(x − h)2

b2  = 1 

 CeÏ ûUVm C(h, k) GuTÕ (1, 2) BÏm, 

 CVdÏYûWL°u CûPúV Es[ çWm = 
2a
e   = 

20
3     ⇒  

a
e   =  

10
3   

 Ï®VeLÞdÏ CûPúVÙs[ çWm =  2ae = 30   ⇒     ae = 15 

   
a
e (ae) = 

10
3   × 15   ⇒     a2 = 50 

   úUÛm     
ae
a/e  ⇒ e2 = 

9
2  

   b2 = a2 (e2 − 1)    ⇒  b2 = 50 



9

2 − 1   = 175 

    
(y − 2)2

50   −  
(x − 1)2

175   =  1 GuTÕ úRûYVô] NUuTôPôÏm, 

GÓjÕdLôhÓ 4.40 : ÏßdLfÑ y-Af£tÏ CûQVôLÜm. ûUVm (0, 0), 
AûW ÕûQVf£u ¿[m 4. úUÛm ûUVj ùRôûXj RLÜ 2 G]Üm 

AûUÙm A§TWYû[Vj§u NUuTôÓ LôiL, 

¾oÜ :   
 ùLôÓdLlThP ®YWeL°−ÚkÕ A§TWYû[Vj§u NUuTôÓ  

y2

a2 − 
x2

b2  =  1 BÏm, 

 AûW ÕûQVfÑ b = 4 úUÛm e = 2, 

 b2 = a2 (e2 − 1) 

 42 = a2 (22 − 1) 

 ∴   a2 = 
16
3   

∴ úRûYVô] A§TWYû[Vj§u NUuTôÓ  
y2

16/3  −  
x2

16 = 1 

 ApXÕ       3y2 − x2 = 16  

GÓjÕdLôhÓ 4.41 : Ï®VeLs (± 6, 0) úUÛm ÏßdLf£u ¿[m 8 

BLÜm Es[ A§TWYû[Vj§u NUuTôÓ LôiL, 
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¾oÜ :  
 ùLôÓdLlThP ®YWeL°p 

CÚkÕ ÏßdLfÑ x-AfNY¯f 

ùNpYRôp A§TWYû[Vj§u 

NUuTôÓ  

  
(x − h)2

a2   −  
(y − k)2

b2  = 1 BÏm, 

 F1 F2®u SÓl×s°úV 

A§TWYû[Vj§u ûUVUôÏm,  
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   C GuTÕ 



− 6 + 6

2   ,  
0 + 0

2   = (0, 0) 

 ÏßdLf£u ¿[m = 2a = 8,  ⇒  a = 4 

   F1F2 = 2ae  =  12   ⇒  ae = 6 

   ∴ 4e = 6 

   e = 
6
4   =  

3
2  

   b2 = a2 (e2 − 1) = 16 



9

4 − 1   = 
16 × 5

4  = 20 

  ∴ 
x2

16   −  
y2

20  =  1 GuTÕ úRûYVô] NUuTôPôÏm, 

GÓjÕdLôhÓ 4.42 : Ï®VeLs (5, ± 4) úUÛm ûUVj ùRôûXjRLÜ 
3
2  

G]Üm EûPV A§TWYû[Vj§u NUuTôÓ LôiL, 

¾oÜ :  
 ùLôÓdLlThP ®YWeL°p 

CÚkÕ ÏßdLfÑ y-AfÑdÏ 

CûQVôL Es[Rôp. 

A§TWYû[Vj§u NUuTôÓ  

 
(y − k)2

a2  − 
(x − h)2

b2  = 1 

 A§TWYû[Vj§u ûUVm  
C (h, k) B]Õ F1 F2®u 

SÓl×s° BÏm,
 

 
 
 
 
 

 
 

TPm 4.80 

F2(-6,0)

y

x
C  (0,0)

F1(6,0)F2(-6,0)

y

x
C  (0,0)

F1(6,0)

C  (0,0)

F1(5,4)

F2(5,-4)

y

x
C  (0,0)

F1(5,4)

F2(5,-4)

y

x
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 ARôYÕ.  C  GuTÕ 



5 + 5

2   ,  
4 − 4

2   = (5, 0) 

   F1F2 = 2ae  =  (5 − 5)2 + (4 + 4)2  = 8 

   ae = 4 

      e = 
3
2    G]úY a = 

8
3  

   b2 = a2 (e2 − 1)  =  
64
9    



9

4 − 1   

    = 
80
9   

   
(y − 0)2

64/9   − 
(x − 5)2

80/9   = 1    ARôYÕ    
9y2

64    −  
9(x − 5)2

80   = 1 

GuTÕ úRûYVô] NUuTôPôÏm, 
GÓjÕdLôhÓ 4.43 : ûUVm (2, 1) úUÛm JÚ Ï®Vm (8, 1) G]Üm 

CRtùLôjR CVdÏYûW x = 4 G]Üm EûPV A§TWYû[Vj§u 

NUuTôÓ LôiL, 

¾oÜ :  
 ùLôÓdLlThP ®YWeL°p 

CÚkÕ A§TWYû[Vj§u 

NUuTôÓ 

  
(x − h)2

a2  − 
(y − k)2

b2  = 1 BÏm, 

 ûUVm C (h, k) GuTÕ C (2, 1) 
BÏm, 

 CF1 = ae = 6 

 
 
 
 
 
 

TPm 4.81 

    (CZI  x = 4dÏ ÏjÕdúLôPôL YûWVÜm,) 
 ûUVj§tÏm. CVdÏYûW CZdÏm CûPlThP çWm 

   CZ = 
a
e   =  2 

   ∴  ae . 
a
e  = 6 × 2  ⇒  a2 = 12 

   
ae
a/e  = 

6
2    ⇒  e2 = 3 

   b2 = a2 (e2 − 1)   ∴   b2 = 12(3 − 1)  =  24 

   
(x − 2)2

12   −  
(y − 1)2

24  = 1 GuTÕ úRûYVô] NUuTôPôÏm, 

C(2,1)

y

x

F1(8,1)
y = 1

x = 4

C(2,1)

y

x

F1(8,1)
y = 1

x = 4
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GÓjÕdLôhÓ 4.44 : Ï®VeLs (0, ± 5) úUÛm ÏßdLf£u ¿[m 6 

G]d ùLôiP A§TWYû[Vj§u NUuTôÓ LôiL, 

¾oÜ :  
 ùLôÓdLlThP ®YWeL°−ÚkÕ 

ÏßdLfÑ. y-Af£u Y¯ ùNp¡\Õ, 

  G]úY A§TWYû[Vj§u NUuTôÓ 

 
(y − k)2

a2  − 
(x − h)2

b2  = 1 

 ûUVm C(h, k) GuTÕ F1F2®u 

SÓl×s°VôÏm,
 

 
 
 
 
 
 
 

 
TPm 4.82 

 ARôYÕ C GuTÕ 



0 + 0

2   ,  
5 − 5

2   = (0, 0) 

   F1F2 = 2ae  =  10 
 ÏßdLf£u ¿[m = 2a = 6 

   ⇒   a = 3   Utßm e  =  
5
3  

   b2 = a2 (e2 − 1)  

    = 9 



25

9  − 1   

    = 16 

   ∴ 
y2

9   −  
x2

16 = 1 úRûYVô] NUuTôPôÏm, 

GÓjÕdLôhÓ 4.45 : Ï®VeLs ( )0, ± 10  BLÜm (2, 3) Gu\ ×s° 

Y¯f ùNpYÕUô] A§TWYû[Vj§u NUuTôÓ LôiL, 
¾oÜ :  
 ùLôÓdLlThP ®YWeL°−ÚkÕ 

ÏßdLfÑ y-AfÑ Y¯f ùNp¡\Õ,  

∴ A§TWYû[Vj§u NUuTôÓ 

 
y2

a2 − 
x2

b2 = 1 

 Ï®VeLs (0, ± ae) = ( )0, ± 10  
 ⇒   ae = 10  

 úUÛm  b2 = a2 (e2 − 1) =  a2e2 − a2 

 b2 = 10 − a2 

 
 

 
 
 
 
 
 

TPm 4.83 

F1(0, √10)

F2(0, -√10)

x

y

(0,0)
C

F1(0, √10)

F2(0, -√10)

x

y

(0,0)
C

F1(0,5)

F2(0,-5)

x

y

(0,0)
C

F1(0,5)

F2(0,-5)

x

y

(0,0)
C
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 ∴ A§TWYû[Vj§u NUuTôÓ  
y2

a2  −  
x2

10 − a2  =  1 BÏm, 

 CÕ (2, 3) Gu\ ×s°Y¯f ùNpYRôp. 

   
9

a2  −  
4

10 − a2 = 1 

   
9(10 − a2) − 4a2

a2 (10 − a2)
 = 1 

   90 − 9a2 − 4a2 = 10a2 − a4 

   ApXÕ  a4 − 23a2 + 90 = 0 

   (a2 − 18)  (a2 − 5) = 0 

   a2 = 18   ApXÕ   a2 = 5 BÏm, 

 a2 = 18 G²p.  b2 = 10 − 18 = − 8 GuTÕ ùTôÚkRôÕ, 

 a2 = 5,   b2 = 10 − 5 = 5 G²p 

 ∴ úRûYVô] A§TWYû[Vj§u NUuTôÓ 
y2

5    −  
x2

5   = 1   ApXÕ   

y2 − x2 = 5 

GÓjÕdLôhÓ 4.46 : 
x2

9    −  
y2

4   =  1 Gu\ A§TWYû[Vj§u ÏßdLfÑ. 

ÕûQVfÑ CYt±u NUuTôÓLû[Ùm. ¿[eLû[Ùm LôiL, 

¾oÜ :  
 ûUVm B§l×s°VôÏm, ÏßdLfÑ. x-Af£u Y¯«Ûm. 

ÕûQVfÑ y-AfÑ Y¯«Ûm Es[], i.e., x-AfÑ ÏßdLfNôÏm,  

ÏßdLf£u ¿[m y = 0  úUÛm ÕûQVfÑ y- AfNôÏm,  ÕûQVf£u 

NUuTôÓ x = 0 BÏm, 

 a2 = 9,   b2 = 4     ⇒   a = 3,     b = 2 
  ∴ ÏßdLf£u ¿[m = 2a = 6 
      ÕûQVf£u ¿[m = 2b = 4 

GÓjÕdLôhÓ 4.47 : 16y2 − 9x2 = 144 Gu\ A§TWYû[Vj§u 

ÏßdLfÑ. ÕûQVfÑ CYt±u NUuTôÓLû[Ùm. ¿[eLû[Ùm 

LôiL, 

¾oÜ :  
y2

9   − 
x2

16 = 1 
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 ûUVm B§l×s°VôÏm, ÏßdLfÑ y-Af£u Y¯«Ûm. 

ÕûQVfÑ x-Af£u Y¯«Ûm Es[], 
 ∴ y-AfÑ ÏßdLfNôÏm  ARôYÕ ÏßdLf£u NUuTôÓ   x = 0 

BÏm, 
 x-AfÑ ÕûQVfNôÏm ARôYÕ ÕûQVf£u NUuTôÓ y = 0 
BÏm, 

 CeÏ  a2 = 9,     b2 = 16    ⇒   a = 3,     b = 4 
  ∴ ÏßdLf£u ¿[m = 2a = 6 
  ÕûQVf£u ¿[m = 2b  =  8 

GÓjÕdLôhÓ 4.48 :  

 9x2 − 36x − 4y2 − 16y + 56 = 0 Gu¡\ A§TWYû[Vj§u ÏßdLfÑ. 

ÕûQVfÑ CYt±u NUuTôÓLû[Ùm. ¿[eLû[Ùm LôiL, 

¾oÜ :    9(x2 − 4x) − 4(y2 + 4y) = − 56 

   9{(x − 2)2 − 4}  −  4 {(y + 2)2 − 4} = − 56 

   9(x − 2)2 − 4(y + 2)2 = 36 − 16 − 56 

   9(x − 2)2 − 4(y + 2)2 = − 36 

   4(y + 2)2  −  9(x − 2)2 = 36 

   
(y + 2)2

9    −  
(x − 2)2

4   = 1 

   
Y2

9    −  
X2

4   = 1  CeÏ 


X = x − 2
Y = y + 2 

 ÏßdLfÑ y-Y¯«Ûm. ÕûQVfÑ x-AfÑ Y¯«Ûm Es[],  
 y-AfÑ ÏßdLfNôÏm ApXÕ X = 0      

 ∴ ÏßdLf£u NUuTôÓ x − 2 = 0 
 X-AfÑ ÕûQVfNôÏm ApXÕ Y = 0    

 ∴ ÕûQVf£u NUuTôÓ y + 2 = 0 

 CeÏ  a2 = 9,    b2  =  4    ⇒  a = 3,    b  = 2 

  ∴ ÏßdLf£u ¿[m = 2a = 6 

  ÕûQVf£u ¿[m = 2b  =  4 

GÓjÕdLôhÓ 4.49 :   

 
x2

9   − 
y2

4   = 1Gu\ A§TWYû[Vj§u CVdÏYûWLs. ùNqYLXm 

CYt±u NUuTôÓLû[Ùm. ¿[eLû[Ùm LôiL, 
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¾oÜ :  ûUVm B§l×s°«p Es[Õ, ÏßdLfÑ x-Y¯«p Es[Õ, 

 CVdÏYûW«u NUuTôÓLs  x = ± 
a
e 

 ùNqYLXj§u NUuTôÓLs x = ± ae 

 ùNqYLXj§u ¿[m = 
2b2

a  

 CeÏ a2 = 9,    b2 = 4 

   e = 1 + 
b2

a2  =  1 + 
4
9   =  

13
3   

 ∴ CVdÏYûW«u NUuTôÓLs  

   x = ± 
3

13/3
  ARôYÕ  x = ± 

9
13

  

 ùNqYLXj§u NUuTôÓLs  x = ± 13 

 ùNqYLXj§u ¿[m    
2b2

a  = 
8
3  

GÓjÕdLôhÓ 4.50 : 16y2 − 9x2 = 144 Gu\ A§TWYû[VYj§u 

CVdÏYûWLs. ùNqYLXm CYt±u NUuTôÓLû[Ùm. ¿[eLû[Ùm 

LôiL, 

¾oÜ :   
y2

9   −  
x2

16 = 1 

 CeÏ   a2 = 9,    b2 = 16      e  =  
5
3  

 ÏßdLfÑ y-Af£u Y¯«p Es[Õ, 

 ∴ CVdÏYûW«u NUuTôÓLs y = ± 
a
e    ARôYÕ.  y = ± 

9
5  

 ùNqYLXj§u NUuTôÓLs y = ± ae   ARôYÕ.   y = ± 5 

 ùNqYLXj§u ¿[m = 
2b2

a   =  
32
3  

GÓjÕdLôhÓ 4.51 : 9x2 − 36x − 4y2 − 16y + 56 = 0 Gu\ 

A§TWYû[Vj§u CVdÏYûW. ùNqYLXm CYt±u 

NUuTôÓLû[Ùm. ¿[eLû[Ùm LôiL, 

¾oÜ :   ùLôÓdLlThPf NUuTôhûP  

  
Y2

9   −  
X2

4  = 1  


Y = y + 2
X = x − 2   G] GÝRXôm, 

 CeÏ   a2 = 9,    b2 = 4 
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   e = 1 + 
b2

a2    =  
13
3   

   ae = 13 ,   
a
e   =  

9
13

  

 ÏßdLfÑ Y-Af£u Y¯«p Es[Õ, 

 ∴ CVdÏYûW«u NUuTôÓLs Y = ± 
a
e    i.e.  Y = ± 

9
13

  

 (i) Y = 
9
13

       ⇒    y + 2  =  
9
13

    ⇒    y = 
9
13

 − 2 

 (ii) Y = − 
9
13

    ⇒    y + 2  =  
− 9

13
    ⇒    y = 

− 9
13

 − 2  

 ùNqYLXj§u NUuTôÓLs Y = ± ae   i.e.  Y = ± 13  

 (i) Y = 13       ⇒    y + 2  =     13    ⇒    y = 13 − 2 
 (ii) Y = − 13    ⇒    y + 2  =  − 13    ⇒    y = − 13 − 2 

 ùNqYLXj§u ¿[m =  
2b2

a   =  
8
3 

GÓjÕdLôhÓ 4.52 : ¿sYhPm 
x2

25  + 
y2

9  = 1-Cu Ï®VeLÞm. JÚ 

A§TWYû[Vj§u Ï®VeLÞm Ju±VRôL Es[], 

A§TWYû[Vj§u ûUVj ùRôûXjRLÜ 2 G²p A§TWYû[Vj§u 

NUuTôÓ LôiL, 

¾oÜ :  ¿sYhPj§u NUuTôÓ 
x2

25  + 
y2

9  = 1 

 ⇒  a2 = 25,  b2 = 9,                e  = 1 − 
b2

a2  =  1 − 
9
25   =  

4
5 

   ∴   ae = 4 
 ¿sYhPj§u Ï®VeLs  (± ae, 0)  =  (± 4, 0) 
 A§TWYû[Vj§u Ï®VeLÞm. ¿sYhPj§u Ï®VeLÞm 

Ju±«ÚlTRôp. A§TWYû[Vj§u Ï®VeLs (± ae, 0) = (± 4, 0) 
BÏm, 
   ∴  ae = 4 
 A§TWYû[Vj§u e = 2 
   a(2) = 4     ⇒  a =  2 

 A§TWYû[Vj§tÏ b2 = a2 (e2 − 1) 
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    = a2 e2 − a2 
    = 16 − 4 = 12 

 ∴ úRûYVô] A§TWYû[Vj§u NUuTôÓ   
x2

4   − 
y2

12 = 1 

Ti× (¨ìTQªu±) : 
 JÚ ×s°Vô]Õ Al×s°dÏm. CÚ ¨ûXVô] ×s°LÞdÏm 

CûPúVVô] çWeL°u ®j§VôNm JÚ Uô±−VôL CÚdÏUôß 

SLÚUô]ôp. Al×s°«u ¨VUlTôûR  JÚ A§TWYû[VUôL 

CÚdÏm, úUÛm CkR ®j§VôNm ÏßdLf£u ¿[j§tÏf NUm BÏm, 

GÓjÕdLôhÓ 4.53 : JÚ ×s°Vô]Õ Al×s°dÏm (4, 0) Utßm  
(−4,0) Gu\ ×s°LÞdÏm CûPúVVô] çWeL°u ®j§VôNm 2BL 

CÚdÏUôß SLÚUô]ôp Al×s°«u ¨VUlTôûRûVd LôiL, 
¾oÜ: úUtLiP Ti©]ôp ×s°«u ¨VUlTôûR JÚ 

A§TWYû[VUôÏm, ¨ûXl ×s°Lû[ Ï®VeL[ôLd ùLôsúYôm, 

 ∴ F1 (4, 0) úUÛm F2 (− 4, 0) 

 P(x, y)I A§TWYû[Vj§u úUÛs[ ×s° GuL, 

 F1P   F2P = ÏßdLf£u ¿[m = 2a = 2 

 ∴ a = 1 
ûUVm. F1F2®u SÓl×s°  

= (0, 0) 
 ùLôÓdLlThP ®YWeL°p 

CÚkÕ A§TWYû[Vj§u 

NUuTôÓ 
x2

a2 − 
y2

b2 = 1 Gu\ Y¥®p 

CÚdÏm, 

  F1F2 = 2ae = 8 

  ae = 4  ⇒  e = 4 

  b2 = a2 (e2 − 1) 

   = 1(16 − 1) = 15 

 
 
 
 
 
 
 

TPm 4.84 

 ∴  
x2

1    −  
y2

15   =  1 GuTÕ úRûYVô] NUuTôPôÏm, 

Uôtß Øû\ : A§TWYû[Vj§u HúRàm JÚ ×s°ûV P(x, y) GuL,  
(4, 0) Utßm (− 4, 0) Gu\ ×s°Lû[ F1, F2 Gu\ ¨ûXl ×s°L[ôLd 

ùLôsL, 

P(x,y)

x

y

F2 F1
C  (0,0)

P(x,y)

x

y

F2 F1
C  (0,0)
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  F1P  F2P = 2 

 (x − 4)2 + (y − 0)2   (x + 4)2 + (y − 0)2  =  2 

 ÑÚd¡V©u  
x2

1   −  
y2

15  =  1 

GÓjÕdLôhÓ 4.54 :  
x2

4   −  
y2

5   =  1 Gu\ A§TWYû[Vj§tÏ ûUVj 

ùRôûXj RLÜ. ûUVm. Ï®VeLs Utßm Ef£Lû[d LôiL. úUÛm 

ARu, Yû[YûWûV YûWL, 

¾oÜ : 

     a2 = 4,   b2 = 5      

    ⇒   e = 1 + 
b2

a2  =  
3
2  

  ∴   ae =  2 × 
3
2   =  3. 

ÏßdLfÑ x-AfÑ Y¯f 

ùNp¡\Õ,
 

  
 
 
 
 
 
 

TPm 4.85 

 ûUVm   : (0, 0) 

 Ï®VeLs : (± ae, 0) = (± 3, 0) 

 Ef£Ls : (± a, 0) = (± 2, 0) 

GÓjÕdLôhÓ 4.55 :  
y2

6   −  
x2

18  =  1 Gu\ A§TWYû[Vj§u ûUVj 

ùRôûXjRLÜ. ûUVm. Ï®VeLs. Ef£Ls B¡VYtû\d LôiL, 

úUÛm ARu Yû[YûWûV YûWL, 

¾oÜ : 

      a2 = 6   b2 = 18 

    ⇒    e = 1 + 
b2

a2 =  
24
6  = 2 

  ∴ ae = 2 6  
ÏßdLfÑ. y-AfÑY¯f ùNp¡\Õ,

 

  
 
 
 
 
 

 
 
 

TPm 4.86 

C  (0,0)A′

(-2,0)

A

(2,0)

F2

(-3,0) 

F1

(3,0)

y

xC  (0,0)A′

(-2,0)

A

(2,0)

F2

(-3,0) 

F1

(3,0)

y

x

C  (0,0)

F1    (0,2√6)

A′(0, -√6)

A(0, √6)

F2   (0,-2√6)

y

xC  (0,0)

F1    (0,2√6)

A′(0, -√6)

A(0, √6)

F2   (0,-2√6)

y

x



 254

 ûUVm   : (0, 0) 

 Ï®VeLs : (0, ± ae) = ( )0, ± 2 6  

 Ef£Ls : (0, ± a) = ( )0, ± 6  
GÓjÕdLôhÓ 4.56 :  
 9x2 − 16y2 − 18x − 64y − 199 = 0 Gu\ A§TWYû[Vj§tÏ ûUVj 

ùRôûXj RLÜ. ûUVm. Ï®VeLs. Ef£Ls B¡VYtû\d LôiL, 

¾oÜ :    9(x2 − 2x) − 16 (y2 + 4y) = 199 

   9{(x − 1)2 − 1}  −  16 {(y + 2)2 − 4} = 199 

   9(x − 1)2 − 16(y + 2)2 = 199 + 9 − 64 

  9(x − 1)2 − 16(y + 2)2 = 144 

  
(x − 1)2

16    −  
(y + 2)2

9   = 1 

  i.e.,     
X2

16   −  
Y2

9   = 1  CeÏ 


X = x − 1
Y = y + 2 

  a2 = 16,    b2 = 9    ⇒   e = 1 + 
b2

a2 =  
5
4  

  ae = 4 × 
5
4  = 5 

 ÏßdLfÑ X-Af£tÏ CûQVôôL Es[Õ. 
 

X, YI ùTôßjÕ 
x, yI ùTôßjÕ 

X = x − 1, Y = y + 2 
ûUVm (0, 0)  X = 0   ;  Y = 0   

 x − 1 = 0 ;   y + 2 = 0 

 x = 1 ; y = − 2 

 ∴  C (1, − 2) 

(± ae, 0) is (± 5, 0) 

(i) (5, 0) 

(i) X = 5   ;  Y = 0   

 x − 1 = 5 ;   y + 2 = 0 

 x = 6 ; y = − 2 

 ∴  F1 (6, − 2) 

 

 

 
Ï®VeLs 

 

 

 

(ii) (− 5, 0) (ii) X = − 5   ;  Y = 0   

 x − 1 = − 5 ;   y + 2 = 0 

 ∴  F2 (− 4, − 2) 
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(± a, 0) i.e. (± 4, 0) 

(i) (4, 0) 

(i) X = 4   ; Y = 0   

 x − 1 = 4 ;  y + 2 = 0 

 ∴  A (5, − 2) 

 

 

 
Ef£Ls (ii) (− 4, 0) (ii) X = − 4   ; Y = 0   

 x − 1 = − 4 ;  y + 2 = 0 

 ∴  A′ (− 3, − 2) 

 
  
 
 
 
 
 
 
 

TPm 4.87 

GÓjÕdLôhÓ 4.57 : 9x2 − 16y2 + 36x + 32y + 164 = 0 Gu\ 

A§TWYû[Vj§u ûUVj ùRôûXj RLÜ. ûUVm. Ï®VeLs. Ef£Ls 

B¡VYtû\d LôiL,  úUÛm ARu Yû[YûWûV YûWL, 

¾oÜ :   

   9(x2 + 4x) − 16(y2 − 2y) = − 164 

   9{(x + 2)2 − 4}  −  16 {(y − 1)2 − 1} = − 164 

   9(x + 2)2 − 16(y − 1)2 = − 164 + 36 − 16 

   16(y − 1)2 − 9(x + 2)2 = 144 

  
(y − 1)2

9    −  
(x + 2)2

16   = 1 

  
Y2

9    −  
X2

16  = 1  CeÏ 


X = x + 2
Y = y − 1 

  a2 = 9,    b2 = 16    ⇒   e = 1 + 
b2

a2 =  
5
3 

  ae = 5 

C  (1,-2)A′

(-3,-2)

A

(5,-2)

F2

(-4, -2) 

F1

(6,-2)

Y

X

x

y

C  (1,-2)A′

(-3,-2)

A

(5,-2)

F2

(-4, -2) 

F1

(6,-2)

Y

X

x

y
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 ÏßdLfÑ. Y-AfÑdÏ CûQVôL Es[Õ, 
 

X, YI ùTôßjÕ 
x, yI ùTôßjÕ 

X = x + 2, Y = y − 1 
ûUVm (0, 0)  X = 0   ;  Y = 0   

 x + 2 = 0 ;   y − 1 = 0 
 x = − 2 ; y = 1 
 ∴  C (− 2, 1) 

(0, ± ae) i.e., (0, ± 5) 

(i) (0, 5) 
(i) X = 0   ;  Y = 5 
 x + 2 = 0 ;   y − 1 = 5 
 x = − 2 ; y = 6 
 ∴  F1 (− 2, 6) 

 
 
 
 
Ï®VeLs 

(ii) (0, − 5) (ii) X = 0   ;  Y = −  5 
 x + 2 = 0 ;   y − 1 = − 5 
 x = − 2 ; y = − 4 
 ∴  F2 (− 2, − 4) 

(0, ± a)  
(i) (0, 3) 

(i) X = 0   ;  Y = 3   
 x + 2 = 0 ;   y − 1 = 3 
 ∴  A (− 2, 4) 

 
 
 

Ef£Ls (ii) (0, − 3) (ii) X = 0   ;  Y = − 3   
 x + 2 = 0 ;   y − 1 = − 3 
 x = − 2 ; y = − 2 

 ∴  A′ (− 2, − 2) 
 
 
 
 
 
 
 
 

 

 

 

TPm 4.88 

C  (-2,1)

A′  (-2,-2)

A   (-2,4)

F2   (-2,-4) 

F1    (-2,6)

Y

X

x

y

y = 1

x = -2

C  (-2,1)

A′  (-2,-2)

A   (-2,4)

F2   (-2,-4) 

F1    (-2,6)

Y

X

x

y

y = 1

x = -2
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GÓjÕdLôhÓ 4.58 :  
 A, B Gu\ CÚ ×s°Ls 10 ¡.Á CûPùY°«p Es[], CkRl 

×s°L°p ùYqúYß úSWeL°p úLhLlThP ùY¥fNjRj§−ÚkÕ. 

ùY¥fNjRm EiPô] CPm A Gu\ ×s° B Gu\ ×s°ûV ®P  

6 ¡.Á AÚLôûU«p Es[Õ G] ¨oQ«dLlThPÕ, ùY¥fNjRm 

EiPô] CPm JÚ Ï±l©hP Yû[YûWdÏ EhThPÕ G] 

¨ì©dL, ARu NUuTôhûPÙm LôiL, 

 
 
 
 
 
 

 
 

TPm 4.89 
ùLôÓdLlThPûY : 
   PB − PA = 6 

  i.e.,    (x − 5)2 + y2 − (x + 5)2 + y2   = 6 

   ÑÚd¡V ©u     − 9y2 + 16x2 = 144 

                 
− y2

16  + 
x2

9  = 1  i.e.,  
x2

9   −  
y2

16  =  1  

  CÕ JÚ A§TWYû[VUôÏm, 

T«t£ 4.3 
 (1) ©uYÚm ®YWeLÞdÏ¬V A§TWYû[VeLû[d LôiL, 
  (i) Ï®Vm : (2, 3) ; ARtÏ¬V CVdÏYûW: x + 2y = 5,  e = 2 

  (ii) ûUVm : (0, 0) ; AûWdÏßdLf£u ¿[m 5 ; e = 
7
5  úUÛm 

ÕûQVfÑ x-AfÑ Y¯f ùNp¡\Õ, 
  (iii) ûUVm : (0, 0) ; AûWd ÏßdLf£u ¿[m 6 ; e = 3, úUÛm 

ÏßdLfÑ. y-AfÑdÏ CûQVôL Es[Õ. 

  (iv) ûUVm : (1, − 2) ; ÏßdLf£u ¿[m 8 ; e = 
5
4 úUÛm 

ÏßdLfÑ x-AfÑdÏ CûQVôL Es[Õ. 
  (v) ûUVm : (2, 5) ; CVdÏYûWLÞdÏ CûPlThP çWm 15, 

Ï®VeLÞdÏ CûPlThP çWm 20 úUÛm ÏßdLfÑ.  

y-AfÑdÏ CûQVôL Es[Õ, 

A(-5, 0)
x

y

P(x,y)

B(5, 0)
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  (vi) Ï®VeLs  : (0, ± 8) ; ÏßdLf£u ¿[m 12 

  (vii) Ï®VeLs : (± 3, 5) ; e = 3 
  (viii) ûUVm : (1, 4) ; JÚ Ï®Vm (6, 4) ARtÏ¬V CVdÏYûW  

x = 
9
4 . 

  (ix) Ï®VeLs : (6, − 1), (− 4, − 1) úUÛm (4, − 1) Gu\ 

×s°Y¯f ùNp¡\Õ, 
 (2) ¸rdLiP A§TWYû[VeLÞdÏ ÏßdLfÑ. ÕûQVfN 

CYt±u NUuTôÓLû[Ùm. ¿[jûRÙm LôiL: 

  (i) 144x2 − 25y2 = 3600 (ii) 8y2 − 2x2 = 16 

  (iii) 16x2 − 9y2 +96x + 36y − 36 = 0  
 (3) ¸rdLiP A§TWYû[VeLÞdÏ CVdÏYûWLs. 

ùNqYLXeLs B¡VYt±u NUuTôÓLs. ¿[eLs CYtû\d 

LôiL, 

  (i) 4x2 − 9y2 = 576 (ii) 9x2 − 4y2 − 36x + 32y + 8 = 0 
 (4) JÚ ×s°Vô]Õ Al×s°dÏm (5, 0) Utßm (− 5, 0) Gu\ 

×s°LÞdÏm CûPúVVô] çWeL°u ®j§VôNm 8BL 

CÚdÏUôß SLÚUô]ôp Al×s°«u ¨VUlTôûR  

9x2 − 16y2 = 144 G] ¨ì©, 
 (5) ¸rdLiP A§TWYû[VeL°u ûUVj ùRôûXjRLÜ. ûUVm. 

Ï®VeLs úUÛm Ef£Lû[d LôiL, úUÛm Yû[YûWûV 

YûWL, 

  (i) 25x2 − 16y2 = 400 (ii) 
y2

9  − 
x2

25 = 1 

  (iii) x2 − 4y2 + 6x + 16y − 11 = 0 (iv) x2 − 3y2 + 6x + 6y + 18 = 0 

4,6 ám× Yû[ÜL°u ÕûQVXÏf NUuTôÓLs 
(Parametric form of Conics) : 

Yû[YûW ÕûQVXÏf 

NUuTôÓ 
ÕûQVXÏ ÕûQVX¡u 

ÅfÑ 
Yû[YûW«u 

HúRàm JÚ ×s° 

TWYû[Vm x = at2 

y = 2at 

t − ∞ < t < ∞ ‘t’ ApXÕ 

(at2, 2at) 
¿sYhPm x = a cos θ 

y = b sin θ 

θ 0 ≤ θ ≤ 2π ‘θ’ ApXÕ 

(a cosθ, b sinθ) 
A§ 

TWYû[Vm 
x = a sec θ 

y = b tan θ 

θ 0≤ θ ≤ 2π ‘θ’  ApXÕ 

(a sec θ, b tan θ) 
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Ï±l× : ¿sYhPj§tÏ ÕûQVXÏf NUuTôÓ  

 x  =  
a(1 − t2)

1 + t2
, y = 

b.2t

1 + t2
 , − ∞ < t <  ∞ BÏm, 

 CkR AûUl× x = a cosθ Utßm y = b sin θ®p tan 
θ
2  = t G] 

ùTôÚkÕYRôp ¡ûPd¡\Õ, 

 G]úY. ám©u ùYhÓ ØLeLÞdÏ CÚ AûUl×Ls Lôo¼£Vu 

AûUl×. ÕûQVXÏ AûUl× B¡VûY Es[], C² ám× 

Yû[ÜLÞdÏ Sôi. ùRôÓúLôÓ. ùNeúLôÓ CûYL°u 

NUuTôÓLû[d LôiúTôm, 

4,7 SôiLs. ùRôÓúLôÓLs Utßm ùNeúLôÓLs 

 (Chords, tangents and normals) : 
 úUtÏ±l©hPYt±u NUuTôÓLû[. ámÜ Yû[ÜLÞdÏ CÚ 

Y¥YeL°Ûm RÚ®dLXôm, 

4.7,1, Lôo¼£Vu AûUl× 

(i) TWYû[Vm (Parabola) : 

y2 = 4ax Gu\ TWYû[Vj§u úUÛs[A(x1, y1) Utßm B(x2, y2) Gu\ 

CÚ ×s°Lû[ CûQdÏm Sô¦u NUuTôÓ,  
  (x1, y1) úUÛm (x2, y2) Gu\ 

×s°Ls TWYû[Vj§u 

úUp AûUkÕs[] GuL, 

  y1
2 = 4ax1, y2

2 = 4ax2 

  y1
2 − y2

2 = 4a (x1 − x2) 

 ⇒ 
y1 − y2

x1 − x2
 = 

4a
y1 + y2

 

 

 

 

 

 

 

TPm 4.90 

 Sôi ABCu NônÜ  =  
4a

y1 + y2
 

 NônÜ (m), ×s° (x1, y1) G²p. Sô¦u NUuTôÓ 

(y − y1)  =  
4a

y1 + y2
  (x − x1) 

A(x1,y1)

B(x2,y2)

x

y

y2 = 4ax

A(x1,y1)

B(x2,y2)

x

y

y2 = 4ax
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 Sôi. (x1, y1) Gu\ ×s°«p ùRôÓúLôPôL Uô\ (x2, y2) Gu\ 

×s° (x1, y1) EPu CûQV úYiÓm, ∴(x1, y1)Cp ùRôÓúLôh¥u 

NUuTôhûPl ùT\. Sô¦u NUuTôh¥p  x2 = x1 G]Üm y2 = y1 

G]Üm ©W§«ÓL, ∴ ùRôÓúLôh¥u NUuTôÓ. 

  (y − y1) = 
4a

y1 + y1
 (x − x1) 

 ⇒ yy1 = 2a(x + x1) 

(y1
2 = 4ax1) 

 G]úY TWYû[Vj§p (x1, y1) 
Gu\ ×s°«p YûWVlTÓm 

ùRôÓúLôh¥u NUuTôÓ  

 yy1 = 2a(x + x1)  

 
 
 
 
 
 
 
 

TPm 4.91 
ùNeúLôh¥u NUuTôhûP ùNeÏjÕj RuûUûVl TVuTÓj§d 
LôÔRp: 
 ùRôÓúLôh¥u NUuTôÓ 
  2ax  − y1y + 2ax1 = 0 

 ∴ ùNeúLôh¥u Y¥Ym  
  y1x + 2ay = k BÏm 
 CÕ (x1, y1) Gu\ ×s°Y¯f 

ùNpYRôp 
 ∴  k = x1y1 + 2ay1

 

 
 
 
 
 

 
 
 

TPm 4.92 
     TWYû[Vj§u (x1, y1) Gu\ ×s°«p YûWVlTÓm ùNeúLôh¥u 

NUuTôÓ y1x + 2ay  =  x1y1 + 2ay1 

(ii) ¿sYhPm 
x2

a2 + 
y2

b2 = 1 úUXûUkR CÚ ×s°Ls A(x1, y1) Utßm  

B(x2, y2)I CûQdÏm Sô¦u NUuTôÓ 

 A(x1, y1), B(x2, y2) Gu\ ×s°Ls 

¿sYhPj§u ÁÕ AûUkÕs[], 

G]úY. 
x1

2

a2  + 
y1

2

b2  = 1,  
x2

2

a2   + 
y2

2

b2   =  1 

 ÑÚd¡V ©u NônÜ 

  m = 
y1 − y2

x1 − x2
 = 

− b2 (x1 + x2)

a2(y1 + y2)
 

 
 
 
 

 
 
 

TPm 4.93 

(x1,y1)

Ta
ng

en
t

x

y

y2 = 4ax

(x1,y1)

Ta
ng

en
t

x

y

y2 = 4ax

(x1,y1)
Ta

ng
en

t
x

y

y2 = 4ax

Normal

(x1,y1)
Ta

ng
en

t
x

y

y2 = 4ax

Normal

B(x2,y2)

x

y

A(x1,y1)

B(x2,y2)

x

y

A(x1,y1)
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 ∴ Sô¦u NUuTôÓ   (y − y1)  =  
− b2 (x1 + x2)

a2(y1 + y2)
 (x − x1) 

 ùRôÓúLôh¥u NUuTôhûPl ùT\ x2 = x1 Utßm y2 = y1 G] 

Sô¦u NUuTôh¥p ©W§ÂÓ ùNnVÜm  

∴(x1, y1) Gu\ ×s°«PjÕ    

ùRôÓúLôh¥u NUuTôÓ  

          (y − y1) =  
− b2 (x1 + x1)

a2 (y1 + y1)
 (x − x1) 

⇒  
xx1

a2  + 
yy1

b2  = 1  

 

 

 

 

 

 

TPm 4.94 

 ùNeúLôh¥u NUuTôhûPl ùT\ ùNeÏjÕjRuûUûV 

TVuTÓjRÜm 

  ∴ùRôÓúLôh¥u NUuTôÓ 

   x1b2x + y1a2y − a2b2 = 0 

∴ùNeúLôh¥u NUuTôÓ  

y1a2x − x1b2y = k Gu\ AûUl©p 

CÚdÏm, B]ôp CÕ  (x1, y1) 
Gu\ ×s°Y¯f ùNp¡\Õ, 

  ∴ k = (a2 − b2) x1 y1
 

 

 

 

 

 

 

TPm 4.95 

 ∴   y1a2x − x1b2y = (a2 − b2) x1y1  ApXÕ  
a2x
x1

 − 
b2y
y1

  =  a2 − b2
 

GuTÕ úRûYVô] NUuTôPôÏm, 

(iii) A§TWYû[Vm (Hyperbola) : 

 ¿sYhPj§tÏ YÚ®jRÕ úTôX. A§TWYû[Vj§u Sô²u 

NUuTôÓ y − y1  =  
b2(x1 + x2)

a2(y1 + y2)
 (x − x1) BÏm, 

N
or

m
a
l

x

y

(x1,y1)
N

or
m

a
l

x

y

(x1,y1)

x

y
(x1,y1)

Tangent
x

y
(x1,y1)

Tangent
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 (x1, y1) Gu\ ×s°«PjÕ ùRôÓúLôh¥u NUuTôÓ  

 
xx1

a2   −  
yy1

b2   =  1 úUÛm (x1, y1)Cp  ùNeúLôh¥u NUuTôÓ  

 
a2x
x1

 + 
b2y
y1

 = a2 + b2
 BÏm, 

 Ï±l× : ¿s YhPj§tÏd ùT\lThP Ø¥ÜL°p b2
dÏl T§XôL  

− b2
I ©W§«P A§TWYû[Vj§tÏ¬V Ø¥ÜLû[l ùT\Xôm, 

4,7,2, ÕûQVXÏ AûUl× (Parametric form) : 
 Sôi. ùRôÓúLôÓ úUÛm ùNeúLôÓL°u ÕûQVXÏf 

NUuTôÓLû[d LôQ. (x1, y1)dÏ JjR ÕûQVXÏLû[l ùTôÚjR 

úYiÓm, 

 (i) TWYû[Vm: 
 TWYû[Vj§u ÁÕs[ (x1, y1) Utßm (x2, y2) ×s°Lû[  

 CûQdÏm Sô¦u NUuTôÓ  y − y1 =  
4a

y1 + y2
  (x − x1) 

 (at1
2, 2at1) Utßm (at2

2, 2at2) ApXÕ ‘t1’ Utßm ‘t2’ Gu\ 

TWYû[Vj§u úUÛs[ ×s°Lû[ CûQdÏm Sô¦u NUuTôÓ

   y − 2at1 = 
4a

2at1 + 2at2
  (x − at1

2) 

                    i.e.    y(t1 + t2)  =  2x + 2a t1t2 

 ‘t’ Gu\ ×s°«p ùRôÓúLôh¥u NUuTôhûPl ùT\ t1 = t2 = t 
Guß Sô¦u NUuTôh¥p ©W§ÂÓ ùNnVÜm, 

   y(2t) = 2x + 2at2 

                            i.e.  yt = x + at2 

Uôtß Øû\ : y2 = 4axCp (x1, y1) Gu\ ×s°«PjÕ ùRôÓúLôh¥p 

NUuTôÓ yy1 = 2a(x + x1) 

 ∴ (at2, 2at)Cp ùRôÓúLôh¥u NUuTôÓ 

   y(2at) = 2a (x + at2) 

   i.e.,    yt = x + at2 
 ùNeÏjÕj RuûUûVl TVuTÓjR. ‘t’Cp ùNeúLôh¥u 

NUuTôÓ y + tx = 2at + at3BÏm, 
 CÕúTôXúY. ¿sYhPm Utßm A§TWYû[Vm B¡VYt±tÏ 

Sôi. ùRôÓúLôÓ. ùNeúLôÓL°u NUuTôÓLû[d LôQXôm, 
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Ï±l× : x2
I xx1Gußm, y2

I yy1Gußm. xyI 
1
2 (xy1 + x1y) Gußm,  

xI 
1
2 (x + x1) Gußm yI 

1
2 (y + y1) Gußm Yû[YûW«u NUuTôh¥p 

GÝR ùRôÓúLôh¥u NUuTôÓ ¡ûPdÏm, 

ám©u ùYhÓØL Yû[YûWLÞdÏ y = mx + c ùRôÓúLôPôL 

AûUV ¨TkRû] : 

 (1) TWYû[VmParabola : 

 y2 = 4ax dÏj ùRôÓúLôÓ y = mx + c GuL, (x1, y1) Gu\ 

×s°«PjÕ ùRôÓúLôh¥u NUuTôÓ yy1 = 2a(x + x1) GuTÕ 

ùR¬kRúR, 

 ∴ úUúX ùLôÓdLlThÓs[ CÚ NUuTôÓLÞm JúW 

ùRÓdúLôhûPd Ï±d¡u\], G]úY JjR ùLÝdLs NU®¡Rj§p 

CÚdÏm, 

   ∴  2ax − y1y + 2ax1 = 0 

   mx − y + c = 0 

 ⇒  
2a
m  = 

− y1

− 1
  =  

2ax1
c  

 ⇒  x1 = 
c
m  ,   y1 = 

2a
m   

 ×s° (x1, y1) TWYû[Vj§p úUp AûUk§ÚlTRôp  

 y1
2 = 4ax1  ⇒  

4a2

m2  = 4a . 
c
m 

   i.e.  ,  c = 
a
m 

 G]úY y2 = 4ax Gu\ TWYû[Vj§tÏl ©uYÚm êuß Ø¥ÜLs 

¡ûPd¡u\], 

 (1) ùRôÓúLôPôL CÚdL ¨TkRû] c = 
a
m 

 (2) ùRôÓ ×s° 



c

m  ,  
2a
m    (i.e.).   





a

m2 , 
2a
m  . 

 (3) GkR JÚ ùRôÓúLôh¥u NUuTôÓm y = mx + 
a
m Gu¡\ 

AûUl©p CÚdÏm, 
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Ï±l× : ùRôÓúLôh¥u NUuTôhûP Lôoh¥£Vu AûUl×dÏl 

T§p ÕûQVXÏ AûUl©p GÓjÕd ùLôiPôÛm CúR 

Ø¥ÜLû[l ùT\Ø¥Ùm, CÕúTôXúY Ut\ ám× Yû[ÜLÞdÏm 

CÕúTôu\  Ø¥ÜLû[l ùT\ Ø¥Ùm, 

¿sYhPjûRl ùTôßjR Ø¥ÜLs : 

 (i) y = mx + c B]Õ ¿sYhPm 
x2

a2  + 
y2

b2  = 1dÏ ùRôÓúLôPôL 

AûUV ¨TkRû] c2 = a2m2 + b2
 BÏm, 

 (ii) ùRôÓ×s° 



− a2m

c  , 
b2

c  , CeÏ c2 = a2m2 + b2 

 (iii) GkR JÚ ùRôÓúLôÓm y = mx ± a2m2 + b2  Gu\ AûUl©p 

CÚdÏm, 

Ï±l× : y = mx ± a2m2 + b2 Cp y = mx + a2m2 + b2  ApXÕ  

y = mx − a2m2 + b2 CYt±p HúRàm JußRôu N¬Vô]úR R®W. 

CWiûPÙúU GÓjÕd ùLôs[ Ø¥VôÕ, 

A§TWYû[VjûRl ùTôßjR Ø¥ÜLs : 

 (i) y = mx + c Gu\ úSodúLôÓ A§TWYû[Vm 
x2

a2  − 
y2

b2  = 1dÏ 

ùRôÓúLôPôL AûUV ¨TkRû] c2 = a2m2 − b2
 BÏm, 

 (ii) ùRôÓ ×s° 



− a2m

c  , 
− b2

c  . CeÏ c2 = a2m2 − b2 

 (iii) GkR JÚ ùRôÓúLôÓm y = mx ± a2m2 − b2
 Gu\ AûUl©p 

CÚdÏm, 

Ï±l× : y = mx ± a2m2 − b2
Cp y = mx + a2m2 − b2  ApXÕ 

    y = mx − a2m2 − b2 CYt±p HúRàm JußRôu N¬Vô]úR 

R®W. CWiûPÙúU GÓjÕd ùLôs[ Ø¥VôÕ, 

4,7,3  (x1, y1) Gu\ ×s°«−ÚkÕ YûWVlTÓm ùRôÓSô¦p 

NUuTôÓ 

(i) TWYû[Vm y2 = 4ax  (ii) ¿sYhPm 
x2

a2 + 
y2

b2  = 1  (iii) A§TWYû[Vm 

x2

a2 − 
y2

b2 = 1 B¡VYt±tÏ YûWVlTÓm ùSÓúLôÓL°u ùRôÓ Sô¦u 

NUuTôÓLs 
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¾oÜ : 
 Q(x2, y2)®p ùRôÓúLôh¥u 

NUuTôÓ yy2 = 2a(x + x2) 
 CÕ P(x1, y1) Y¯f ùNpYRôp 

 y1y2 = 2a (x1 + x2)           … (1) 
 R(x3, y3)Cp ùRôÓúLôh¥u 

NUuTôÓ yy3 = 2a(x + x3) 
 CÕ P(x1, y1) Y¯f ùNpYRôp 

∴  y1y3 = 2a(x1 + x3) … (2) 
 Ø¥ÜLs (1) Utßm (2)C−ÚkÕ 

Q(x2, y2) UtßmR(x3, y3) ×s°Ls  
yy1 = 2a(x + x1)  Gu\ úSodúLôh¥p 

AûU¡u\], 

 
 
 
 
 
 
 
 
 
 

 
 
 

TPm 4.96 

∴ ùRôÓúLôÓL°u ùRôÓSôi QRCu NUuTôÓ yy1 = 2a(x + x1) 
BÏm, 
 CÕúTôXúY ¿sYhPj§u ùRôÓSô¦u NUuTôÓ  

 
xx1

a2   +  
yy1

b2  = 1 G]Üm A§TWYû[Vj§u ùRôÓSô¦u NUuTôÓ 

xx1

a2  − 
yy1

b2  = 1 G]Üm AûPVXôm, 

GÓjÕdLôhÓ 4.59 : y2 = 5x Gu\ TWYû[Vj§tÏ (5, 13)  ×s°«p 

CÚkÕ YûWVlTÓm ùRôÓúLôÓL°u NUuTôÓLû[d LôiL, 

úUÛm ùRôÓ×s°Lû[Ùm LôiL, 

¾oÜ : 

 TWYû[«u NUuTôÓ y2 = 5x      CeÏ 4a = 5    ⇒  a = 
5
4  

 ùRôÓúLôh¥u NUuTôÓ y = mx + 
a
m   i.e., y = mx + 

5
4m  … (1) 

 CÕ (5, 13) Gu\ ×s°Y¯f ùNpYRôp  

   13 = 5m + 
5

4m  

   ∴ 20m2 − 52m + 5 = 0 

   (10m − 1)  (2m − 5) = 0 

V x

(x1,y1)

y

Q(x 2
,y 2

)

R(x
3 ,y

3 )

P V x

(x1,y1)

y

Q(x 2
,y 2

)

R(x
3 ,y

3 )

P
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   ∴ m = 
1
10  ApXÕ  m = 

5
2  

 CkR mCu U§l×LÞdÏ ùRôÓúLôÓL°u NUuTôÓLs  
2y = 5x + 1, 10y = x + 125 BÏm,  

 ùRôÓ ×s°Ls  




a

m2 , 
2a
m  ,  a = 

5
4   m = 

5
2  ,  

1
10  GuTRôp ùRôÓ 

×s°Ls  



1

5 , 1  , (125, 25) BÏm, 

GÓjÕdLôhÓ 4.60 : t = 1Cp  y2 = 12x Gu\ TWYû[Vj§tÏ ùRôÓ 

úLôh¥u NUuTôÓ LôiL, 

¾oÜ : TWYû[«u NUuTôÓ y2 = 12x. 

 CeÏ 4a = 12,   a = 3 

 ‘t’ GuTÕ (at2, 2at) Gu\ ×s°ûVd Ï±d¡\Õ,  

 ∴ t = 1 G²p ×s° (3, 6) BÏm, 

 (x1, y1) Gu\ ×s°«PjÕ TWYû[Vm y2 = 12xCu  

ùRôÓúLôh¥u NUuTôÓ,  yy1 = 12 
(x + x1)

2  

 C§p (3, 6)Cp ùRôÓúLôh¥u NUuTôÓ  y(6) = 
12 (x + 3)

2       

  (A,Õ,).  x − y + 3 = 0 

Uôtß Øû\  : 

 ‘t’Cp ùRôÓúLôh¥u NUuTôÓ yt = x + at2 

   CeÏ        4a = 12    ⇒  a  =  3 

   úUÛm           t = 1 

 ∴ ùRôÓúLôh¥u NUuTôÓ y = x + 3 

   x − y + 3 = 0 

GÓjÕdLôhÓ 4.61 :   

 x2 + x − 2y + 2 = 0 Gu\ TWYû[Vj§tÏ (1, 2) Gu\ ×s°«p 

ùRôÓúLôÓ Utßm ùNeúLôÓL°u NUuTôÓLû[d LôiL, 

¾oÜ : 

 TWYû[«u NUuTôÓ x2 + x − 2y + 2 = 0 

 (x1, y1)Cp ùRôÓúLôh¥u NUuTôÓ 
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 xx1 + 
x + x1

2   − 2 
(y + y1)

2   + 2 = 0¸ ⇒  x(1) + 
x + 1

2  − 2 
(y + 2)

2  + 2 = 0 

 ÑÚd¡V ©u 3x − 2y + 1 = 0 BÏm, 

 ùNeúLôh¥u NUuTôÓ 2x + 3y + k = 0 

 CÕ (1, 2) Y¯f ùNpYRôp 

   ∴  2 + 6 + k = 0    ∴   k = − 8 

 ∴ ùNeúLôh¥u NUuTôÓ  2x + 3y − 8 = 0 

GÓjÕdLôhÓ 4.62 : 2x2 + 7y2 = 14 Gu\ ¿sYhPj§tÏ (5, 2) Gu\ 

×s°«−ÚkÕ YûWVlTÓm CÚ ùRôÓúLôÓL°u NUuTôÓLû[d 

LôiL, 

¾oÜ : 

 ¿sYhPj§u NUuTôÓ 2x2 + 7y2 = 14 

   ARôYÕ    
x2

7  + 
y2

2   = 1 

ùRôÓúLôh¥u NUuTôhûP 

   y = mx + a2m2 + b2 GuL.  

   CeÏ a2 = 7,   b2 = 2  G²p. 

   ∴  y = mx + 7m2 + 2  
 CÕ (5, 2) Gu\ ×s° Y¯f ùNpYRôp 

   2 = 5m + 7m2 + 2  

  ARôYÕ    2 − 5m = 7m2 + 2 

   ∴  (2 − 5m)2 = 7m2 + 2 

   4 + 25m2 − 20m = 7m2 + 2 

   18m2 − 20m + 2 = 0 

   9m2 − 10m + 1 = 0 

  ∴  (9m − 1)  (m − 1)= 0 

   ∴  m = 1    ApXÕ  m = 
1
9  

 NônÜ - ×s° Y¥Yj§p. ùRôÓúLôÓL°u NUuTôÓ LôQp 

 (i) m = 1 G²p. y − 2 = 1(x − 5) i.e., x − y − 3 = 0   

 (ii) m = 1/9  G²p 
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  y − 2 = 
1
9 (x − 5), ARôYÕ. x − 9y + 13 = 0 

 ∴ ùRôÓúLôÓL°u NUuTôÓLs.  

 x − y − 3 = 0 . x − 9y + 13 = 0 BÏm, 

GÓjÕdLôhÓ 4.63 : 2x2 + 5y2 = 20 Gu\ ¿sYhPj§tÏ (2, 4) Gu\ 

×s°«−ÚkÕ YûWVlTÓm ùRôÓúLôÓL°u ùRôÓSô¦u 

NUuTôhûPd LôiL, 

¾oÜ : 

 ×s° (x1, y1)C−ÚkÕ 2x2 + 5y2 − 20 = 0dÏ ùRôÓúLôÓL°u 

ùRôÓSô¦u NUuTôÓ. 2xx1 + 5yy1 − 20 = 0  

 (2, 4)C−ÚkÕ úRûYVô] NUuTôÓ  2x(2) + 5y(4) − 20 = 0 

   ARôYÕ    x + 5y − 5 = 0 

T«t£ 4.4 
  (1) ùRôÓúLôÓ. ùNeúLôÓ CYt±u NUuTôÓLs LôiL, 

  (i)  TWYû[Vm y2 = 12x dÏ (3, − 6) ×s°«p 

  (ii) TWYû[Vm x2 = 9ydÏ  (− 3, 1) ×s°«p 

  (iii) TWYû[Vm x2 + 2x − 4y + 4 = 0dÏ  (0, 1) ×s°«p  

  (iv) ¿s YhPm 2x2 + 3y2 = 6dÏ ( )3 , 0 Gu\ ×s°«p 

  (v) A§TWYû[Vm 9x2 − 5y2 = 31dÏ (2, − 1) Gu\ ×s°«p 
 (2) ùRôÓúLôÓ. ùNeúLôÓ CYt±u NUuTôÓLs LôiL, 

  (i) TWYû[Vm y2 = 8xdÏ t  = 
1
2  Gu\ ×s°«p 

  (ii) ¿s YhPm x2 + 4y2 = 32dÏ θ = 
π
4  Gu\ ×s°«p 

  (iii) ¿s YhPm 16x2 + 25y2 = 400dÏ t = 
1
3

  Gu\ ×s°«p 

  (iv) A§TWYû[Vm 
x2

9   − 
y2

12  = 1dÏ θ = 
π
6  Gu\ ×s°«p 

 (3) ùRôÓúLôÓL°u NUuTôÓLû[d LôiL, 

  (i) 3x − 2y + 5 = 0 Gu\ úSodúLôhÓdÏ CûQVôL y2 = 6x  
Gu\ TWYû[Vj§u ùRôÓúLôÓ, 

  (ii) 3x − y + 8 = 0 Gu\ úSoúLôhÓdÏf ùNeÏjRôL y2 = 16x  
Gu\ TWYû[Vj§u ùRôÓúLôÓ, 
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  (iii) x + y + 2 = 0 Gu\ úSodúLôh¥tÏf ùNeÏjRôL 
x2

20 + 
y2

5   = 1 

Gu\ ¿sYhPj§u ùRôÓúLôÓ 

  (iv) 10x − 3y + 9 = 0 Gu\ úSodúLôh¥tÏ CûQVôL  

4x2 − y2 = 64 Gu\ A§TWYû[Vj§u ùRôÓúLôÓ 

 (4) YûWVjRdL CÚ ùRôÓúLôÓL°u NUuTôÓLû[d LôiL, 

  (i) (2, − 3)−ÚkÕ y2 = 4x Gu\ TWYû[Vj§tÏ  

  (ii) (1, 3)−ÚkÕ 4x2 + 9y2 = 36 Gu\ ¿sYhPj§tÏ 

  (iii) (1, 2)−ÚkÕ 2x2 − 3y2 = 6 Gu\ A§TWYû[Vj§tÏ 

 (5) 5x + 12y = 9 Gu\ úSodúLôÓ A§TWYû[Vm x2 − 9y2 = 9-Ij 

ùRôÓ¡\Õ G] ¨ì©dL, úUÛm ùRôÓm ×s°ûVÙm LôiL, 

 (6) x − y + 4 = 0 Gu\ úSodúLôÓ ¿sYhPm x2 + 3y2 = 12dÏ 

ùRôÓúLôPôL Es[Õ G] ¨ì©dL, úUÛm ùRôÓm 

×s°ûVÙm LôiL, 

 (7) ùRôÓúLôÓL°u ùRôÓSô¦u NUuTôhûPd LôiL, 

  (i) (−3, 1)−ÚkÕ y2 = 8x Gu\ TWYû[Vj§tÏ 

  (ii) (2, 4)−ÚkÕ 2x2 + 5y2 = 20 Gu\ ¿sYhPj§tÏ 

  (iii) (5, 3)−ÚkÕ 4x2 − 6y2 = 24 Gu\ A§TWYû[Vj§tÏ 

£X Ø¥ÜLs (¨ìTQªu±) 

 (1) R[j§u JÚ ×s°«−ÚkÕ CÚ ùRôÓúLôÓLs Øû\úV  

(i) TWYû[Vm (ii) ¿s YhPm  (iii) A§TWYû[Vm 

B¡VYt±tÏ YûWV Ø¥Ùm, 

 (2) R[j§u JÚ ×s°«−ÚkÕ 

  (a) TWYû[Vj§tÏ 3 ùNeúLôÓLÞm 

  (b) ¿sYhPm Utßm A§TWYû[Vj§tÏ 4 ùNeúLôÓLÞm 

YûWVØ¥Ùm, 

 (3) (x1, y1) Gu\ ×s°«−ÚkÕ 

  (i) y2 = 4ax Gu\ TWYû[Vj§tÏ YûWVlTÓm ùRôÓSô¦u 

NUuTôÓ yy1 = 2a(x + x1) 

  (ii) 
x2

a2  +  
y2

b2  =  1 Gu\ ¿sYhPj§tÏ YûWVlTÓm 

ùRôÓSô¦u NUuTôÓ  
xx1

a2   + 
yy1

b2  = 1 
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  (iii) 
x2

a2  −  
y2

b2  =  1 Gu\ A§TWYû[Vj§tÏ YûWVlTÓm 

ùRôÓSô¦u NUuTôÓ  
xx1

a2   − 
yy1

b2  = 1 

 (4) CVdÏYûW«u GkR JÚ ×s°«−ÚkÕm YûWVlTÓm 

ùRôÓúLôÓL°u ùRôÓSôi (i) TWYû[Vj§tÏ Ï®Vm 

Y¯VôLÜm (ii) ¿sYhPj§tÏm, A§TWYû[Vj§tÏm ARu 

JjR Ï®Vm Y¯VôLÜm ùNpÛm 

 (5) lx + my + n = 0 Gu\ úSodúLôÓ 

  (i) y2 = 4ax Gu\ TWYû[Vj§tÏ ùRôÓúLôPôL AûUV 

¨TkRû] am2 =ln 

  (ii) 
x2

a2 + 
y2

b2 = 1 Gu\ ¿sYhPj§tÏ a2l2 + b2m2 = n2
 

  (iii)  
x2

a2 − 
y2

b2 = 1 Gu\ A§TWYû[Vj§tÏ a2l2 − b2m2 = n2
BÏm, 

 (6) lx + my + n = 0 Gu\ úSodúLôÓ 

  (i) y2 = 4ax Gu\ TWYû[Vj§tÏ ùNeúLôPôL AûUV 

¨TkRû] al3 + 2alm2 + m2n = 0 

  (ii) 
x2

a2 + 
y2

b2 = 1 Gu\ ¿sYhPj§tÏ  
a2

l2
 + 

b2

m2 = 
(a2 − b2)

2

n2  

  (iii) 
x2

a2 − 
y2

b2 = 1 Gu\ A§TWYû[Vj§tÏ 
a2

l2
 − 

b2

m2 = 
(a2 + b2)

2

n2   

 (7) JÚ Ï®Vj§−ÚkÕ JÚ ùRôÓúLôh¥tÏ YûWVlTÓm 

ùNeÏjÕd úLôh¥u A¥«u ¨VUlTôûR 

  (i)  y2 = 4ax Gu\ TWYû[Vj§tÏ x =  0 

  (ii) 
x2

a2 + 
y2

 b2 = 1 Gu\ ¿sYhPj§tÏ x2 + y2 = a2
 (ÕûQ YhPm) 

  (iii) 
x2

a2 − 
y2

 b2 = 1 Gu\ A§TWYû[Vj§tÏ x2 + y2 = a2
 (ÕûQ 

YhPm) BÏm, 
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 (8) ùNeÏjÕj ùRôÓúLôÓLs ùYh¥d ùLôsÞm ×s°«u 

¨VUlTôûR  

  (i) y2 = 4ax Gu\ TWYû[Vj§tÏ x = − a (CVdÏYûW) 

  (ii) 
x2

a2 + 
y2

b2 = 1 Gu\ ¿sYhPj§tÏ  x2 + y2 = a2 + b2 
(CVdÏ 

YhPm) 

  (iii) 
x2

a2 − 
y2

b2  = 1 Gu\ A§TWYû[Vj§tÏ x2 + y2 = a2 − b2 
(CVdÏ 

YhPm) BÏm, 

 (9) y2 = 4ax Gu\ TWYû[Vj§tÏ ‘t1’, ‘t2’ B¡V ×s°L°p 

AûUÙm ùRôÓúLôÓL°u ùYhÓm ×s° [at1t2, a(t1 + t2)] 

 (10) y2 = 4ax Gu\ TWYû[Vj§tÏ ‘t1’ Gu\ ×s°«p YûWVlTÓm 

ùNeúLôÓ. TWYû[VjûR ÁiÓm ‘t2’ Gu\ ×s°«p 

Nk§dÏùU²p  t2 = − 




t1 + 

2
t1

 

 (11) TWYû[Vm y2 = 4ax-u Ï®Sô¦u Cß§l ×s°Ls ‘t1’ Utßm 

‘t2’ G²p t1t2 = − 1 

Ï±l× : úUtÏ±l©hÓs[ Ø¥ÜLÞdÏ ¨ìTQm 

úYiÓUô«u ¾oÜl ×jRLjûRl TôodLÜm, 

4,8 ùRôûXj ùRôÓúLôÓLs (Asymptotes) : 
 y = f(x) Gu\ Nôo©u Yû[YûWûV GÓjÕd ùLôsL, 

Yû[YûW«u úUÛs[P Gu\ ×s° B§«−ÚkÕ úUÛm úUÛm 

®X¡f ùNpÛmúTôÕ ¨ûXdúLôh¥−ÚkÕ ×s° PdÏs[ çWm 

éf£VjûR úSôd¡f ùNpX Yônl× EiÓ, CjRûLV ¨ûXdúLôÓ 

ùRôûXj ùRôÓ úLôPôÏm, §\kR Yû[YûW«pRôu CÕ 

Nôj§VUôÏm, A§TWYû[ JÚ §\kR Yû[YûWVôRXôp. x → + ∞ 
Utßm x → − ∞ BÏm ùTôÝÕ  y → ± ∞ BÏm,  

 ∴ A§TWYû[Vj§tÏ ùRôûXj ùRôÓúLôÓLs EiÓ, 

YûWVû\ : 
 JÚ Yû[YûWdÏ YûWVlTÓm ùRôÓúLôh¥u ùRôÓ×s° 

LkR¯«p CÚdÏUô]ôp AkR ùRôÓúLôÓ Yû[YûW«u ùRôûXj 

ùRôÓúLôPôÏm, Ï±lTôL. ùRôûXj ùRôÓúLôÓ + ∞ Utßm − ∞Cp 

Yû[YûWûVj ùRôÓ¡\Õ,  
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TPm 4.97 

A§TWYû[Vm 
x2

a2 − 
y2

b2 = 1-Cu ùRôûXj ùRôÓúLôÓL°u NUuTôÓLs 

 úSodúLôÓ y = mx + cI ùRôûXj ùRôÓúLôÓ GuL, ùRôûXj 

ùRôÓúLôÓ. A§TWYû[VjûR ùYhÓm ×s°Lû[d LiP±V. 

 
x2

a2  −  
y2

b2  =  1Ùm y = mx + cÙm ¾odL úYiÓm,     ∴  
x2

a2  −  
(mx + c)2

b2  = 1 

 






1

a2 − 
m2

b2  x2 − 
2mc

b2  x − 






c2

b2 + 1  = 0 

 CÚ ùRôÓm ×s°LÞm LkR¯«p Es[], ∴ ARôYÕ êXeLs 

LkR¯VôL CÚdL úYiÓm, 

∴ x2
Cu ùLÝ. xCu ùLÝ éf£Vm BL úYiÓm, 

 ∴ 
1

a2  −  
m2

b2  = 0   Utßm  
− 2mc

b2  = 0      i.e.,   m =  ± 
b
a  Utßm  c = 0 

                          y  = ± 
b
a x 

 ∴ CÚ ùRôûXj ùRôÓúLôÓLs Es[], AYt±u NUuTôÓLs  

   y = 
b
a x   Utßm y = 

− b
a  x BÏm, 

 i.e. 
x
a  − 

y
b  = 0 Utßm 

x
a  +  

y
b  = 0 

 ùRôûXj ùRôÓúLôÓL°u úNol×f NUuTôÓ. 

A′ A

F2 F1
C

y

x

Fix
ed

 Line
 (a

sym
pto

te)

P

P
P

P

P
P

A′ A

F2 F1
C

y

x

Fix
ed

 Line
 (a

sym
pto

te)

P

P
P

P

P
P
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x

a − 
y
b   



x

a + 
y
b   = 0   i.e.     

x2

a2  −  
y2

b2 = 0 

 

 

 

 

 

 

 

 

 

TPm 4.98 

ùRôûXj ùRôÓúLôÓLs ùRôPoTô] £X Ø¥ÜLs : 

  (1) ùRôûXj ùRôÓúLôÓLs A§TWYû[Vj§u ûUVm C(0, 0) 
Y¯f ùNp¡u\], 

 (2) ùRôûXj ùRôÓúLôÓL°u NônÜLs 
b
a  úUÛm − 

b
a  BÏm, 

ARôYÕ. ÏßdLfÑ Utßm ÕûQVfÑ ùRôûXjùRôÓLÞdÏ 

CûPlThP úLôQjûR CÚNUdá±Óm, 

 (3) ùRôûXj ùRôÓL°u CûPlThP úLôQm 2α G²p.  

x
a  −  

y
b = 0-u NônÜ tan α = 

b
a  BÏm, 

  ∴ ùRôûXj ùRôÓúLôÓLÞdÏ CûPlThP úLôQm  

2α = 2 tan−1 
b
a 

 (4) sec2α = 1 + tan2α G] ùR¬kRúR 

    sec2α = 1 + 
b2

a2  =  
a2 + b2

a2   =  e2 

    ⇒  sec α = e   ⇒  α  =  sec−1e 

  ∴ ùRôûXj ùRôÓLÞdÏ CûPlThP úLôQm = 2α = 2 sec−1e 

F2

(-ae,0)
A' A

ZZ ' C

y

ll1

x/a + y/b=0

x

x/a
 - y/b

=0

α F1

(ae,0)

F2

(-ae,0)
A' A

ZZ ' C

y

ll1

x/a + y/b=0

x

x/a
 - y/b

=0

α F1

(ae,0)
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Ød¡Vd Ï±l× : 
  ùRôûXj ùRôÓúLôÓLs úSodúLôÓL[ôL CÚl©àm. 

CYt±tÏ CûPlThP úLôQm ®¬úLôQUôL CÚl©] AûRúV 

ùRôûXj ùRôÓLÞdÏ CûPlThP úLôQUôL GÓjÕd ùLôs[ 

úYiÓm, JjR ÏßeúLôQjûR GÓdLd áPôÕ, 

 (5) A§TWYû[Vj§u §hPf NUuTôÓm. ùRôûXj 

ùRôÓúLôÓL°u úNol×f NUuTôÓm Uô±− EßlTôp 

UhÓúU úYßTÓ¡u\], 

 (6) l1 = 0 úUÛm l2 = 0 ùRôûXj ùRôÓúLôÓL°u R²jR²f 

NUuTôÓLs G²p. ùRôûXj ùRôÓúLôÓL°u úNol×f 

NUuTôÓ l1 l2 = 0 BÏm, 

  ∴ JjR A§TWYû[Vj§u NUuTôÓ l1l2 = k (k JÚ Uô±−) kCu 

U§lûT A±V A§TWYû[Vj§u ÁÕ JÚ ×s° úRûYlTÓm, 

GÓjÕdLôhÓ 4.64 : 3x2 − 5xy − 2y2 + 17x + y + 14 = 0 Gu\ 

A§TWYû[Vj§u ùRôûXj ùRôÓúLôÓL°u R²jR²f 

NUuTôÓLû[d LôiL, 
¾oÜ: ùRôûXj ùRôÓúLôÓL°u úNol×f NUuTôÓ 

A§TWYû[Vj§u NUuTôh¥−ÚkÕ JÚ Uô±−Vôp úYßTÓm, 

  3x2 − 5xy − 2y2 + 17x + y + k = 0 ùRôûXj ùRôÓúLôÓL°u 

úNol×f NUuTôPôÏm, 

      3x2 − 5xy − 2y2 = 3x2 − 6xy + xy − 2y2 
    = 3x (x − 2y) + y(x − 2y) 
    = (3x + y) (x − 2y) 
 ∴ R²fNUuTôÓLs  3x + y + l = 0,    x − 2y + m =  0 BÏm, 

   ∴   (3x + y + l)  (x − 2y + m) = 3x2 − 5xy − 2y2 + 17x + y + k 
 x, y Utßm Uô±− Eßl×Lû[ Jl©P. 

   l + 3m = 17 … (1) 
   − 2l + m = 1 …(2) 
   l m = k 
 (1) Utßm (2)I ¾odL. l = 2,  m = 5  úUÛm k = 10 BÏm, 

 ∴ ùRôûXj ùRôÓúLôÓL°u R²fNUuTôÓLs 3x  + y + 2 = 0 

úUÛm  x − 2y + 5 = 0 BÏm, 

 ∴ ùRôûXj ùRôÓúLôÓL°u úNol×f NUuTôÓ  

 3x2 − 5xy − 2y2 + 17x + y + 10 = 0 
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Ï±l× : úUúX á\lThP A§TWYû[Vm JÚ §hP A§TWYû[Vm 

ApX, 

GÓjÕdLôhÓ 4.65 :  

 4x + 3y − 7 = 0 Utßm x − 2y = 1 GuTYtû\j ùRôûXj 

ùRôÓúLôÓL[ôLÜm. (2, 3)  Gu\ ×s°Y¯VôLf ùNpÛm 

A§TWYû[Vj§u NUuTôhûPd LôiL, 

¾oÜ : 
      ùRôûXj ùRôÓúLôÓL°u R²fNUuTôÓLs  

 4x + 3y − 7 = 0 Utßm x − 2y − 1 = 0 BÏm, 

 ∴ (4x + 3y − 7) (x − 2y − 1) = 0 GuTÕ ùRôûXjùRôÓúLôÓL°u 

úNol×f NUuTôPôÏm, 
 ùRôûXj ùRôÓúLôÓL°u úNol×f NUuTôÓm. 

A§TWYû[Vj§u NUuTôÓm JÚ Uô±−Vôp úYßTÓm, 

 (4x + 3y − 7) (x − 2y − 1) + k = 0 A§TWYû[Vj§u NUuTôPôÏm, 

 CÕ  (2, 3) Gu\ ×s°Y¯f ùNpYRôp 

   (8 + 9 − 7) (2 − 6 − 1) + k = 0     ∴  k = 50 

   (4x + 3y − 7) (x − 2y − 1) + 50 = 0, 

 CÕúY A§TYû[Vj§u NUuTôPôÏm, CfNUuTôhûP 

   4x2 − 5xy − 6y2 − 11x + 11y + 57 = 0 G]Üm GÝRXôm, 

GÓjÕdLôhÓ 4.66: 3x2 − y2 − 12x − 6y − 9 = 0 Gu\ A§TWYû[Vj§u 

ùRôûXj ùRôÓúLôÓLÞdÏ CûPlThP úLôQjûRd LôiL, 

¾oÜ : 

         3x2 − y2 − 12x − 6y − 9 = 0 

   3(x2 − 4x) − (y2 + 6y) = 9 

   3 {(x − 2)2 − 4} − {(y + 3)2 − 9} = 9 

   3(x − 2)2 − (y + 3)2 = 12 

   
(x − 2)2

4   −  
(y + 3)2

12  = 1 

 CeÏ a = 2,  b = 12  = 2 3 

 ∴ ùRôûXj ùRôÓúLôÓLÞdÏ CûPlThP úLôQm  

 2α = 2 tan−1  
b
a  =  2tan−1 

2 3
2   = 2 tan−1 3 = 2 × 

π
3  = 

2π
3   
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Uôtß Øû\ : 

 a2 = 4,   b2 = 12 

   e = 1 + 
b2

a2  = 1 + 
12
4   =  2 

 ùRôûXj ùRôÓúLôÓLÞdÏ CûPlThP úLôQm  

   2 α  =  2 sec−12 = 2 × 
π
3   =  

2π
3   

GÓjÕdLôhÓ 4.67:   3x2 − 5xy − 2y2 + 17x + y + 14 = 0 Gu\  

A§TWYû[Vj§u ùRôûXj ùRôÓúLô°u CûPlThP 

úLôQjûRd LôiL, 

¾oÜ: ùRôûXj ùRôÓúLôÓL°u úNol×f NUuTôÓ 

A§TWYû[Vj§u NUuTôh¥−ÚkÕ JÚ Uô±−Vôp úYßTÓm, 

 ∴ ùRôûXj ùRôÓúLôÓL°u úNol×f NUuTôÓ 

   3x2 − 5xy − 2y2 + 17x + y + k = 0 

   3x2 − 5xy − 2y2 = 3x2 − 6xy + xy − 2y2 

    = 3x(x − 2y) + y(x − 2y) 

    = (x − 2y) (3x + y) 

 ∴R²jR²f NUuTôÓLs  x − 2y + l = 0 Utßm  3x + y + m = 0 

BÏm, 

 CkR úSodúLôÓL°u NônÜLs m1, m2 G²p m1 = 
1
2  , m2 = − 3 

 ∴ úSodúLôÓLÞdÏ CûPlThP úLôQm    

   tanθ = 






m1 − m2

1 + m1m2
 = 



1/2 − (− 3)

1 + 1/2 (− 3)
 = 7 

   θ = tan−1 (7) 

Uôtß Øû\ : ùRôûXj ùRôÓúLôÓL°u úNol×f NUuTôÓm. 

CWhûPd úLôÓL°u NUuTôÓm Juú\VôÏm, 

   tan θ = 





2 h2 − ab

a + b    

 ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 EPu Jl©ÓûL«p 

 a = 3,  b = − 2,  2h = − 5 
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   tan θ = 









2
25
4  + 6

3 − 2
 

   = 



2 × 7

2   = 7 

   θ = tan−1 (7) 

Ï±l× :  

 úUúX ùLôÓdLlThP A§TWYû[Vm §hPY¥®p 

CpXôRRôp. ùRôûXj ùRôÓúLôÓLÞd¡ûPúV Es[ úLôQm 

®¬úLôQUô ApXÕ ÏßeúLôQUô GuTûRd áßYÕ G°RpX, 

G]úY úUtá±V Y¯«p ùRôûXj ùRôÓúLôÓLÞd¡ûPúVÙs[ 

úLôQm ÏßeúLôQUôLúY AûUÙm, 

 ∴ A§TWYû[Vm §hP Y¥®p CÚl©u. ùRôûXj 

ùRôÓúLôÓLÞd¡ûPúVÙs[ úLôQm 2 tan−1 
b
a   ApXÕ 2 sec−1e  

G] GÓjÕd ùLôs[ úYiÓm, 

GÓjÕdLôhÓ 4.68 : A§TWYû[Vj§u HúRàm JÚ ×s°«−ÚkÕ 

ARu ùRôûXj ùRôÓúLôÓL°u ùNeÏjÕj çWeL°u ùTÚdÏj 

ùRôûL JÚ Uô±− Gußm ARu U§l×
a2b2

a2 + b2 G]Üm LôhÓL, 

¾oÜ : 

 A§TWYû[Vm 
x2

a2  − 
y2

b2 = 1Cu úUp HúRàm JÚ ×s°ûV  

P (x1, y1) GuL,                     ∴ 
x1

2

a2  − 
y1

2

b2  = 1      … (1) 

 (x1, y1)C−ÚkÕ. 
x
a − 

y
b  = 0 Gu\ ùRôûXj ùRôÓ úLôh¥tÏ 

YûWVlTÓm ùNeÏjÕd úLôh¥u ¿[m 

  

x1
a  − 

y1
b

1

a2 + 
1

b2

 BÏm, úUÛm 
x
a + 

y
b = 0dÏ  

x1
a  + 

y1
b

1

a2 + 
1

b2

   BÏm, 



 279

 
 
 
 
 
 
 
 
 
 

TPm 4.99 
 ∴ ùNeÏjÕj çWeL°u ùTÚdLt TXu 

    = 

x1
a  + 

y1
b

1

a2 + 
1

b2

 . 

x1
a  − 

y1
b

1

a2 + 
1

b2

 

    = 

x1
2

a2  − 
y1

2

b2

1

a2 + 
1

b2

  =  
1

b2 + a2

a2 b2

    ((1)C−ÚkÕ) 

    = 
a2 b2

a2 + b2   (JÚ Uô±−VôÏm) 

T«t£ 4.5 
  (1) ©uYÚm A§TWYû[VeLÞdÏj ùRôûXj ùRôÓúLôÓL°u 

NUuTôÓLû[d LôiL, 

  (i) 36x2 − 25y2 = 900 (ii) 8x2 + 10xy − 3y2 − 2x + 4y − 2 = 0 
 (2) ©uYÚm A§TWYû[VeL°u NUuTôÓLs LôiL, 

  (i) ùRôûXj ùRôÓúLôÓLs 2x + 3y − 8 = 0 Utßm  

3x − 2y + 1 = 0 úUÛm (5, 3) Gu\ ×s° Y¯VôL 

A§TWYû[Vm ùNp¡\Õ, 

  (ii) A§TWYû[Vj§u ûUVm (2, 4). úUÛm (2, 0) Y¯úV 

ùNp¡\Õ, CRu ùRôûXj ùRôÓúLôÓLs  
x + 2y − 12 = 0 Utßm x − 2y + 8 = 0  B¡VYt±tÏ CûQVôL 

CÚd¡u\], 

F2 F1
A′ AC

y

x/a
 - y/b

=0

P(x1,y1)

x/a + y/b=0

x
F2 F1

A′ AC

y

x/a
 - y/b

=0

P(x1,y1)

x/a + y/b=0

x
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 (3) ©uYÚm A§TWYû[VeL°u ùRôûXj ùRôÓúLôÓLÞdÏ 

CûPúV AûUÙm úLôQjûRd LôiL, 

  (i) 24x2 − 8y2 = 27  (ii) 9(x − 2)2 − 4(y + 3)2 = 36 

  (iii) 4x2 − 5y2 − 16x + 10y + 31 = 0 

4,9 ùNqYL A§TWYû[Vm (Rectangular hyperbola) : 
YûWVû\ : 

 JÚ A§TWYû[Vj§u ùRôûXj ùRôÓúLôÓLs Juû\ùVôuß 

ùNeÏjRôL ùYh¥d ùLôsÞùU²p AÕ ùNqYL A§TWYû[Vm 

G]lTÓm, 

 ùRôûXj ùRôÓúLôÓLÞdÏ CûPlThP úLôQm 2 tan−1 
b
a  

BÏm, B]ôp ùNqYL A§TWYû[Vj§u ùRôûXj 

ùRôÓúLôÓLÞdÏ CûPúV Es[ úLôQm 90°BÏm, 

 ∴ 2 tan−1 



b

a  = 90° ∴  
b
a = tan45°   ⇒  a = b. 

 ∴ A§TWYû[Vm 
x2

a2  − 
y2

b2 = 1Cp a = b G]l ©W§«P. ùNqYL 

A§TWYû[Vj§u NUuTôÓ x2 − y2 = a2
 G] AûP¡ú\ôm, G]úY 

ùRôûXj ùRôÓúLôÓL°u úNol×f NUuTôÓ x2 − y2 = 0 BÏm, R²f 

NUuTôÓLs x − y = 0 Utßm x + y = 0. ARôYÕ. x = y Utßm x = − y. 
ÏßdLfÑ y = 0, ÕûQVfÑ x = 0 BÏm, 

 ùNqYL A§TWYû[Vm x2 − y2 = a2
Cu GpXô Ø¥ÜLÞm.   

x2

a2 − 
y2

b2 = 1 Gu\ A§TWYû[Vj§u Ø¥ÜL°p a = b G]l ©W§«Pd 

¡ûPdÏm 

 CqYûL ùNqYL A§TWYû[Vm §hP AûUl©p CpûX 

GuTRû]j ùR¬kÕ ùLôsL, §hP AûUl©p CÚdL úYiÓUô«u 

AfÑLs ùRôûXj ùRôÓúLôÓL[ôL AûUV úYiÓm, 

 ùNqYL A§TWYû[Vm x2 − y2 = a2
I B§ûVl ùTôßjÕ 45° 

L¥LôWj§u G§oj§ûN«p ÑZtßmùTôÝÕ ùNqYL 

A§TWYû[Vj§u §hPf NUuTôÓ xy = c2 ¡ûPd¡\Õ, 
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TPm 4.100 

4,9,1 ùNqYL A§TWYû[Vj§u §hPf NUuTôÓ 

(Standard equation of a rectangular hyperbola) : 

 §hP Y¥®Ûs[ ùNqYL A§TWYû[Vj§tÏ AfÑdLú[ 

ùRôûXj ùRôÓúLôÓL[ôL AûUÙm, AfÑdLú[ ùRôûXj 

ùRôÓúLôÓL[ôL AûUYRôp ùRôûXj ùRôÓúLôÓL°u 

NUuTôÓLs x = 0 Utßm y = 0 BÏm. ∴ ùRôûXj ùRôÓúLôÓL°u 

úNol×f NUuTôÓ xy = 0. ∴ ùNqYL A§TWYû[Vj§u §hPf 

NUuTôÓ xy = k Gu\ Y¥®p CÚdÏm, kI LiÓ©¥dL. ùNqYL 

A§TWYû[Vj§u ÁÕ JÚ ×s° úRûY, 

 
 
 
 
 
 
 
 
 
 
 
 
 

TPm 4.101 

A′ A
C

90°
x

y

x2 - y2 = a2

A′

A
C 45° x

y

x y = c2

A′ A
C

90°
x

y

x2 - y2 = a2

A′ A
C

90°
x

y

x2 - y2 = a2

A′

A
C 45° x

y

x y = c2

A′

A
C 45° x

y

x y = c2

A′

M

C
x

y

45°

F1(a,a)

D1

D1′

D2

D2′

A (a/√2, a/√2)

F2(-a,-a)

A′

M

C
x

y

45°

F1(a,a)

D1

D1′

D2

D2′

A (a/√2, a/√2)

F2(-a,-a)
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 ùRôûXj ùRôÓ úLôÓLs C Gu\ ×s°«p ùYh¥d 

ùLôs[hÓm, ÏßdLfÑ ¿[m AA′ = 2a GuL, AMI x-AfÑdÏf 

ùNeÏjRôL YûWVÜm,  

 ACM  = 45°.  CM = a cos 45° = 
a
2

  , AM = a sin 45° =  
a
2

  

 ∴ ACu BVj ùRôûXLs 




a

2
 , 

a
2

 BÏm, CkRl ×s° ùNqYL 

A§TWYû[Vm xy = k«p AûU¡\Õ ∴ k =  
a
2

  . 
a
2
  ApXÕ  k = 

a2

2  

G]úY. ùNqYL A§TWYû[Vj§u §hP NUuTôÓ xy = 
a2

2  ApXÕ  

xy = c2      CeÏ c2 = 
a2

2  . 

    b2= a2(e2− 1) Gu\ ùRôPo©−ÚkÕ. A§TWYû[Vj§u ûUVj 

ùRôûXj RLûY A±V Ø¥Ùm, ùNqYL A§TWYû[Vj§tÏ a = b ∴ a2 = 

a2 (e2 − 1)   
 ùNqYL A§TWYû[Vj§u ûUVj ùRôûXj RLÜ  e = 2 . 

 ùNqYL A§TW Yû[Vj§u Øû]Ls  




a

2
, 

a
2

 ,  




− 

a
2

, − 
a
2

 

Utßm Ï®VeLs (a, a), (− a, − a). 
 ÏßdLf£u NUuTôÓ y = x  úUÛm ÕûQVf£u NUuTôÓ  

y = − x BÏm, 
 ùNqYL A§TWYû[Vj§u ûUVm (h, k) BLÜm. ùRôûXj 

ùRôÓúLôÓLs. x AfÑdÏm. y-AfÑdÏm CûQVôL CÚkRôp. 

ùNqYL A§TWYû[Vj§u ùTôÕf NUuTôÓ (x − h) (y − k) = c2
 BÏm, 

 ùNqYL A§TWYû[Vm xy = c2
-Cu ÕûQVXÏf NUuTôÓLs  

 x = ct, y = 
c
t  , CeÏ ‘t’ GuTÕ ÕûQVXLôÏm, ‘t’ JÚ éf£VUt\ 

ùUn GiQôÏm, ùNqYL A§TWYû[Vj§u HúRàm JÚ ×s° 





ct  ,  

c
t  BÏm, CkRl ×s°ûV ‘t’ G]d Ï±lúTôm, 

Ø¥ÜLs : 

 + ùNqYL A§TWYû[Vm xy = c2
dÏ (x1, y1)Cp YûWVlTÓm 

ùRôÓúLôh¥u NUuTôÓ xy1 + yx1 = 2c2 
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 + ‘t’Cp ùRôÓúLôh¥u NUuTôÓ x + yt2 = 2ct. 

 + (x1, y1)Cp ùNeúLôh¥u NUuTôÓ xx1 − yy1 = x1
2 − y1

2 . 

 + ‘t’Cp ùNeúLôh¥u NUuTôÓ y − xt2 = 
c
t   − ct3 

 + JÚ R[j§u GkR JÚ ×s°«−ÚkÕm JÚ ùNqYL 

A§TWYû[Vj§tÏ CÚ ùRôÓúLôÓLÞm. SôuÏ 

ùNeúLôÓLÞm YûWV Ø¥Ùm, 

GÓjÕdLôhÓ 4.69 : ûUVm 



− 2 , 

− 3
2  Utßm 



1,  

− 2
3  Gu\ ×s°Y¯f 

ùNpÛm §hPf ùNqYL A§TWYû[Vj§u NUuTôÓ LôiL, 
¾oÜ : (h, k)ûV ûUVUôLd ùLôiP ùNqYL A§TWYû[Vj§u 

ùTôÕYô] NUuTôÓ (x − h) (y − k) = c2 

 ûUVm 



− 2  , 

− 3
2  . 

 ∴ §hPf ùNqYL A§TWYû[Vj§u NUuTôÓ (x+2) 



y + 

3
2  = c2 

 CÕ 



1  ,  

− 2
3    Y¯f ùNpYRôp  (1 + 2) 



− 2

3  + 
3
2  = c2  ⇒   c2 = 

5
2    

 ∴ úRûYVô] NUuTôÓ (x + 2) 



y + 

3
2  = 

5
2  ApXÕ  

 2xy + 3x + 4y + 1 = 0 BÏm, 

GÓjÕdLôhÓ 4.70 : xy = c2 Gu\ ùNqYL A§TWYû[Vj§u HúRàm 

JÚ ×s°«p YûWVlTÓm ùRôÓúLôÓ x, y AfÑdL°p ùYhÓm 

ÕiÓLs a, b G]Üm Cl×s°«p ùNeúLôh¥u ùYhÓm 

ÕiÓLs p, q G]Üm CÚl©u ap + bq = 0 G]d LôhÓL, 
 
 
 
 
 
 
 
 
 

TPm 4.102 

x

y

q

a

b

p

} }

Nor
mal

Tangent

x

y

q

a

b

p

} }

Nor
mal

Tangent
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¾oÜ : 

 xy = c2
dÏ ‘t’«p ùRôÓúLôh¥u NUuTôÓ x + yt2 = 2ct BÏm 

 ApXÕ   
x

2ct  +  
y

2c/t  = 1 

 ∴ AfÑdL°u ùYhÓj ÕiÓLs a = 2ct, b = 
2c
t  .  

 xy = c2
dÏ ‘t’«p ùNeúLôh¥u NUuTôÓ y − xt2 = 

c
t  − ct3  

   
x









c

t  − ct3

−t2

 + 
y





c

t  − ct3
 = 1 

 ∴ AfÑdL°u ùYhÓj ÕiÓLs   

   p = 
− 1

t2
  



c

t  − ct3  ,     q = 
c
t  − ct3 

   ∴  ap + bq = 2ct 




− 1

t2
  



c

t  − ct3  + 
2c
t   



c

t  − ct3  

    = − 
2c
t  



c

t  − ct3  + 
2c
t   



c

t  − ct3  

    = 0 
GÓjÕdLôhÓ 4. 71 :  
 JÚ ùNqYL A§TWYû[Vj§tÏ YûWVlThP ùRôÓúLôh¥u 

ùRôÓ×s° ùRôûXjùRôÓ úLôÓLÞdÏ CûPlThP TôLj§û] 

CÚ NUUôLl ©¬dÏm G]d LôhÓL, 

¾oÜ : 

 P 



ct, 

c
t «p ùRôÓúLôh¥u 

NUuTôÓ  x + yt2 = 2ct 

 C§p y = 0 G]l ©W§«P. 

×s° ACu BVj ùRôûXÜLs 
(2ct, 0) BÏm. x = 0 G]l 

©W§«P. ×s° BCu BVj 

ùRôûXÜLs 



0, 

2c
t  BÏm,

 

 
 
 
 
 
 
 
 

TPm 4.103 

A
x

y

B

P(ct, c/t)

O
A

x

y

B

P(ct, c/t)

O
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 ABCu ûUVl×s° P 



2ct + 0

2  , 
0 + 

2c
t

2   = 



ct , 

c
t  

G]úY ùRôÓúLôÓ. ùRôÓ ×s°Vôp CÚ NUUôLl ©¬d¡\Õ, 

T«t£ 4.6 

 (1) 



− 

1
2 , − 

1
2  I ûUVUôLd ùLôiÓ 



1 , 

1
4  Gu\ ×s° Y¯f 

ùNpÛm §hP ùNqYL A§TWYû[Vj§u NUuTôÓ LôiL, 

 (2) ©uYÚm ùNqYL A§TWYû[VeLÞdÏ ùRôÓúLôÓ Utßm 

ùNeúLôh¥u NUuTôÓLû[d LôiL, 

   (i) xy = 12 dÏ×s° (3, 4)Cp 

  (ii) 2xy − 2x − 8y − 1 = 0dÏ ×s° 



− 2 , 

1
4  Cp 

 (3) x + 2y − 5 = 0-I JÚ ùRôûXj ùRôÓúLôPôLÜm. (6, 0) Utßm  

(− 3, 0) Gu\ ×s°Ls Y¯úV ùNpXdá¥VÕUô] ùNqYL 

A§TWYû[Vj§u NUuTôÓ LôiL, 

 (4) JÚ §hP ùNqYL A§TWYû[Vj§u Øû]Ls (5, 7) Utßm  

(− 3, − 1) BLÜm CÚl©u. ARu NUuTôhûPÙm. ùRôûXj 

ùRôÓúLôÓL°u NUuTôÓLû[Ùm LôiL, 

 (5) (2, 1)I ûUVUôLd ùLôiP JÚ ùNqYL A§TWYû[VUô]Õ 

(1, − 1) Y¯úV ùNp¡\Õ, CRu JÚ ùRôûXj ùRôÓúLôÓ  
3x − y − 5 = 0 G²p ARu NUuTôhûPd LôiL, 

 (6) ¸rdLôÔm ùNqYL A§TWYû[VeL°u ùRôûXj 

ùRôÓúLôÓL°u NUuTôÓLû[d LôiL, 

  (i) xy − kx − hy = 0              (ii) 2xy + 3x + 4y +1 = 0     

  (iii) 6x2 + 5xy − 6y2 + 12x + 5y + 3 = 0 

 (7) ùNqYL A§TWYû[Vj§u HúRàm JÚ ×s°«PjÕ 

YûWVlTÓm ùRôÓúLôÓ. ùRôûXj ùRôÓúLôÓLÞPu 

AûUdÏm ØdúLôQj§u TWl× JÚ Uô±− G] ¨ßÜL, 
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£X Ø¥ÜLs (¨ìTQªu±) 

 (1) A§TWYû[Vj§u JÚ Ï®Vj§−ÚkÕ JÚ ùRôûXj 

ùRôÓúLôh¥tÏ YûWVlTÓm ùNeÏjÕd úLôh¥u 

A¥Vô]Õ JjR CVdÏYûW«u úUp AûUÙm, 

 (2) R[j§u ÁÕs[ JÚ ×s°«−ÚkÕ  xy = c2 Gu\ ùNqYL 

A§TWYû[Vj§tÏ CÚ ùRôÓúLôÓLÞm. SôuÏ 

ùNeúLôÓLÞm YûWVXôm, 

 (3) lx + my + n = 0 Gu\ úSodúLôÓ xy = c2 Gu\ ùNqYL 

A§TWYû[Vj§tÏ ùRôÓúLôPôL AûUV ¨TkRû]  

4c2lm = n2
 

 (4) xy = c2
 Gu\ ùNqYL A§TWYû[Vj§tÏ ‘t1’ Gu\ ×s°«p 

YûWVlTÓm ùNeúLôÓ ÁiÓm ùNqYL A§TWYû[Vj§p ‘t2’ 

Gu\ ×s°«p Nk§dÏUô]ôp t1
3 t2 = − 1 

Ï±l× : úUtÏ±l©hÓs[ Ø¥ÜLÞdÏ ¨ìTQm   

              úYiÓUô«u ¾oÜl ×jRLjûRl TôodLÜm, 

 



  

SôuÏ YûLVô] TWYû[VeL°u Ø¥ÜL°u ùRôÏl× 

YûL NUuTôÓ YûWlTPm Ï®Vm CVdÏ 

YûW«u NUuTôÓ AfÑ Øû] ùNqYLXj§u 

NUuTôÓ ùNqYLXj§u ¿[m 

 
YXl×\m 

§\l×ûPVÕ 

 
 
y2 = 4ax 

 
 
 

 

y

x

 

 
 
(a, 0) 

 
 

x  = − a 

 
 

y = 0 

 
 
(0, 0) 

 
 

x = a 

 
 
4a 

 
CPl×\m 

§\l×ûPVÕ 

 
 
y2 = − 4ax 

 
 
 
 

 
 
(− a, 0) 

 
 

x = a 

 
 

y = 0 

 
 
(0, 0) 

 
 

x = − a 

 
 
4a 

 
úUpúSôd¡j 

§\l×ûPVÕ 

 
 
x2 =  4ay 

 
 
 
 
 

 
 
(0, a) 

 
 

y  = − a 

 
 

x = 0 

 
 
(0, 0) 

 
 

y = a 

 
 
4a 

 
¸rl×\m 

§\l×ûPVÕ 

 
 
x2 =  − 4ay 

 
 
 
 

 
 
(0, − a) 

 
 

y = a 

 
 

x = 0 

 
 
(0, 0) 

 
 

y = − a 

 
 
4a 

177 

y

x
 

y

x
 

x

y

 



  

CqYô\ôL ©uYÚY]Ytû\ AûP¡uú\ôm, 
Lôo¼£Vu Y¥Ym TWYû[Vm ¿sYhPm A§TWYû[Vm 

 (x1, y1) Utßm (x2, y2)I CûQdÏm 

Sô¦u NUuTôÓ 
y − y1 = 

4a
y1 + y2

  (x − x1) y − y1 = −  
b2(x1+x2)

a2(y1+y2)
 (x − x1) y − y1 = 

b2(x1+x2)

a2(y1+y2)
 (x − x1) 

(x1, y1)Cp ùRôÓúLôh¥u NUuTôÓ yy1 = 2a(x + x1) xx1 / a2 + yy1/b2  = 1 xx1 / a2 − yy1/b2  = 1 

(x1, y1)Cp ùNeúLôh¥u NUuTôÓ xy1 + 2ay = x1y1 + 2ay1 a2x
x1

 −  
b2y
y1

 = a2 − b2 
a2x
x1

 +  
b2y
y1

 = a2 + b2 

ÕûQVXÏ Y¥Ym TWYû[Vm ¿sYhPm A§TWYû[Vm 

Sô¦u NUuTôÓ  ‘t1’ Utßm ‘t2’I 

CûQdÏm Sô¦u 

NUuTôÓ 

y(t1 + t2) = 2x + 2at1t2 

‘θ’1 Utßm ‘θ’2 I CûQdÏm Sô¦u 

NUuTôÓ 

x
a cos 

(θ1 + θ2)
2   + 

y
b  sin 

(θ1 + θ2)
2   = cos 

(θ1 − θ2)
2    

‘θ’1 Utßm ‘θ’2 I CûQdÏm Sô¦u 

NUuTôÓ 

x
a cos 

(θ1 − θ2)
2   −  

y
b  sin 

(θ1 + θ2)
2   = cos 

(θ1 + θ2)
2    

ùRôÓúLôh¥u 

NUuTôÓ 
‘t’p yt = x + at2 ‘θ’p 

x
a   cos θ + 

y
b   sin θ = 1 ‘θ’p   

x
a sec θ − 

y
b  tan θ = 1 

ùNeúLôh¥u 

NUuTôÓ 
‘t’p 

tx + y = 2at + at3 

ax
cosθ − 

by
sinθ  = a2 − b2 

ax
secθ + 

by
tanθ  = a2 + b2 

243 
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TpYônl× ®ûPV° ®]ôdLs  
(Ï±dúLôs ®]ôdLs) 

(OBJECTIVE TYPE QUESTIONS) 

N¬Vô] ApXÕ Ht×ûPV ®ûP«û] GÓjùRÝÕL: 

 (1) 







1   − 1 2

2   − 2    4

4   − 4   8 

 Gu\ A¦«u RWm LôiL, 

  (1) 1 (2) 2 (3) 3 (4) 4 

     (2)  

 

 

Gu\ êûX ®hP A¦«u RWm LôiL, 

  (1) 0 (2) 2 (3) 3 (4) 5 

 (3) A = [2  0  1]  G²p. AAT 
Cu RWm LôiL,  

  (1) 1 (2) 2 (3) 3 (4) 0 

 (4) A = 








1

2

3
 G²p AAT

Cu RWm LôiL, 

  (1) 3 (2) 0 (3) 1 (4) 2 

 (5) 







λ    − 1    0

0    λ    − 1

− 1    0    λ 

 Gu\ A¦«u RWm 2 G²p. λ®u U§l× 

  (1) 1            (2) 2           (3) 3 (4) GúRàm JÚ ùUnùVi 

 (6) JÚ §ûN«− A¦«u Y¬ûN 3. §ûN«− k ≠ 0 G²p. A−1 
GuTÕ 

  (1) 
1

k2 I (2) 
1

k3 I (3) 
1
k I (4) kI 

 (7) 







− 1   3    2

1    k   − 3

1    4    5 

 Gu\ A¦dÏ úSoUôß EiÓ G²p kCu 

U§l×Ls 
  (1) k HúRàm JÚ ùUnùVi     (2) k = − 4    (3) k ≠ − 4    (4) k ≠ 4 
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 (8) A = 



2  1

3  4
 Gu\ A¦dÏ (adj A) A =  

  (1) 







1

5   0

0   
1
5

 (2) 



1  0

0  1
  (3) 







5    0

0   − 5
 (4) 



5   0

0   5
 

 (9) JÚ NÕW A¦ ACu Y¬ûN n G²p | adj A | GuTÕ 

  (1) | A |2 (2) | A |n (3) | A |n − 1 (4) | A | 

 (10) 









0   0   1

0   1   0

1   0   0

 Gu\ A¦«u úSoUôß 

  (1) 









1   0   0

0   1   0

0   0   1

   (2) 









0    0   1

0    1   0

−1   0   0

   (3) 









0   0   1

0   1   0

1   0   0

   (4) 







− 1    0    0

0    − 1   0

0    0    1

 

 (11) A Gu\ A¦«u Y¬ûN 3 G²p det (kA) GuTÕ 

  (1) k3det (A) (2) k2 det(A) (3) k det (A)  (4) det (A) 

 (12) AXÏ A¦ ICu Y¬ûN n, k ≠ 0 JÚ Uô±− G²p. adj(kI) = 

  (1) kn (adj I) (2) k (adj I) (3) k2 (adj (I))    (4) kn − 1 (adj I) 
 (13) A. B Gu\ HúRàm CÚ A¦LÞdÏ AB = O Guß CÚkÕ 

úUÛm A JÚ éf£VUt\ úLôûY A¦ G²p. 

  (1) B = O        (2) B JÚ éf£Vd úLôûY A¦ 
  (3) B JÚ éf£VUt\ Ut\ úLôûY A¦    (4) B = A 

 (14) A = 



0   0

0   5
 G²p. A12 GuTÕ 

  (1) 



0    0

0   60
 (2) 







0    0

0   512  (3) 



0   0

0   0
 (4) 



1    0

0    1
 

 (15) 



3   1

5   2
 GuTRu úSoUôß 

  (1) 






2    − 1

− 5    3
 (2) 







− 2    5

1    − 3
 (3) 







3    − 1

− 5   − 3
 (4) 







− 3    5

1    − 2
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 (16) U§l©P úYi¥V êuß Uô±L°p AûUkR êuß úS¬V 

ANUT¥jRô] NUuTôhÓj ùRôÏl©p ∆ = 0 Utßm  

∆x = 0, ∆y ≠ 0  ∆z = 0  G²p. ùRôÏl×dLô]j ¾oÜ  

  (1) JúW JÚ ¾oÜ  (2) CWiÓ ¾oÜLs 
  (3) Gi¦dûLVt\ ¾oÜLs (4) ¾oÜ CpXôûU 
 (17) ax + y + z = 0  ; x + by + z = 0  ;  x + y + cz = 0 B¡V NUuTôÓL°u 

ùRôÏlTô]Õ JÚ ùY°lTûPVt\ ¾oûY ùTt±Úl©u 
1

1 − a
 + 

1
1 − b

 + 
1

1 − c
 =  

  (1) 1 (2) 2 (3) − 1 (4) 0 

 (18) aex + bey = c  ;  pex + qey = d Utßm ∆1 = 



a   b

p   q
 ;  ∆2 = 



c   b

d   q
 ,     

∆3 = 



a   c

p   d
  G²p. (x, y)Cu U§l× 

  (1) 






∆2

∆1
,  
∆3

∆1
  (2) 









log 
∆2

∆1
 , log 

∆3

∆1
  

  (3) 








log 
∆1

∆3
 ,  log 

∆1

∆2
 (4) 









log 
∆1

∆2
 ,  log 

∆1

∆3
 

 (19) − 2x + y + z = l  ;  x − 2y + z = m  ;  x + y − 2z = n Gu\ NUuTôÓLs  
  l + m + n = 0 GàUôß AûUÙUô«u AjùRôÏl©u ¾oÜ 

  (1) JúW JÚ éf£VUt\ ¾oÜ (2) ùY°lTûPj ¾oÜ 
  (3) Gi¦dûLVt\ ¾oÜ     (4) ¾oÜ CpXôûU ùTtß CÚdÏm 

 (20) a
→

 JÚ éf£VUt\ ùYdPWôLÜm. m JÚ éf£VUt\ 

§ûN«−VôLÜm CÚl©u m a
→

B]Õ KWXÏ ùYdPo G²p. 

  (1) m = ± 1 (2) a = | m | (3) a = 
1

| m |  (4) a = 1 

 (21) a
→

 Utßm b
→

 CWiÓ KWXÏ ùYdPo Utßm θ GuTÕ 

AYt±tÏ CûPlThP úLôQm, ( )a
→

 + b
→

 B]Õ KWXÏ 

ùYdPWô«u. 

  (1) θ = 
π
3 (2) θ = 

π
4 (3) θ = 

π
2 (4) θ = 

2π
3  
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 (22) a
→

-dÏm b
→

dÏm CûPlThP úLôQm 120° úUÛm AYt±u 

GiQ[ÜLs Øû\úV 2, 3  G²p a
→

 . b
→

 B]Õ 

  (1) 3 (2) − 3 (3) 2 (4) − 
3

2  

 (23) u
→

 = a
→

 × ( )b
→

 × c
→

 + b
→

 × ( )c
→

 × a
→

 + c
→

 × ( )a
→

 × b
→

 G²p. 

  (1) u JÚ KWXÏ ùYdPo (2) u
→

 = a
→

 + b
→

 + c
→

 

  (3) u
→

 = 0
→

  (4) u
→

 ≠ 0
→

 

 (24) a
→

 + b
→

 + c
→

 = 0,  | |a
→

 = 3,   | |b
→

 = 4, | |c
→

 = 5 G²p. a
→

dÏm  

b
→

 dÏm CûPlThP úLôQm 

  (1) 
π
6 (2) 

2π
3  (3) 

5π
3  (4) 

π
2 

 (25) 2 i
→

 + 3 j
→

 + 4 k
→

. a i
→

 + b j
→

 + c k
→

 B¡V ùYdPoLs ùNeÏjÕ 

ùYdPoL[ô«u. 

  (1) a = 2,  b = 3,  c = − 4 (2) a = 4,  b = 4,  c = 5 

  (3) a = 4,  b = 4,  c = − 5 (4) a = − 2,  b = 3,  c = 4 

 (26) 3 i
→

 + j
→

 − k
→

 Gu\ ùYdPûW JÚ êûX ®hPUôLÜm  

i
→

 − 3 j
→

 + 4 k
→

-I JÚ TdLUôLÜm ùLôiP CûQLWj§u 

TWl× 

  (1) 10 3 (2) 6 30 (3) 
3
2 30 (4) 3 30 

 (27)  | |a
→

 + b
→

 = | |a
→

 − b
→

 G²p 

  (1) a
→

-m b
→

-m CûQVôÏm 

  (2) a
→

-m b
→

-m ùNeÏjRôÏm 

  (3) | |a
→

  = | |b
→

 

  (4) a
→

 Utßm b
→

 KWXÏ ùYdPo 
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 (28) p
→

, q
→

 Utßm p
→

 + q
→

 B¡VûY GiQ[Ü λ ùLôiP 

ùYdPoL[ô«u  | |p
→

 − q
→

 B]Õ 

  (1) 2λ (2) 3λ (3) 2λ (4) 1 

 (29) a
→

 × ( )b
→

 × c
→

 + b
→

 × ( )c
→

 × a
→

 + c
→

 × ( )a
→

 × b
→

= x
→
× y
→

 G²p. 

  (1) x
→

 = 0
→

 

  (2) y
→

 = 0
→

 

  (3) x
→

-m y
→

-m CûQVôÏm 

  (4) x
→

 = 0
→

 ApXÕ y
→

= 0
→

 ApXÕ  x
→

-m y
→

-m CûQVôÏm 

 (30) PR
→

 = 2 i
→

 + j
→

 + k
→

,  QS
→

 = − i
→

 + 3 j
→

 + 2 k
→

  G²p. SôtLWm 

PQRSCu TWl× 

  (1) 5 3 (2) 10 3 (3) 
5 3

2  (4) 
3
2 

 (31) OQ
→

 Gu\ AXÏ ùYdPo ÁRô] OP
→

Cu ÅZXô]Õ OPRQ Gu\ 

CûQLWj§u TWlûT úTôuß ØmUPeLô«u POQ  B]Õ 

  (1) tan−1 
1
3 (2) cos−1 



3

10  (3) sin−1 




3

10
 (4) sin−1 



1

3  

 (32) b
→

Cu ÁÕ a
→

Cu ÅZp Utßm a
→

Cu ÁÕ  b
→

Cu ÅZÛm 

NUUô«u a
→

 + b
→

 Utßm a
→

 − b
→

dÏ CûPlThP úLôQm 

  (1) 
π
2 (2) 

π
3 (3) 

π
4 (4) 

2π
3  

 (33) a
→

, b
→

, c
→

 Gu\ JÚ R[Ut\ ùYdPoLÞdÏ  

  a
→

 × ( )b
→

 × c
→

 = ( )a
→

 × b
→

 × c
→  G²p. 

  (1) a
→

 B]Õ  b
→

dÏ CûQ         (2) b
→

 B]Õ c
→

dÏ CûQ 

  (3) c
→

 B]Õ a
→

dÏ CûQ         (4) a
→

 + b
→

 + c
→

 = 0
→

 



 292

 (34) JÚ úLôÓ x Utßm y AfÑdLÞPu ªûL §ûN«p 45°, 60° 
úLôQeLû[ HtTÓjÕ¡\Õ G²p z AfÑPu AÕ 

EiPôdÏm úLôQm 

  (1) 30° (2) 90′ (3) 45° (4) 60° 

 (35) [ ]a
→

 × b
→
,  b
→

 × c
→
,   c
→

 × a
→

  = 64  G²p [ ]a
→
,  b
→
,  c
→

Cu U§l× 

  (1) 32 (2) 8 (3) 128 (4) 0 

 (36) [ ]a
→

 + b
→
,  b
→

 + c
→
,   c
→

 + a
→

  = 8 G²p [ ]a
→
,  b
→
,  c
→

Cu U§l× 

  (1) 4 (2) 16 (3) 32 (4) − 4 

 (37) [ ]i
→

 + j
→
,  j
→

 + k
→
,   k
→

 + i
→

 Cu U§l× 

  (1) 0 (2) 1 (3) 2 (4) 4 

 (38) (2, 10, 1) Gu\ ×s°dÏm r
→

 . ( )3 i
→

 − j
→

 + 4 k
→

 = 2 26  Gu\ 

R[j§tÏm CûPlThP ªLd Ïû\kR çWm  

  (1) 2 26 (2) 26 (3) 2 (4) 
1
26

 

 (39) ( )a
→

 × b
→

 × ( )c
→

 × d
→

 GuTÕ 

  (1) a
→

, b
→

, c
→

 Utßm d
→

dÏ ùNeÏjÕ 

  (2) ( )a
→

 × b
→

 Utßm ( )c
→

 × d
→

 Gu\ ùYdPoLÞdÏ CûQ 

  (3) a
→

, b
→

I ùLôiP R[Øm c
→

, d
→

I ùLôiP R[Øm 

ùYh¥d ùLôsÞm úLôh¥tÏ CûQ 

  (4) a
→

, b
→

I ùLôiP R[Øm c
→

, d
→

I ùLôiP R[Øm 

ùYh¥d ùLôsÞm úLôh¥tÏf ùNeÏjÕ, 

 (40) a
→

, b
→

, c
→

 GuT] a, b, c B¡VYtû\ UhÓdL[ôLd ùLôiÓ 

YXdûL AûUl©p JußdùLôuß ùNeÏjRô] ùYdPoLs 

G²p [ ]a
→

  b
→

  c
→

Cu U§l× 

  (1) a2 b2 c2 (2) 0 (3) 
1
2 abc (4) abc 
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 (41) a
→

, b
→

, c
→

 GuT] JÚ R[m AûUVô ùYdPoLs úUÛm 

  [ ]a
→

 × b
→

  b
→

 × c
→

   c
→

 × a
→

  = [ ]a
→

 + b
→

  b
→

 + c
→

   c
→

 + a
→

  G²p 

[ ]a
→

  b
→

  c
→

Cu U§l× 

  (1) 2 (2) 3 (3) 1 (4) 0 

 (42) r
→

 = s i
→

 + t j
→

 Gu\ NUuTôÓ Ï±lTÕ 

  (1) i
→

 Utßm j
→

 ×s°Lû[ CûQdÏm úSodúLôÓ 
  (2) xoy R[m (3) yoz R[m (4) zox R[m 

 (43) i
→

 + a j
→

 − k
→

 Gàm ®ûN i
→

 + j
→

 Gàm ×s°Y¯úVf 

ùNVpTÓ¡\Õ, j
→

 + k
→

 Gàm ×s°ûVl ùTôßjÕ ARu 

§Úl×j §\²u A[Ü 8 G²p aCu U§l× 

  (1) 1 (2) 2 (3) 3 (4) 4 

 (44) 
x − 3

1  = 
y + 3

5  = 
2z − 5

3 dÏ CûQVôLÜm (1, 3, 5) ×s° Y¯VôLÜm 

ùNpXdá¥V úLôh¥u ùYdPo NUuTôÓ 

  (1) r
→

 = ( )i
→

 + 5 j
→

 + 3 k
→

 + t ( )i
→

 + 3 j
→

 + 5 k
→

 

  (2) r
→

 = i
→

 + 3 j
→

 + 5 k
→

 + t ( )i
→

 + 5 j
→

 + 3 k
→

 

  (3) r
→

 = 



i

→
 + 5 j

→
 + 

3
2 k
→

 + t ( )i
→

 + 3 j
→

 + 5 k
→

 

  (4) r
→

 = i
→

 + 3 j
→

 + 5 k
→

 + t 



i

→
 + 5 j

→
 + 

3
2 k
→

 

 (45) r
→

 = ( )i
→

 − k
→

 + t ( )3 i
→

 + 2 j
→

 + 7 k
→

 Gu\ úLôÓm 

  r
→

 . ( )i
→

 + j
→

 − k
→

 = 8 Gu\ R[Øm ùYh¥dùLôsÞm ×s° 

  (1) (8, 6, 22)    (2) (− 8, − 6, − 22) (3) (4, 3, 11)    (4) (− 4, − 3, − 11) 
 (46)  (2, 1, − 1) Gu\ ×s° Y¯VôLÜm. R[eLs  

  r
→

 . ( )i
→

 + 3 j
→

 − k
→

 = 0 ;  r
→

 . ( )j
→

 + 2 k
→

 = 0 ùYh¥d ùLôsÞm 

úLôhûP Es[Pd¡VÕUô] R[j§u NUuTôÓ 

  (1) x + 4y − z = 0  (2) x + 9y + 11z = 0 
  (3) 2x + y − z + 5 = 0 (4) 2x − y + z = 0 
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 (47) F
→

 = i
→

 + j
→

 + k
→

 Gu\ ®ûN JÚ ÕLû[ A(3, 3, 3) Gàm 

¨ûX«−ÚkÕ B(4, 4, 4) Gàm ¨ûXdÏ SLoj§]ôp Aq®ûN 

ùNnÙm úYûXV[Ü, 
  (1) 2 AXÏLs (2) 3 AXÏLs (3) 4 AXÏLs     (4) 7 AXÏLs 

 (48) a
→

 = i
→

 − 2 j
→

 + 3 k
→

 Utßm b
→

 = 3 i
→

 + j
→

 + 2 k
→

 G²p a
→

dÏm  

b
→

dÏm ùNeÏjRôL Es[ JÚ KWXÏ ùYdPo 

  (1) 
i
→

 + j
→

 + k
→

3
  (2) 

i
→

 − j
→

 + k
→

3
 

  (3) 
− i
→

 + j
→

 + 2 k
→

3
 (4) 

i
→

 − j
→

 − k
→

3
 

 (49) 
x − 6
− 6

 = 
y + 4

4  = 
z − 4
− 8

 Utßm 
x + 1

2  = 
y + 2

4  = 
z + 3
− 2

 Gu\ úLôÓLs 

ùYh¥d ùLôsÞm ×s° 

  (1) (0, 0, − 4) (2) (1, 0, 0) (3) (0, 2, 0) (4) (1, 2, 0) 

 (50) r
→

 = ( )− i
→

 + 2 j
→

 + 3 k
→

 + t ( )− 2 i
→

 + j
→

 + k
→

 Utßm  

  r
→

 = ( )2 i
→

 + 3 j
→

 + 5 k
→

 + s( )i
→

 + 2 j
→

 + 3 k
→

 Gu\ úLôÓLs 

ùYh¥d ùLôsÞm ×s° 

  (1) (2, 1, 1) (2) (1, 2, 1) (3) (1, 1, 2) (4) (1, 1, 1) 

 (51) 
x − 1

2  = 
y − 2

3  = 
z − 3

4   Utßm 
x − 2

3  = 
y − 4

4  = 
z − 5

5   Gu\ 

úLôÓLÞd¡ûPúVÙs[ ªLd Ïû\kR ùRôûXÜ 

  (1) 
2
3

 (2) 
1
6

 (3) 
2
3 (4) 

1
2 6

  

 (52) 
x − 3

4  = 
y − 1

2  = 
z − 5
− 3  Utßm 

x − 1
4  = 

y − 2
2  = 

z − 3
− 3  Gu\ CûQ 

úLôÓLÞd¡ûPúVÙs[ ªLd Ïû\kR ùRôûXÜ 

  (1) 3 (2) 2 (3) 1 (4) 0 

 (53) 
x − 1

2  = 
y − 1
− 1

 = 
z
1  Ut\m 

x − 2
3  = 

y − 1
− 5

 = 
z − 1

2  B¡V CÚ úLôÓLÞm 

  (1) CûQ  (2) ùYh¥d ùLôsTûY 

  (3) JÚ R[m AûUVôRûY          (4) ùNeÏjÕ 
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 (54) x2 + y2 + z2 − 6x + 8y − 10z + 1 = 0 Gu\ úLô[j§u ûUVm 

Utßm BWm  

  (1) (− 3, 4, − 5), 49 (2) (− 6, 8, − 10), 1 

  (3) (3, − 4, 5), 7  (4) (6, − 8, 10), 7 

 (55) 



− 1 + i 3

2

100 

 + 



− 1 − i 3

2

100

Cu U§l× 

  (1) 2 (2) 0 (3) − 1 (4) 1 

 (56) [ ]e3 − i π/4 3
 Gu\ LXlùTi¦u UhÓ ÅfÑ Øû\úV 

  (1) e9, 
π
2 (2) e9, 

− π
2  (3) e6,  

− 3π
4  (4) e9, 

− 3π
4   

 (57)  (2m + 3) + i(3n − 2) Gu\ LXlùTi¦u CûQùVu  

(m − 5) + i(n + 4) G²p (n, m) GuTÕ 

  (1) 



− 

1
2  − 8  (2) 



− 

1
2 , 8  (3) 



1

2 , − 8  (4) 



1

2 , 8  

 (58) x2 + y2 = 1 G²p 
1 + x + iy
1 + x − iy

 Cu U§l× 

  (1) x − iy (2) 2x (3) − 2iy (4) x + iy 

 (59) 2 + i 3 Gu\ LXlùTi¦u UhÓ 

  (1) 3 (2) 13 (3) 7 (4) 7 

 (60) A + iB = (a1 + ib1) (a2 + ib2) (a3 + ib3) G²p A2 + B2
Cu U§l× 

  (1) a1
2 + b1

2 + a2
2 + b2

2 + a3
2 + b3

2 

  (2) (a1 + a2 + a3)2 + (b1 + b2 + b3)2  

  (3) (a1
2 + b1

2) (a2
2 + b2

2) (a3
2 + b3

2) 

  (4) (a1
2 + a2

2 + a3
2) (b1

2 + b2
2 + b3

2) 

 (61) a = 3 + i Utßm z = 2 − 3i G²p Es[az, 3az Utßm − az GuT] 

JÚ BoLu R[j§p 

  (1) ùNeúLôQ ØdúLôQj§u Øû]l×s°Ls 

  (2) NUTdL ØdúLôQj§u Øû]l×s°Ls 

  (3) CÚ NUTdL ØdúLôQj§u Øû]l×s°Ls 

  (4) JúW úLôPûUY] 
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 (62) LXlùTi R[j§p z1, z2, z3, z4 Gu\ ×s°Ls Øû\úV JÚ 

CûQLWj§u Øû]l ×s°L[ôL CÚlTRtÏm ARu 

UßRûXÙm EiûUVôL CÚlTRtÏm Es[ ¨TkRû] 

   (1) z1 + z4 = z2 + z3       (2) z1 + z3 = z2 + z4 

  (3) z1 + z2 = z3 + z4       (iv) z1 −  z2 = z3 − z4 

 (63) z JÚ LXlùTiûQd Ï±lTùR²p arg (z) + arg ( )z


 GuTÕ 
  (1) π/4 (2) π/2 (3) 0 (4) π/4 
 (64)  JÚ LXlùTi¦u ÅfÑ π/2 G²p AkR Gi  

  (1) Øt±Ûm LtTû] Gi (2) Øt±Ûm ùUn Gi 
  (3) 0  (4) ùUnÙUpX LtTû]ÙUpX 

 (65) iz Gu\ LXlùTiûQ B§ûVl ùTôßjÕ 
π
2 úLôQj§p 

L¥LôW G§o§ûN«p ÑZtßmúTôÕ AkR Gi¦u ×§V ¨ûX 

  (1) iz (2) − iz (3) − z (4) z 

 (66) LXlùTi (i25)
3
Cu úTôXôo Y¥Ym 

  (1) cos 
π
2  +  i sin 

π
2      (2) cos π + i sin π 

  (3) cos π − i sin π      (4) cos 
π
2  −  i sin 

π
2 

 (67) P B]Õ LXl× Gi Uô± zI Ï±d¡u\Õ | 2z −1 | = 2 | z | G²p 

PCu ¨VUlTôûR 

  (1) x = 
1
4 Gu\ úSodúLôÓ       (2) y = 

1
4 Gu\ úSodúLôÓ 

  (3) z = 
1
2 Gu\ úSodúLôÓ      (4) x2 + y2 − 4x − 1 = 0 Gu\ YhPm 

 (68) 
1 + e−iθ

1 + eiθ   =   

  (1) cos θ  +  i sin θ  (2) cos θ − i sin θ 
  (3) sin θ −  i cos θ  (4) sin θ + i cos θ 

 (69) zn = cos 
nπ
3   +  i sin 

nπ
3   G²p z1 z2 … z6 GuTÕ 

  (1) 1 (2) − 1 (3) i (4) − i 

 (70) − z


  êu\ôm LôpTÏ§«p AûUkRôp z AûUÙm Lôp TÏ§ 

  (1) ØRp Lôp TÏ§ (2) CWiPôm Lôp TÏ§ 
  (3) êu\ôm Lôp TÏ§ (4) SôuLôm Lôp TÏ§ 
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 (71) x = cos θ + i sin θ  G²p xn + 
1

xnCu U§l× 

  (1) 2 cosnθ (2) 2 i sin nθ (3) 2 sin nθ (4) 2 i cos nθ 
 (72) a = cos α − i sin α, b = cos β − i sin β 

     c = cos γ − i sin γ  G²p (a2 c2 − b2) / abc GuTÕ 
  (1) cos2(α − β + γ) + i sin 2(α − β + γ) 
  (2) − 2 cos (α − β + γ) 
  (3) − 2 i sin (α − β + γ) 
  (4) 2 cos (α − β + γ) 

 (73) z1 = 4 + 5i,  z2 = − 3 + 2i  G²p. 
z1
z2

 GuTÕ 

  (1)   
2

13 − 
22
13 i (2) − 

2
13 + 

22
13 i 

  (3) 
− 2
13   − 

23
13 i (4) 

2
13 + 

22
13 i 

 (74) i + i22 + i23 + i24 + i25
Cu U§l× GuTÕ 

  (1) i (2) − i (3) 1 (4) − 1 

 (75) i13 + i14 + i15 + i16
Cu CûQ LXlùTi 

  (1) 1 (2) − 1 (3) 0 (4) − i 

 (76) − i + 2 GuTÕ ax2 − bx + c = 0 Gu\ NUuTôh¥u JÚ 

êXùU²p Utù\ôÚ ¾oÜ 

  (1) − i − 2 (2) i − 2 (3) 2 + i (4) 2i + i 
 (77) ± i 7 Gu\ ¾oÜLû[d ùLôiP CÚT¥f NUuTôÓ 

  (1) x2 + 7 = 0  (2) x2 − 7 = 0  

  (3) x2 + x + 7 = 0  (4) x2 − x −7 = 0 
 (78) 4 − 3i  Utßm 4 + 3i Gu\ êXeLû[d ùLôiP NUuTôÓ 

  (1) x2 + 8x + 25 = 0 (2) x2 + 8x − 25 = 0 

  (3) x2 − 8x + 25 = 0 (4) x2 − 8x − 25 = 0 

 (79) ax2 + bx + 1 = 0 Guõ\ NUuTôh¥u JÚ ¾oÜ 
1 − i
1 + i , aÙm bÙm 

ùUn G²p (a, b) GuTÕ 
  (1) (1, 1) (2) (1, − 1) (3) (0, 1) (4) (1, 0) 

 (80) x2 − 6x + k = 0 Gu\ NUuTôh¥u JÚ êXm − i + 3G²p kCu 

U§l× 
  (1) 5 (2) 5 (3) 10 (4) 10 
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 (81) ω GuTÕ 1Cu ØlT¥ êXm G²p 

  (1 − ω + ω2)
4
 + (1 + ω − ω2)

4
Cu U§l× 

  (1) 0 (2) 32 (3) − 16 (4) − 32 
 (82) ω GuTÕ 1Cu nBm T¥ êXm G²p. 

  (1) 1 + ω2 + ω4 + … = ω + ω3 + ω5 + … 

  (2) ωn = 0 (3) ωn = 1 (4) ω = ωn − 1 
 (83) ω GuTÕ 1Cu ØlT¥ êXm G²p. 

  (1 − ω) (1 − ω2) (1 − ω4) (1 − ω8)Cu U§l× 
  (1) 9 (2) − 9 (3) 16 (4) 32 

 (84) y2 − 2y + 8x − 23 = 0 Gu\ TWYû[Vj§u AfÑ 
  (1) y = − 1 (2) x = − 3 (3) x = 3 (4) y = 1 

 (85) 16x2 − 3y2 − 32x − 12y − 44 = 0 GuTÕ  
  (1) JÚ ¿sYhPm (2) JÚ YhPm  
  (3) JÚ TWYû[Vm (4) JÚ A§TWYû[Vm 

 (86) 4x + 2y = c Gu\ úLôÓ y2 = 16x  Gu\ TWYû[Vj§u 

ùRôÓúLôÓ G²p c Cu U§l× 
  (1) − 1 (2) − 2 (3) 4 (4) − 4 

 (87) y2= 8x Gu\ TWYû[Vj§p t1 = t Utßm t2 = 3t Gu\ ×s°L°p 

YûWVlThP ùRôÓúLôÓLs ùYh¥dùLôsÞm ×s° 

  (1) (6t2, 8t) (2) (8t, 6t2) (3) (t2, 4t) (4) (4t, t2) 

 (88) y2 − 4x + 4y + 8 = 0 Gu\ TWYû[Vj§u ùNqYLXj§u ¿[m 

  (1) 8 (2) 6 (3) 4 (4) 2 

 (89) y2 = x + 4 Gu\ TWYû[Vj§u CVdÏYûW«u NUuTôÓ 

  (1) x = 
15
4  (2) x = − 

15
4  (3) x = − 

17
4  (4) x =  

17
4  

 (90) (2, − 3) Gu\ Øû]. x = 4 Gu\ CVdÏYûWûVd ùLôiP 

TWYû[Vj§u ùNqYLX ¿[m 

  (1) 2 (2) 4 (3) 6 (4) 8 

 (91) x2 = 16y Gu\ TWYû[Vj§u Ï®Vm 

  (1) (4, 0) (2) (0, 4) (3) (− 4, 0) (4) (0, − 4) 

 (92) x2 = 8y − 1 Gu\ TWYû[Vj§u Øû] 

  (1) 



− 

1
8, 0  (2) 



1

8, 0  (3) 



0,  

1
8  (4) 



0,  − 

1
8  
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 (93) 2x + 3y + 9 = 0 Gu\ úLôÓ y2 = 8x Gu\ TWYû[VjûRj ùRôÓm ×s° 

  (1) (0, − 3) (2) (2, 4) (3) 



− 6, 

9
2  (4) 



9

2 ,  − 6   

 (94) y2 = 12x  Gu\ TWYû[Vj§u Ï®Sô¦u Cß§l×s°L°p 

YûWVlTÓm ùRôÓúLôÓLs Nk§dÏm ×s° AûUÙm úLôÓ 

  (1) x − 3 = 0 (2) x + 3 = 0 (3) y + 3 = 0 (4) y − 3 = 0 

 (95) (− 4, 4) Gu\ ×s°«−ÚkÕ y2 = 16xdÏ YûWVlTÓm CÚ 

ùRôÓLÞdÏ CûPúVÙs[ úLôQm 
  (1) 45° (2) 30° (3) 60° (4) 90° 
 (96) 9x2 + 5y2 − 54x − 40y + 116 = 0 Gu\ ám× Yû[®u ûUVj 

ùRôûXjRLÜ (e)Cu U§l× 

  (1) 
1
3 (2) 

2
3 (3) 

4
9 (4) 

2
5

 

 (97) 
x2

144 + 
y2

169 = 1 Gu\ ¿sYhPj§u AûW-ùShPfÑ Utßm 

AûW-Ït\fÑ ¿[eLs 
  (1) 26, 12 (2) 13, 24 (3) 12, 26 (4) 13, 12 

 (98) 9x2 + 5y2 = 180 Gu\ ¿sYhPj§u Ï®VeLÞd¡ûPúV Es[ ùRôûXÜ 
  (1) 4 (2) 6 (3) 8 (4) 2 
 (99) JÚ ¿s YhPj§u ùShPfÑ Utßm ARu AûW Ït\fÑL°u 

¿[eLs 8, 2 Øû\úV ARu NUuTôÓLs y − 6 = 0 Utßm  

x + 4 = 0 G²p. ¿sYhPj§u NUuTôÓ 

  (1) 
(x + 4)2

4  + 
(y − 6)2

16  = 1 (2) 
(x + 4)2

16  + 
(y − 6)2

4  = 1 

  (3) 
(x + 4)2

16  − 
(y − 6)2

4  = 1 (4) 
(x + 4)2

4  − 
(y − 6)2

16  = 1 

 (100) 2x − y + c = 0 Gu\ úSodúLôÓ 4x2 + 8y2 = 32 Gu\ ¿sYhPj§u 

ùRôÓúLôÓ G²p cCu U§l× 
  (1) ± 2 3 (2) ± 6 (3) 36 (4) ± 4 

 (101) 4x2 + 9y2 = 36 Gu\ ¿sYhPj§u ÁÕs[ HúRàm JÚ 

×s°«−ÚkÕ ( )5,  0 Utßm ( )− 5,  0  Gu\ 

×s°LÞd¡ûPúV Es[ ùRôûXÜL°u áÓRp 
  (1) 4 (2) 8 (3) 6 (4) 18 

 (102) 9x2 + 16y2 = 144 Gu\ ám× Yû[®u CVdÏ YhPj§u BWm 
  (1) 7 (2) 4 (3) 3 (4) 5 
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 (103) 16x2 + 25y2 = 400 Gu\ Yû[YûW«u Ï®Vj§−ÚkÕ JÚ 

ùRôÓúLôhÓdÏ YûWVlTÓm ùNeÏjÕd úLôÓL°u A¥«u 

¨VUlTôûR 

  (1) x2 + y2 = 4 (2) x2 + y2 = 25 (3) x2 + y2 = 16       (4) x2 + y2 = 9 

 (104) 12y2 − 4x2 − 24x + 48y − 127 = 0 Gu\ A§TWYû[Vj§u ûUVj 

ùRôûXj RLÜ 

  (1) 4 (2) 3 (3) 2 (4) 6 
 (105) ùNqYLXj§u ¿[m. ÕûQVf£u ¿[j§p Tô§ G]d 

ùLôiÓs[ A§TWYû[Vj§u ûUVj ùRôûXj RLÜ 

  (1) 
3

2  (2) 
5
3 (3) 

3
2 (4) 

5
2  

 (106) 
x2

a2 − 
y2

b2 = 1 Gu\ A§TWYû[Vj§u ÁÕs[ GúRàm JÚ 

×s°«−ÚkÕ Ï®Vj§tÏ CûPúVÙs[ ùRôûXÜL°u 

®j§VôNm 24 Utßm ûUVj ùRôûXjRLÜ 2 G²p 

A§TWYû[Vj§u NUuTôÓ 

  (1) 
x2

144 − 
y2

432 = 1     (2) 
x2

432 − 
y2

144 = 1   (3) 
x2

12 − 
y2

12 3
 = 1     (4) 

x2

12 3
 − 

y2

12 = 1 

 (107) x2 − 4(y − 3)2 = 16 Gu\ A§TWYû[Vj§u CVdÏYûW 

  (1) y = ± 
8
5

 (2) x = ± 
8
5

 (3) y = ± 
5

8  (4) x = ± 
5

8  

 (108) 4x2 − y2 = 36dÏ 5x − 2y + 4k = 0 Gu\ úLôÓ JÚ ùRôÓúLôÓ 

G²p. k Cu U§l× 
  (1) 4/9 (2) 2/3 (3) 9/4 (4) 81/16 

 (109) 
x2

16 − 
y2

9  = 1 Gu\ A§TWYû[Vj§tÏ (2, 1) Gu\ ×s°«−ÚkÕ 

YûWVlTÓm ùRôÓúLôÓL°u ùRôÓSôi 

  (1) 9x − 8y − 72 = 0 (2) 9x + 8y + 72 = 0 

  (3) 8x − 9y − 72 = 0 (4) 8x + 9y + 72 = 0 

 (110) 
x2

16 − 
y2

9  = 1 Gu\ A§TWYû[Vj§u ùRôûXj 

ùRôÓúLôÓLÞd¡ûPúVÙs[ úLôQm 

  (1) π − 2 tan−1 


3

4     (2) π − 2 tan−1 


4

3     (3) 2 tan−1 
3
4   (4) 2 tan−1 



4

3  
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 (111) 36y2 − 25x2 + 900 = 0 Gu\ A§TWYû[Vj§u ùRôûXj 

ùRôÓúLôÓLs 

  (1) y = ± 
6
5 x (2) y = ± 

5
6 x (3) y = ± 

36
25 x (4) y = ± 

25
36 x 

 (112) (8, 0) Gu\ ×s°«−ÚkÕ 
x2

64 − 
y2

36 = 1 Gu\ A§TWYû[Vj§u 

ùRôûXj ùRôÓúLôÓLÞdÏ YûWVlTÓm ùNeÏjÕ 

çWeL°u ùTÚdLp TXu 
  (1) 25/576 (2) 576/25 (3) 6/25 (4) 25/6 

 (113) 
x2

16 − 
y2

9  = 1 Gu\ A§TWYû[Vj§u ùNeÏjÕj 

ùRôÓúLôÓL°u ùYhÓm ×s°«u ¨VUlTôûR 

  (1) x2 + y2 = 25 (2) x2 + y2 = 4 (3) x2 + y2 = 3         (4) x2 + y2 = 7 
 (114) x + 2y − 5 = 0,  2x − y + 5 = 0 Gu\ ùRôûXj ùRôÓúLôÓLû[d 

ùLôiP A§TWYû[Vj§u ûUVj ùRôûXj RLÜ 
  (1) 3 (2) 2 (3) 3  (4) 2 
 (115) xy = 8 Gu\ ùNqYL TWYû[Vj§u AûW ÏßdLf£u ¿[m 
  (1) 2 (2) 4 (3) 16 (4) 8 

 (116) xy = c2 Gu\ ùNqYL A§TWYû[Vj§u ùRôûXjùRôÓúLôÓLs 
  (1) x = c, y = c (2) x = 0, y = c (3) x = c, y = 0       (4) x = 0, y = 0 
 (117) xy = 16 Gu\ ùNqYL A§TWYû[Vj§u Øû]«u BVj ùRôûXÜLs 
  (1) (4, 4), (− 4, − 4) (2) (2, 8), (− 2, − 8) 
  (3) (4, 0), (− 4, 0)  (4) (8, 0), (− 8, 0) 
 (118) xy = 18 Gu\ ùNqYL A§TWYû[Vj§u JÚ Ï®Vm 
  (1) (6, 6) (2) (3, 3) (3) (4, 4) (4) (5, 5) 
 (119) xy = 32 Gu\ ùNqYL A§TWYû[Vj§u ùNqYLXj§u ¿[m 
  (1) 8 2 (2) 32 (3) 8 (4) 16 
 (120) xy = 72 Gu\ §hP ùNqYL A§TWYû[Vj§u ÁÕs[ HúRàm 

JÚ ×s°«−ÚkÕ YûWVlTÓm ùRôÓúLôÓ ARu ùRôûXj 

ùRôÓúLôÓLÞPu EiPôdÏm ØdúLôQj§u TWl× 

  (1) 36 (2) 18 (3) 72 (4) 144 

 (121) xy = 9 Gu\ ùNqYL A§TWYû[Vj§u ÁÕs[



6,  

3
2  Gu\ 

×s°«−ÚkÕ YûWVlTÓm ùNeÏjÕ. Yû[YûWûV ÁiÓm 

Nk§dÏm ×s° 

  (1) 



3

8,  24  (2) 



− 24, 

− 3
8  (3) 



− 3

8 ,  − 24  (4) 



24,  

3
8  
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®ûPLs 
T«t£ 1.1 

 (1) (i) 






− 4   1

− 2   3
  (ii) 







15    6    − 15

0    − 3    0

− 10    0    5

  (iii) 







− 3    1    7

− 1   − 1    5

5    1    − 13

  

 (2) 






− 5   − 2

− 3    1
  (3) 







1    − 1    0

− 2    3    − 4

− 2    3    − 3

  

 (4) (i) 
1
9  







0    3    3

3    2    − 7

3   − 1   − 1

    (ii) 
1
35  







− 4    11    − 5

− 1   − 6    25

6    1    − 10

     (iii)









3   2   6

1   1   2

2   2   5

  

   (iv) 







2   1   − 1

0   2    1

5   2   − 3

  (v) 
1
5  







4    − 2   − 1

− 1    3    − 1

− 1   − 2    4

              (6)  







1    − 1    0

− 2    3    − 4

− 2    3    − 3

  

T«t£ 1.2 

 (1) x = 3, y = − 1 (2) x = − 1, y = 2 (3) x = 1, y = 3, z = 5 

 (4) x = 4, y = 1, z = 0 (5) x = 1, y = 1, z = 1 

T«t£ 1.3 

 (1) 2 (2) 1 (3) 2 (4) 3 (5) 2 (6) 2 

T«t£ 1.4 

  (1) (1, 1)   (2) ¾oÜ CpûX                (3) 



1

4 (9 − 5k), k  ; k∈ R 

 (4) (1, 1, 2) (5) (4 − k, 3k − 4, k) ; k ∈ R     (6) (1, 2, 3) 

 (7) 



1

3 (5k − 12), 
1
3 (15 − 4k), k  ; k ∈ R    (8) 



1

2 (2 + s − t) , s, t  ; s, t ∈ R 

 (9) (1, 2, 1)  (10) (50 + 2k, 50 − 3k, k) ; k = 0, 1, 2, … 16 
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T«t£ 1.5 
  (1) (i) JÚeLûUÜ EûPVÕ : x = 4, y = − 1, z = 2 

(ii) JÚeLûUÜ EûPVÕ : x = 2k − 1,  y = 3 − 2 k, z = k 
Gi¦dûLVt\ ¾oÜLs 

(iii) JÚeLûUÜ At\Õ 

(iv) JÚeLûUÜ At\Õ 

(v) JÚeLûUÜ EûPVÕ : x = 1 − k1 + k2,  y = k1, z = k2,  
Gi¦dûLVt\ ¾oÜLs 

 (2) λ ≠ 0 G²p. ùRôÏl× JúW JÚ ¾oûYl ùTtßs[Õ 

  λ = 0 G²p. ùRôÏl× Gi¦dûLVt\ ¾oÜLû[l ùTtßs[Õ 

 (3) k ≠ 1, k ≠ − 2 G²p CjùRôÏl©tÏ JúW JÚ ¾oÜ EiÓ,  

  k = 1 G²p CjùRôÏl×  Gi¦dûLVt\ ¾oÜLû[l ùTßm,  

k = −2 G²p CjùRôÏl× JÚeLûUÜ At\Õ úUÛm ¾oÜ At\Õ, 

T«t£ 2.1 

  (1) 4 (2)  − 15 (3)  
3
2           (4)  (i) m = − 15    (ii) m = 

2
3 

 (5) 



π

3 ,   
2π
3 ,   

π
4  (10) 22 (11) − 25 

 (14) (i) 0 (ii) 
− 10

30
 (iii) 

9
21

  

T«t£ 2.2 

 (5) 7 (6) 
50
3  (7) 17 (8)  

124
7  

T«t£ 2.3 

  (1) 6  (2) 3 7  (3) ± 
(− i − j + 3k)

11
  (4) ± 

( )10 i
→

  − 10 j
→

 + 5 k
→

3   (5) 
π
4  (6)  

π
6 

T«t£ 2.4 

  (1) 6 59  (2) 
49
2  (3) 6 5 (4) 

1
2 165 

 (8) − 24 i
→

 + 13 j
→

 + 4 k
→

 (10) 7 10 ,  




3

10
,  0  

− 1
10
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T«t£ 2.5 

  (2) − 3 (11) − 4 

T«t£ 2.6 

  (1) 



2

7,   
3
7,   

− 6
7            (2) (i) CVXôÕ          (ii) CVÛm  

 (3) 




1

3
,  

1
3
,  

1
3

   (4) §,ùLô, 




3

5 2
,  

4
5 2

,  
5

5 2
, r
→

=7 ( )3 i
→

 + 4 j
→

 + 5 k
→

 

 (5) ± 




− 

1
26
,   

− 4
26
,  

3
26

 

 (6) r
→

 = ( )3 i
→

 − 4 j
→

 − 2 k
→

 + t ( )9 i
→

 + 6 j
→

 + 2 k
→

  ;  
x − 3

9   =  
y + 4

6  =  
z + 2

2  

 (7) r
→

 = ( )i
→

 − 2 j
→

 + k
→

 + t ( )− i
→

 + 2 k
→

  ;  
x − 1
− 1

 = 
y + 2

0  = 
z − 1

2  

 (8) cos−1 



20

21   (9) cos−1 




1

21
 

T«t£ 2.7 

  (1) (i) 
5
2 (ii) 

285
14  (3) (1, − 1, 0) (4) 3 30 (6) − 2 

T«t£ 2.8 

  (1) 
r
→

 . ( )2 i
→

 + 7 j
→

 + 8 k
→

117
 = 18   ;   2x + 7y + 8z = 54 13 

 (2) ± 
(2 i
→

 − j
→

 + 2 k
→

)
3    (3) 2 AXÏLs  

 (4) 8x − 4y + 3z = 89   (5) 4x + 2y − 3z = 3 

 (6) [ ](x − 2) i
→

 + (y + 1) j
→

 + (z − 4) k
→

 . ( )4 i
→

 − 12 j
→

 − 3 k
→

 = 0 

  4x − 12y − 3z − 8 = 0 

 (7) r
→

 = ( )2 i
→

 + 2 j
→

 + k
→

 + s ( )2 i
→

 + 3 j
→

 + 3 k
→

 + t ( )3 i
→

 + 2 j
→

 + k
→

 

  3x − 7y + 5z + 3 = 0 
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 (8) r
→

 = ( )i
→

 + 3 j
→

 + 2 k
→

 + s ( )2 i
→

 − j
→

 + 3 k
→

 + t ( )i
→

 + 2 j
→

 + 2 k
→

 

  8x + y − 5z − 1 = 0 

 (9) r
→

 = ( )− i
→

 + 3 j
→

 + 2 k
→

 + s ( )i
→

 + 2 j
→

 + 2 k
→

 + t ( )3 i
→

 + j
→

 + 2 k
→

 

Utßm 2x + 4y − 5z = 0 

 (10) r
→

 = ( )i
→

 − 2 j
→

 + 3 k
→

 + s ( )− 2 i
→

 + 4 j
→

 − 4 k
→

 + t( )2 i
→

 + 3 j
→

 + 4 k
→

 
Utßm 2x − z + 1 = 0 

 (11) r
→

 = ( )i
→

 + 2 j
→

 + 3 k
→

 + s ( )i
→

 + j
→

 − 2 k
→

 + t ( )3 i
→

 − 2 j
→

 + 4 k
→

 

  2y + z − 7 = 0 

 (12) r
→

 = ( )− i
→

 + j
→

 − k
→

 + s ( )3 i
→

 + j
→

 + 2 k
→

 + t ( )2 i
→

 + 3 j
→

 − 2 k
→

  

  Utßm 8x − 10y − 7z + 11 = 0 

 (13) r
→

 = ( )3 i
→

 + 4 j
→

 + 2 k
→

 + s ( )− i
→

 + 6 j
→

 − 3 k
→

 + t ( )4 i
→

 − 4 j
→

 − k
→

  

  Utßm 6x + 13y − 28z − 14 = 0 

 (15) (i) 2x  − 5y − z + 15 = 0     (ii) 2y − z − 1 = 0 

T«t£ 2.9 

  (1) 11x − 10y − 13z + 70 = 0 

 (2) CpûX, JÚ R[m AûUVôd úLôÓL[ôL  CÚlTRôp 

 (3) (2, 0, 0) (4) (6, − 1, − 5)         (5) 
7
30

        (6) 
3

2 11
 

T«t£ 2.10 

  (1) (i)  
π
3 (ii) cos−1 





− 5

58
 (iii)  cos−1 





9

231
 

 (3) 
3
5 (4) sin−1 





3

2 91
 (5) 

π
3 

T«t£ 2.11 

  (1)  r
→

 − ( )2 i
→

 − j
→

 + 3 k
→

 = 4 Utßm x2 + y2 + z2 − 4x + 2y − 6z − 2 = 0 
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 (2)  r
→

 − ( )2 i
→

 + 6 j
→

 − 7 k
→

 .  r
→

 − ( )− 2 i
→

 + 4 j
→

 − 3 k
→

 = 0 Utßm  

x2 + y2 + z2 − 10y + 10z + 41 = 0 

  ûUVm (0, 5, − 5) Utßm BWm 3 AXÏLs. 

 (3)  r
→

 − ( )i
→

 − j
→

 + k
→

 = 5  ;   x2 + y2 + z2 − 2x + 2y − 2z − 22 = 0 

 (4) B (4, − 2, 1) 

 (5) (i)  ûUVm (2, − 1, 4)  ;  r = 5 AXÏLs 

  (ii) ûUVm 



− 

3
2, 

1
2, − 2 , r = 2 AXÏLs 

  (iii) ûUVm (− 2, 4, − 1),  r = 26 AXÏLs 

  (iv) ûUVm (2, 1, − 3), r = 5 AXÏLs 

T«t£  3.1 
  (1) (i) 1 + 3i (ii) − i (iii) − 10 + 10i (iv) 1 
 (2)  ùU,T, L,T, 

  (i)  
1
2   

− 1
2  

  (ii) 
− 7
25  

26
25 

  (iii) 8 − 1 
 (3) n = 4 

 (4) (i) x = 2,   y = − 1 (ii)  x = 3,  y = − 1 

  (iii) x = − 7,  y = − 3  Utßm x = 
− 8
3   ,  y = 

4
3 

 (5) x = ± 1,   y = − 4  Utßm   x = ± 2i,  y = 1 

T«t£  3.2 
  (2) 1 − 3i  Utßm − 1 +3 i 

 (3) 




1

2
 + i  

1
2

  ;  




− 

1
2

 − i   
1
2

 

 (6) (i) 4 cis 
π
3        (ii)  2 cis 

2π
3      (iii) 2 cis 



− 

3π
4      (iv) 2 cis 



− 
π
4  

 (8) (i) x + 2y = 2 (ii) y = 0 (iii) x + y + 1 = 0 

  (iv) 4x2 + 4y2 − 12x + 5 = 0 (v) x2 + y2 + 2x − 3 = 0 
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T«t£  3.3 

  (1) 3 ± i ,   1 ± i             (2)  1 ± 2i,   1 ± i  (3) 2 ± i,   
2
3 ,  

− 1
2  

T«t£  3.4 
  (1) cis (− 107θ)  (2) cis (3α + 4β) 

T«t£  3.5 

  (1) (i) cis 
π
6,   cis 

5π
6 ,    cis 

9π
6  (ii) 2 cis 

π
6,   2cis 

5π
6 ,    2cis 

9π
6   

  (iii) 22/3 cis 



− 5π

9  ,   22/3 cis 
π
9,    22/3 cis 



7π

9  

 (4) (i) 2 cis 
π
4,   2 cis 

3π
4 ,  2 cis 

5π
4   Utßm  2 cis 

7π
4  

  (ii) cis 
π
5,  cis 

3π
5 ,  cis 

7π
5 ,   cis 

9π
5  

 (5) cis (2k − 1) 
π
4  ,  k  = 0, 1, 2, 3 

T«t£  4.1 

  (1) (i) 4x2 − 16x + 36y + 43 = 0   (ii) 9x2 − 12xy + 4y2 + 38x − 60y + 121 = 0 

  (iii) x2 = − 16y (iv) (y − 4)2 = − 12(x − 1) 

  (v) (x−1)2 = 12(y − 2) (vi) (y − 4)2 = − 12(x − 1) 

  (vii) (x − 3)2 = − 8(y + 2) (viii) (y + 1)2 = 8(x − 3) 

  (ix) (x − 2)2 = 16(y − 3)  

Gi AfÑ Øû] Ï®Vm 
CVdÏ 

YûW«u 

NUuTôÓ 

ùNqYLXj§u 

NUuTôÓ 

ùNqYLXj§u 

¿[m 

(i) y = 0 (0, 0) (− 2, 0) x − 2 = 0 x + 2 = 0 8 

(ii) x = 0 (0, 0) (0, 5) y  + 5 = 0  y − 5 = 0 20 

(iii) x − 4 = 0 (4, − 2) (4, − 1) y + 3 = 0 y + 1 = 0 4 

(iv) y − 3 = 0 (1, 3) (− 1, 3) x − 3 = 0 x + 1 = 0 8 

2) 

(v) x − 3 = 0 (3, − 1) (3, 2) y + 4 = 0 y − 2 = 0 12 
  (3) ©W§T−lTô²u ûUVj§−ÚkÕ Ï®VjÕdÏs[ çWm 5. 

Ï®Vm (5, 0) 
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 (4) ®hPm = 40 2 ùN,Á,     (5) 20 2 Á, 
T«t£  4.2 

  (1) (i) 16x2 + 25y2 − 96x + 50y − 231 = 0 

  (ii)  
(x − 1)2

4  + 
(y + 1)2

3  = 1 (iii) 
x2

25 + 
y2

16 = 1 

  (iv)  
(x − 3)2

4  + 
(y + 4)2

1  = 1 (v) 
x2

9  + 
y2

5  = 1 

  (vi)  
(x − 2)2

40  + 
(y − 5)2

49  = 1 (vii) 
(x − 3)2

25  + 
(y + 1)2

16  = 1 

  (viii) 
x2

25 + 
y2

16 = 1       (ix) 
x2

16 + 
y2

4  = 1  

 (2) (4, − 6)  (3) 
x2

81/4  +  
y2

45/4 = 1 

(4) 
Gi 

ùShPf£u 

NUuTôÓ 
Ït\f£u 

NUuTôÓ 
ùShPf£u 

¿[m 
Ït\f£u 

¿[m 

 (i) y = 0 x = 0 10 6 

 (ii) y − 2 = 0 x + 1 = 0 6 2 5 

 (iii) x = 0 y = 0 2 5 4 5
3  

 (iv) x + 1 = 0 y − 2 = 0 8 6 

 

(5) 
G

i 

CVdÏYûW«u 

NUuTôÓLs 
ùNqYLXj§u 

NUuTôÓLs 
ùNqYLXj§u ¿[m 

 (i) 
x = ± 

169
12  x = ± 12 50

13 

 (ii) 
x = ± 

16
7

 x = ± 7 9
2 

 (iii) 
x = 4 ± 

20
3

 x = 4 ± 5 3 5 

 (iv) y = 10; y = − 8 y = 4 ; y = − 2 4 3 
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(6) Gi e ûUVm Ï®VeLs Øû]Ls 

 (i) 3
5 

(0, 0) (± 3, 0) (± 5, 0) 

 (ii) 3
2  

(4, 2) ( )4 ± 5 3, 2  (14, 2) ; (− 6, 2) 

 (iii) 5
3  

(0, 0) ( )0, ± 5  (0, ± 3) 

 (iv) 7
4  

(− 1, 2) ( )− 1, 2 ± 7  (− 1, 6), (− 1, − 2) 

  (7) 
x2

16 + 
y2

7  = 1  (8) 1200 ¡,Á 

 (9)  (i) 28.584 ªp−Vu ûUp   (ii) 43.416 ªp−Vu ûUp   

 (10) 
4
5  319 A¥ 

T«t£  4.3 

  (1) (i)    x2 − 16xy − 11y2 + 20x + 50y − 35 = 0 (ii) 
y2

25 − 
x2

24 = 1 

  (iii)  
y2

36 − 
x2

288 = 1  (iv)   
(x − 1)2

16  − 
(y + 2)2

9  = 1  

  (v)  
(y − 5)2

75  − 
(x − 2)2

25  = 1 (vi)   
y2

36 − 
x2

28 = 1 

  (vii) 
x2

1  − 
(y − 5)2

8  = 1 (viii) 
(x − 1)2

25/4  − 
(y − 4)2

75/4  = 1 

  (ix) 
(x − 1)2

9  − 
(y + 1)2

16  = 1 

(2) 
Gi 

ÏßdLf£u 

NUuTôÓ 
ÕûQVf£

u NUuTôÓ 
ÏßdLf£u 

¿[m 
ÕûQVf£

u ¿[m 

 (i) y = 0 x = 0 10 24 

 (ii) x = 0 y = 0 2 2 4 2 

 (iii) y − 2 = 0 x + 3 = 0 6 8 
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(3) 
Gi CVdÏYûW«u 

NUuTôÓ 
ùNqYLXj§u 

NUuTôÓ 
ùNqYLXj§u 

¿[m 

 (i) 
x = ± 

36
13

 x = ± 4 13 32
3  

 (ii) 
y = 4 ± 

9
13

 y = 4 ± 13 8
3 

 

(5) 
Gi 

ûUVj 

ùRôûXj 

RLÜ 
ûUVm Ï®Vm Øû]Ls 

 (i) 
e = 

41
4  

(0, 0) ( )± 41, 0  (± 4, 0) 

 (ii) 
e = 

34
3  

(0, 0) ( )0, ± 34  (0, ± 3) 

 (iii) 
e = 

5
2  

(− 3, 2) ( )− 3 ± 5, 2   (− 1, 2), (− 5, 2) 

 (iv) e = 2 (− 3, 1) (− 3, 5) (− 3, − 3) (− 3, 3) (− 3, − 1) 

T«t£  4.4 

  (1) (i) x + y + 3 = 0  ;  x − y − 9 = 0  (ii) 2x + 3y + 3 = 0  ;  3x − 2y + 11 = 0 

  (iii) x − 2y + 2 = 0  ;  2x + y − 1 = 0         (iv)  x = 3 ; y = 0 

  (v) 18x + 5y = 31  ;  5x − 18y − 28 = 0 

 (2) (i)2x − y + 1 = 0 ; 2x + 4y − 9 = 0    (ii) x + 2y − 8 = 0  ;  2x − y − 6 = 0 

  (iii) 4x + 5 3 y = 40  ;  10 3 x − 8y − 9 3 = 0 

  (iv) 4 3 x − 3y = 18  ;  3x + 4 3 y − 14 3 = 0 

 (3) (i) 3x − 2y + 2 = 0 (ii) x + 3y + 36 = 0 

  (iii) y = x ± 5 (iv) 10x − 3y ± 32 = 0 
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 (4) (i) x + 2y + 4 = 0  ;  x + y + 1 = 0  

  (ii) x − 2y + 5 = 0  ;  5x + 4y − 17 = 0 

  (iii) 3x + y − 5 = 0  ;  x − y + 1 = 0             (5)  



5, 

− 4
3      (6) (− 3, 1) 

 (7) (i) 4x − y − 12 = 0      (ii) x + 5y − 5 = 0       (iii) 10x − 9y − 12 = 0 

T«t£  4.5 

  (1) (i) 



x

5  −  
y
6  = 0   Utßm   



x

5 + 
y
6  = 0    

  (ii) 4x − y + 1 = 0  Utßm  2x + 3y − 1 = 0 

 (2) (i)  (2x + 3y − 8)  (3x − 2y + 1) = 110 

  (ii) (x + 2y − 10)  (x − 2y + 6) + 64 = 0 

 (3) (i) 
2π
3       (ii) 2 tan−1 

3
2    (iii)  2tan−1 

5
2  

T«t£  4.6 

  (1) 



x + 

1
2   



y + 

1
2  = 

9
8 

 (2) (i)  4x + 3y − 24 = 0 ; 3x − 4y + 7 = 0    (ii) x + 8y = 0 ; 32x − 4y + 65 = 0 

 (3)  (x + 2y − 5)  (2x − y + 4) = 16 

 (4) (x − 1) (y − 3) = 16  ;  x − 1 = 0,  y − 3 = 0        

 (5) (3x − y − 5) (x + 3y − 5) − 7 = 0 

 (6) (i)   x − h = 0  Utßm  y − k = 0 

  (ii) x + 2 = 0  ;  y + 
3
2 = 0 (iii)  3x − 2y + 3 = 0 

            2x + 3y + 2 = 0 
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Ï±dúLôs ®]ôdLÞdLô] ®ûPLs 

 

®,G, ®ûP ®,G, ®ûP ®,G, ®ûP ®,G, ®ûP ®,G, ®ûP 

1 1 26 4 51 2 76 3 101 3 

2 3 27 2 52 1 77 1 102 4 

3 1 28 2 53 3 78 3 103 2 

4 3 29 4 54 3 79 4 104 3 

5 1 30 3 55 3 80 4 105 4 

6 3 31 1 56 4 81 3 106 1 

7 3 32 1 57 1 82 3 107 2 

8 4 33 3 58 4 83 1 108 3 

9 3 34 4 59 3 84 4 109 1 

10 3 35 2 60 3 85 4 110 3 

11 1 36 1 61 4 86 4 111 2 

12 4 37 3 62 2 87 1 112 2 

13 1 38 3 63 3 88 3 113 1 

14 2 39 3 64 1 89 3 114 2 

15 1 40 4 65 3 90 4 115 2 

16 4 41 1 66 4 91 2 116 4 

17 1 42 2 67 1 92 3 117 1 

18 2 43 2 68 2 93 4 118 1 

19 3 44 4 69 2 94 2 119 4 

20 3 45 2 70 4 95 4 120 4 

21 4 46 2 71 1 96 2 121 3 

22 2 47 2 72 3 97 4 

23 3 48 4 73 3 98 3 

24 4 49 1 74 1 99 2 

25 3 50 3 75 3 100 2 

 

 


