
vLet the relation of knowledge to real life be very visible to your pupils
and let them understand how by knowledge the world could be

transformed”. – BERTRAND RUSSELL v

11.1 Hkwfedk (Introduction)
fiNys vè;k; esa geus ,d js[kk osQ lehdj.kksa osQ fofHkUu :iksa dk
vè;;u fd;k gSA bl vè;k; esa] ge oqQN vU; oØksa dk vè;;u
djsaxs tSls òÙk (circle)] ijoy; (parabola)] nh?kZòÙk (ellipse)
vkSj vfrijoy; (hyperbola)A ijoy; vkSj vfrijoy;
Apollonius }kjk fn, x, uke gSaA okLro esa bu oØksa dks 'kaoqQ
ifjPNsn ;k lkekU;r% 'kkado dgk tkrk gS D;ksafd bUgsa ,d yac
o`Ùkh; f}'kaoqQ vkSj ,d lery osQ ifjPNsnu ls izkIr fd;k tk
ldrk gSA bu oØksa dk xzgksa osQ ?kw.kZu] nwjn'khZ;a=k (telescope)
vkSj ,aVhuk osQ fuekZ.k] vkVkseksckbYl dh gsMykbV esa] ijkorZd
bR;kfn esa cgqr vf/d mi;ksxh gksrk gSA vc ge vkxs vkus okys
vuqHkkxksa esa ns[ksaxas fd fdl izdkj ,d yac o`Ùkh; f}'kaoqQ vkSj ,d ry osQ ifjPNsnu osQ ifj.kke
Lo:i fofHkUu izdkj osQ oØ izkIr gksrs gSaA

11.2 'kaoqQ osQ ifjPNsn

eku yhft, l ,d fLFkj ÅèokZ/j js[kk gS m ,d nwljh js[kk gS tks bl js[kk
dks fLFkj fcanq V ij izfrPNsn djrh gS vkSj blls ,d dks.k α cukrh gS
(vko`Qfr 11.1)A

eku yhft, ge js[kk m dks js[kk l osQ ifjr% bl izdkj ?kqekrs gSa fd
m dh lHkh fLFkfr;ksa esa] dks.k αvpj jgs rc mRiUu i`"B ,d yac o`Ùkh;
[kks[kys f}'kaoqQ gS ftUgsa vc ls 'kaoqQ dgsaxs tks nksuksa fn'kkvksa esa vfuf'pr nwjh
rd c<+ jgs gSa (vko`Qfr 11-2)A

Apollonius
(262 B.C. -190 B.C.)

11vè;k;

vko`Qfr 11. 1

'kaoqQ ifjPNsn (Conic Sections)
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vko`Qfr 11. 2 vko`Qfr 11. 3

fLFkj fcanq V dks 'kaoqQ dk 'kh"kZ (vertex) vkSj fLFkj js[kk l 'kaoqQ dk v{k (axis) dgykrk
gSA bu lHkh fLFkfr;ksa esa ?kweus okyh js[kk m 'kaoqQ dh tud ( generator) dgykrh gSA 'kaoqQ dks
'kh"kZ nks Hkkxksa esa foHkDr djrk gS ftUgsa ukis (Nappes) dgrs gSaA

;fn ge ,d ry vkSj ,d 'kaoqQ dk ifjPNsnu ysrs gSa rks bl izdkj izkIr ifjPNsn oØ] 'kaaoqQ
ifjPNsn dgykrs gSaA bl izdkj] 'kaoqQ ifjPNsn os oØ gSa ftUgsa ,d yac o`Ùkh; 'kaoqQ vkSj ,d ry
osQ ifjPNsnu ls izkIr fd;k tkrk gSA

'kaoqQ osQ ÅèokZ/j v{k vkSj ifjPNsnh ry osQ chp cus dks.k vkSj ifjPNsnh ry dh fLFkfr;ksa
osQ vuqlkj fofHkUu izdkj osQ 'kaoqQ ifjPNsn izkIr gksrs gSaA eku yhft, ifjPNsnh ry] 'kaoqQ osQ
ÅèokZ/j v{k osQ lkFk β dks.k cukrk gS (vko`Qfr 11-3)A

'kaoqQ osQ lkFk ry dk ifjPNsnu ;k rks 'kaoqQ osQ 'kh"kZ ij gks ldrk gS ;k ukis osQ nwljs fdlh
Hkkx ij Åij ;k uhps gks ldrk gaSA

11.2.1  o`Ùk] nh?kZo`Ùk] ijoy; vkSj vfrijoy; (Circle, ellipse, parabola and
hyperbola) tc ry] 'kaoqQ osQ ukis ('kh"kZ osQ vfrfjDr) dks dkVrk gS] rks gesa fuEukafdr fLFkfr;k¡
izkIr gksrh gS%

(a) tc β = 90o, rks ifjPNsn ,d o`Ùk gksrk gS (vko`Qfr 11-4)A

(b) tc α < β < 90o, rks ifjPNsn ,d nh?kZo`Ùk gksrk gS (vko`Qfr 11-5)A

(c) tc β = α, rks ifjPNsn ,d ijoy; gksrk gS (vko`Qfr 11-6)A

(mijksDr rhuksa fLFkfr;ksa dh izR;sd fLFkfr esa ry 'kaoqQ dks ukis osQ iw.kZr% vkj&ikj dkVrk gS)A
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vko`Qfr 11. 4

(d) tc 0 ≤ β < α, rks ry 'kaoqQ osQ nksuksa usIl dks dkVrk gS rks ifjPNsn oØ ,d vfrijoy;
gksrk gS (vko`Qfr 11.7)A

11.2.2  viHkz"V 'kaoqQ ifjPNsn (Degenerated conic sections) tc ry 'kaoqQ osQ 'kh"kZ ij
dkVrk gS rks fuEufyf[kr fLFkfr;k¡ izkIr gksrh gSa%
(a) tc α < β ≤ 90o, rks ifjPNsn ,d fcanq gS (vko`Qfr 11.8)A
(b) tc β = α, rks ry] tud dks varfoZ"V djrk gS vkSj ifjPNsn ,d ljy js[kk gksrh gS

(vko`Qfr 11-9)A

vko`Qfr 11. 6 vko`Qfr 11. 7

vko`Qfr 11. 5
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;g ijoy; dh viHkz"V fLFkfr gSA

vko`Qfr 11. 8
vko`Qfr 11. 9

vko`Qfr 11. 10

(c) tc 0 ≤ β < α, rks ifjPNsn ,d izfrPNsn djus okyh js[kkvksa dk ;qXe gS (vko`Qfr 11.10)A
;g vfrijoy; dh viHkz"V fLFkfr gSA
vkxs vkus okys vuqPNsn esa ge bu 'kaoqQ ifjPNsnksa dks T;kferh; xq.kksa osQ vk/kj ij ifjHkkf"kr
djrs gq, muesa ls izR;sd osQ lehdj.k ekud :i esa izkIr djsaxsA
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11.3 o`Ùk (Circle)

ifjHkk"kk 1  o`Ùk] ry osQ mu fcanqvksa dk leqPp; gksrk gS tks ry osQ ,d fLFkj fcanq ls leku nwjh
ij gksrs gSaA

fLFkj fcanq dks o`Ùk dk osaQnzz (centre) dgrs gSa rFkk o`Ùk ij fdlh ,d fcanq dh osaQnz ls
nwjh dks o`Ùk dh f=kT;k (radius) dgrs gSa (vko`Qfr 11.11)A

vko`Qfr 11.11 vko`Qfr 11.12

;fn o`Ùk dk osaQnz ewy fcanq ij gksrk gS rks o`Ùk dk lehdj.k ljyre gksrk gSA fiQj Hkh] ge
Kkr osaQnz rFkk f=kT;k osQ o`Ùk dk lehdj.k fuEufyf[kr izdkj ls O;qRiUu djsaxsa (vko`Qfr 11.12)A

o`Ùk dk osaQnz C(h, k) rFkk f=kT;k r  Kkr gSA eku yhft, o`Ùk ij dksbZ fcanq P(x, y) gS
(vko`Qfr 11.12)A rc ifjHkk"kk ls] | CP | = r nwjh lw=k }kjk] ge ikrs gSa

2 2( ) ( )x – h y – k r+ =

vFkkZr~ (x – h)2 + (y – k)2 = r2

;g osaQnz (h,k) rFkk f=kT;k r okys o`Ùk dk vHkh"V lehdj.k gSA

mnkgj.k 1 osaQnz (0,0) rFkk f=kT;k r okys o`Ùk dk lehdj.k Kkr dhft,A

gy ;gk¡ h = k = 0. vr% o`Ùk dk lehdj.k x2 + y2 = r2 gSA

mnkgj.k 2 osaQnz (–3, 2) rFkk f=kT;k 4 bdkbZ okys o`Ùk dk lehdj.k Kkr dhft,A

gy ;gk¡ h = –3, k = 2 vkSj r = 4. vr% o`Ùk dk vHkh"V lehdj.k
(x + 3)2 + (y –2)2 = 16 gSA

mnkgj.k 3 o`Ùk x2 + y2 + 8x + 10y – 8 = 0 dk osaQnz rFkk f=kT;k Kkr dhft,A

gy fn;k x;k lehdj.k
(x2 + 8x) + (y2 + 10y) = 8
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vc dks"Bdksa dks iw.kZ oxZ cukus ij]
(x2 + 8x + 16)  +  (y2 + 10y + 25)  = 8 + 16 + 25

;k (x + 4)2 + (y + 5)2 = 49
;k {x – (– 4)}2 + {y – (–5)}2 = 72

vr% o`Ùk dk osaQnz (– 4, –5) o f=kT;k 7 bdkbZ gSA

mnkgj.k 4 fcanqvksa (2, – 2), vkSj (3,4) ls gksdj tkus okys ml o`Ùk dk lehdj.k Kkr dhft,
ftldk osaQnz js[kk x + y = 2 ij fLFkr gSA

gy eku yhft, fd o`Ùk dk lehdj.k (x – h)2 + (y – k)2 = r2 gSA
;g fcanqvksa (2] &2) vkSj (3] 4) ls tkrk gSA blfy, ge ikrs gSa fd

(2 – h)2 + (–2 – k)2 = r2 ... (1)
vkSj (3 – h)2 + (4 – k)2 = r2 ... (2)
rFkk o`Ùk dk osaQnz js[kk x + y = 2, ij fLFkr gS] blfy,

h + k = 2 ... (3)
lehdj.k (1), (2) o (3), dks gy djus ij] ge ikrs gSa fd

h = 0.7,   k = 1.3  vkSj r2 = 12.58
vr% o`Ùk dk vHkh"V lehdj.k

(x – 0.7)2 + (y – 1.3)2 = 12.58

iz'ukoyh 11.1

fuEufyf[kr iz'u 1 ls 5 rd izR;sd esa o`Ùk dk lehdj.k Kkr dhft,%
1. osQanz (0,2) vkSj f=kT;k 2 bdkbZ 2. osQanz (–2,3) vkSj f=kT;k 4 bdkbZ

3. osQanz (

4
1,

2
1

) vkSj f=kT;k
1

12 bdkbZ 4. osQanz (1,1) vkSj f=kT;k

2

bdkbZ

5. osQanz (–a, –b) vkSj f=kT;k 22 ba − gSA

fuEufyf[kr iz'u 6 ls 9 rd esa izR;sd o`Ùk dk osaQnz vkSj f=kT;k Kkr dhft,%
6. (x + 5)2 + (y – 3)2 = 36 7. x2 + y2 – 4x – 8y – 45 = 0
8. x2 + y2 – 8x + 10y – 12 = 0 9. 2x2 + 2y2 – x = 0

10. fcanqvksa (4,1) vkSj (6,5) ls tkus okys o`Ùk dk lehdj.k dhft, ftldk osQanz js[kk
4x + y = 16 ij fLFkr gSA

11. fcanqvksa (2,3) vkSj (–1,1) ls tkus okys o`Ùk dk lehdj.k Kkr dhft, ftldk osaQnz js[kk
x – 3y – 11 = 0 ij fLFkr gSA
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12. f=kT;k 5 osQ ml o`Ùk dk lehdj.k Kkr dhft, ftldk osaQUnz x-v{k ij gks vkSj tks fcanq
(2,3)ls tkrk gSA

13. (0,0) ls gksdj tkus okys o`Ùk dk lehdj.k Kkr dhft, tks funsZ'kka{kksa ij a vkSj b var%[k.M
cukrk gSA

14. ml o`Ùk dk lehdj.k Kkr dhft, ftldk osQaaanz  (2,2) gks rFkk fcanq (4,5) ls tkrk gSA
15. D;k fcanq (–2.5,  3.5) o`Ùk  x2 + y2 = 25 osQ vanj] ckgj ;k o`Ùk ij fLFkr gS ?

11.4  ijoy; (Parabola)

ifjHkk"kk 2 ,d ijoy; ry osQ mu lHkh fcanqvksa dk
leqPp; gS tks ,d fuf'pr ljy js[kk vkSj ry osQ
,d fuf'pr fcanq (tks js[kk ij fLFkr ugha gS) ls
leku nwjh ij gSA

fuf'pr ljy js[kk dks ijoy; dh fu;rk
(directrix) vkSj fuf'pr fcanq F dks ijoy; dh
ukfHk (focus) dgrs gSa (vko`Qfr 11-13)A (vaxzsth
Hkk"kk esa ‘Para’ dk vFkZ ‘ls’ o ‘bola’ dk vFkZ
‘isaQduk’, vFkkZr~ gok esa xsan isaQdus ls cuk gqvk iFk)

AfVIi.kh  ;fn fuf'pr fcanq] fuf'pr ljy
js[kk ij fLFkr gks rks ry osQ mu fcanqvksa dk
leqPp; tks fuf'pr fcanq vkSj fuf'pr js[kk ls
leku nwjh ij gSa] fuf'pr fcanq ls xq”kjus okyh
fuf'pr js[kk ij yacor ljy js[kk gksrh gSA ge bl
ljy js[kk dks ijoy; dh viHkz"V fLFkfr dgrs
gSaA

ijoy; dh ukfHk ls tkus okyh rFkk fu;rk ij
yac js[kk dks ijoy; dk v{k dgk tkrk gSA ijoy;
dk v{k ftl fcanq ij ijoy; dks dkVrk gS mls
ijoy; dk 'kh"kZ(vertex) dgrs gSa (vkòQfr 11-14)A

11.4.1 ijoy; dk izekf.kd lehdj.k (Standard equation of parabola) ijoy; dk
lehdj.k ljyre gksrk gS ;fn bldk 'kh"kZ ewy fcanq ij gks vkSj bldh lefer v{k] x-v{k ;k
y-v{k osQ vuqfn'k gksrk gSA ijoy; osQ ,sls pkj laHko fnd~foU;kl uhps vko`Qfr 11-15(a) ls (d)
rd esa n'kkZ, x, gSaA

vko`Qfr 11.13

vko`Qfr 11.14
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vko`Qfr 11.15 (a) ls (d)

vc ge vko`Qfr 11.15 (a) esa n'kkZ, x, ijoy; dk lehdj.k ftldh ukfHk (a, 0) a > 0
vkSj fu;rk x = – a dks fuEuor izkIr djsaxsA

eku yhft, fd ukfHk FvkSj fu;rk l gSA fu;rk ij
yac FM [khafp, vkSj FM dks fcanq O ij lef}Hkkftr
dhft,A MO dks X rd c<+kb,A ijoy; dh ifjHkk"kk
osQ vuqlkj eè; fcanq O ijoy; ij  gS vkSj ijoy; dk
'kh"kZ dgykrk gSA O dks ewy fcanq ekudj OX dks
x-v{k vkSj blosQ yacor OY dks y-v{k yhft,A eku
yhft, fd ukfHk dh fu;rk ls nwjh 2a gSA rc ukfHk osQ
funsZ'kkad (a, 0), a > 0 gS rFkk fu;rk dk lehdj.k
x + a = 0 tSlk fd vko`Qfr 11.16 esa gSA vko`Qfr11.16
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eku yhft, ijoy; ij dksbZ fcanq P(x, y) bl izdkj gS fd
PF = PB ... (1)

tgk¡ PB js[kk l ij yac gSA B osQ funsZ'kkad (– a, y) gSaA nwjh lw=k ls ge ikrs gSa

PF = 2 2( )x – a y+ vkSj PB = 2( )x a+
D;ksafd PF = PB, ge ikrs gSa]

2 2 2( ) ( )x – a y x a+ = +
blfy, (x – a)2 + y2 = (x + a)2

;k x2 – 2ax + a2 + y2 = x2 + 2ax + a2 ;k y2 = 4ax,( a > 0).
bl izdkj ijoy; ij dksbZ fcanq lehdj.k

y2 = 4ax dks larq"V djrk gSA ... (2)
foykser% ekuk (2) ij P(x, y) ,d fcanq gSA

vc PF = 2 2( )x – a y+ = 2( ) 4x – a ax+

= 2( )x a+ = PB ... (3)
blfy, P(x,y), ijoy; ij fLFkr gSA

bl izdkj (2) vkSj (3) ls geus fl¼ fd;k fd ,d ijoy; ftldk 'kh"kZ ewy fcanq ij
ukfHk (a,0) rFkk fu;rk x = – a dk lehdj.k y2 = 4ax gksrk gSA

foospuk lehdj.k (2) esa] ;fn a > 0, x dk eku /ukRed ;k 'kwU; gks ldrk gS ijarq ½.kkRed
ughaA bl fLFkfr esa ijoy; dks izFke vkSj prqFkZ prqFkk±'k esa vfuf'pr :i ls nwj rd c<+k;k tk
ldrk gS vkSj ijoy; dk v{k] x-v{k dk /ukRed Hkkx gSA

blh izdkj ge ijoy;ksa dk lehdj.k izkIr dj ldrs gSaA
vko`Qfr 11.15 (b) esa y2 = – 4ax,
vko`Qfr 11.15 (c) esa x2 = 4ay,
vko`Qfr 11.15 (d) esa x2 = – 4ay,

bu pkj lehdj.kksa dks ijoy; osQ ekud lehdj.k dgrs gSaA

AfVIi.kh   ijoy; osQ ekud lehdj.k esa] ijoy; dh ukfHk fdlh ,d funsZ'kkad v{k ij
fLFkr gksrh gS] 'kh"kZ ewy fcanq ij gksrk gS vkSj fu;rk] nwljs v{k osQ lekarj gksrh gSA ;gk¡ ,sls
ijoy;ksa dk vè;;u] ftudh ukfHk dksbZ Hkh fcanq gks ldrh gS vkSj fu;rk dksbZ Hkh js[kk gks
ldrh gS] bl iqLrd osQ fo"k; ls ckgj gSA

vkòQfr 11.15, ls izkIr ijoy; osQ izekf.kd lehdj.k osQ fujh{k.k ls fuEukafdr fu"d"kZ izkIr
gksrs gSa%
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1. ijoy;] ijoy; v{k osQ lkis{k lefer gksrk gSA ;fn ijoy; osQ lehdj.k esa y2 dk in
gS rks lefer] x-v{k osQ vuqfn'k gS vkSj ;fn lehdj.k esa x2 dk in gS rks lefer v{k]
y-v{k osQ vuqfn'k gSA

2. ;fn lefer v{k] x-v{k osQ vuqfn'k gks vkSj
(a) x dk xq.kkad /ukRed gks rks ijoy; nkb± vksj [kqyrk gSA
(b) x dk xq.kkad ½.kkRed gks rks ijoy; ckb± vksj [kqyrk gSA

3. ;fn lefer v{k] y-v{k osQ vuqfn'k gks vkSj
(a) y dk xq.kkad /ukRed gks rks ijoy; Åij dh vksj [kqyrk gSA
(b) y dk xq.kkad ½.kkRed gks rks ijoy; uhps dh vksj [kqyrk gSA

11.4.2 ukfHkyac thok (Latus rectum)

ifjHkk"kk 3 ijoy; dh ukfHk ls tkus okyh vkSj ijoy; dh v{k osQ yacor js[kk[kaM ftlosQ vaR;
fcanq ijoy; ij gksa] dks ijoy; dh ukfHkyac thok dgrs gSa (vko`Qfr 11.17)
ijoy; y2 = 4ax dh ukfHkyac thok dh yackbZ Kkr djuk (vko`Qfr 11.18)
ijoy; dh ifjHkk"kk osQ vuqlkj, AF = AC

ijarq AC = FM = 2a

vr% AF = 2a

vkSj D;ksafd ijoy;] x-v{k osQ ifjr% lefer gSA vr%

vko`Qfr 11.17 vko`Qfr 11.18

AF = FB vkSj blfy,
AB = ukfHkyac thok dh yackbZ = 4a

mgnkj.k 5 ;fn ,d ijoy; dk lehdj.k y2 = 8x gS rks ukfHk osQ funsZ'kkad] v{k] fu;rk dk
lehdj.k vkSj ukfHkyac thok dh yackbZ Kkr dhft,A
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gy fn, lehdj.k esa  y2 dk in gS blfy, ijoy;
x-v{k osQ ifjr% lefer gSA

D;ksafd lehdj.k esa in x dk xq.kkad /ukRed gS
blfy, ijoy; nkfguh vksj [kqyrk gSA fn, x, lehdj.k
y2 = 4ax, ls rqyuk djus ij] a = 2
vr% ijoy; dh ukfHk (2, 0) gS vkSj ijoy; dh fu;rk
dk lehdj.k x = – 2 gS (vko`Qfr 11.19)A
ukfHkyac thok dh yackbZ  4a = 4 × 2 = 8

mnkgj.k 6 ukfHk (2,0) vkSj fu;rk x = – 2 okys ijoy;
dk lehdj.k Kkr dhft,A

gy D;ksafd ukfHk (2,0) x-v{k ij gS blfy, x-v{k Lo;a ijoy; dk v{k gSA
vr% ijoy; dk lehdj.k y2 = 4ax ;k y2 = – 4ax osQ :i esa gksuk pkfg, D;ksafd fu;rk

x = – 2 gS vkSj ukfHk (2,0) gS, blfy, ijoy; dk lehdj.k y2 = 4ax ds :i esa gS tgk¡ a = 2.
vr% ijoy; dk vHkh"V lehdj.k y2 = 4(2) x = 8x gSA

mnkgj.k 7 ,d ijoy; dk lehdj.k Kkr dhft, ftldk 'kh"kZ (0]0)vkSj ukfHk (0] 2) gSA

gy D;ksafd 'kh"kZ (0,0) ij vkSj ukfHk (0,2) ij gS] tks y-v{k ij fLFkr gS] vr% ijoy; dk v{k,
y-v{k gSA blfy, ijoy; dk lehdj.k] x2 = 4ay ds :i esa gSA vr% ijoy; dk lehdj.k gS
x2 = 4(2)y, vFkkZr~ x2 = 8y

mngkj.k 8 ml ijoy; dk lehdj.k Kkr dhft, tks y-v{k osQ ifjr% lefer gks vkSj fcanq
(2,–3) ls xq”kjrk gSA

gy D;ksafd ijoy; y-v{k osQ ifjr% lefer gS vkSj bldk 'kh"kZ ewy fcanq ij gS] vr% bldk
lehdj.k x2 = 4ay ;k x2 = – 4ay, osQ :i esa gS tgk¡ fpÉ ijoy; osQ Åij ;k uhps [kqyus ij
fuHkZj djrk gS ijarq ijoy; prqFkZ prqFkk±'k esa fLFkr fcanq (2] &3) ls xq”kjrk gS blfy, ;g vo';
gh uhps dh vksj [kqysxkA vr% ijoy; dk lehdj.k x2 = – 4ay osQ vuq:i gS] D;ksafd ijoy;
( 2,–3), ls xq”kjrk gS] vr% gesa izkIr gksrk gS]

22 = – 4a (–3), vFkkZr~ a =
1
3

vr% ijoy; dk lehdj.k gS

x2 =

14
3
 −  
 

y, vFkkZr~ 3x2 = – 4y

vko`Qfr 11.19
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iz'ukoyh 11-2

fuEufyf[kr iz'u 1 ls 6 rd izR;sd esa ukfHk osQ funsZ'kkad] ijoy; dk v{k] fu;rk dk lehdj.k
vkSj ukfHkyac thok dh yackbZ Kkr dhft,%

1. y2 = 12x 2. x2 = 6y 3. y2 = – 8x
4. x2 = – 16y 5. y2 = 10x 6. x2 = – 9y

fuEufyf[kr iz'u 7 ls 12 rd izR;sd esa ijoy; dk lehdj.k Kkr dhft, tks fn, izfrca/ dks
larq"V djrk gS%

7. ukfHk (6,0), fu;rk x = – 6 8. ukfHk (0,–3), fu;rk y = 3
9. 'kh"kZ (0,0), ukfHk (3,0) 10. 'kh"kZ (0,0), ukfHk (–2,0)

11. 'kh"kZ (0,0), (2,3)  ls tkrk gS vkSj v{k] x-v{k osQ vuqfn'k gSA
12. 'kh"kZ (0,0), (5,2) ls tkrk gS vkSj y-v{k osQ lkis{k lefer gSA

11. 5 nh?kZo`Ùk (Ellipse)

ifjHkk"kk 4 ,d nh?kZo`Ùk ry osQ mu fcanqvksa dk
leqPp; gS ftudk ry esa nks fLFkj fcanqvksa ls nwjh dk
;ksx vpj gksrk gSA nks fLFkj fcanqvksa dks nh?kZo`Ùk dh
ukfHk;k¡ dgrs gSa (vko`Qfr 11.20)A

AfVIi.kh nh?kZo`Ùk ij fdlh fcanq dk nks fLFkj
fcanqvksa ls nwfj;ksa dk ;ksx vpj gksrk gS] og fLFkj
fcanqvksa osQ chp dh nwjh ls vf/d gksrk gSA

ukfHk;ksa dks feykus okys js[kk[kaM osQ eè; fcanq dks nh?kZo`Ùk dk osaQnz dgrs gSaA nh?kZo`Ùk dh
ukfHk;ksa ls tkus okyk js[kk[kaM] nh?kZo`Ùk dk nh/Z v{k (Major axis) dgykrk gS vkSj osaQnz ls tkus

vko`Qfr 11.20

vko`Qfr 11.21 vko`Qfr 11.22
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okyk vkSj nh/Z v{k ij yacor js[kk[kaM] nh?kZo`Ùk dk y?kq v{k (Minor axis) dgykrk gSA
nhZ?kZ v{k osQ vUR; fcanqvksa dks nh?kZo`Ùk osQ 'kh"kZ dgrs gSa (vko`Qfr 11-21)A

ge nh?kZ v{k dh yackbZ dks] 2a ls y?kq v{k dh yackbZ dks] 2b ls vkSj ukfHk;ksa osQ chp dh
nwjh dks 2c ls fy[krs gSaA vr% v/Z&nh?kZ v{k dh yackbZ a rFkk v/Z&y?kq v{k dh yackbZ b gS
(vko`Qfr 11.22)A

11.5.1 v/Z&nh/Z v{k] v/Z&y?kq v{k vkSj nh?kZo`Ùk osQ osaQnz ls ukfHk dh nwjh osQ chp esa
laca/ (vko`Qfr 11.23)A
vko`Qfr 11-23 esa nh?kZo`Ùk osQ nh?kZ v{k ij ,d
vaR; fcanq P yhft,A
fcanq P dh ukfHk;ksa ls nwfj;ksa dk ;ksx

F1P + F2P = F1O + OP + F2P
(D;ksafd F1P = F1O + OP)

= c + a + a – c = 2a
vc y?kq v{k ij ,d vaR; fcanq Q yhft,A
fcanq Q dh ukfHk;ksa ls nwfj;ksa dk ;ksx

F1Q + F2Q = 
2222 cbcb +++

= 2 22 b c+

D;ksafd P vkSj Q nksuksa nh?kZo`Ùk ij fLFkr gSaA

vr% nh?kZo`Ùk dh ifjHkk"kk ls ge ikrs gSa

2 22 cb + = 2a,     vFkkZr~ a = 22 cb +

;k a 2 = b2 + c2 ,  vFkkZr~ c = 22 ba − .
11.5.2 ,d nh?kZo`Ùk dh fo'ks"k fLFkfr;k¡ (Special cases of an ellipse) mijksDr izkIr
lehdj.k c2 = a2 – b2 esa] ;fn ge a dk eku fLFkj j[ksa vkSj
c dk eku 0 ls a, rd c<+k;as rks ifj.kkeh nh?kZo`Ùk osQ vkdkj
fuEuakfdr izdkj ls cnysaxsA

fLFkfr (i) ;fn c = 0, gks rks nksuksa ukfHk;k¡] nh?kZo`Ùk osQ osaQnz esa
fey tkrh gSa vkSj a2 = b2, ;k a = b, vkSj blfy, nh?kZo`Ùk ,d
o`Ùk cu tkrk gS (vko`Qfr 11.24)A bl izdkj o`Ùk] ,d nh?kZo`Ùk
dh fo'ks"k fLFkfr gS ftls vuqPNsn 11-3 esa of.kZr fd;k x;k gSA

vko`Qfr 11.23

vko`Qfr 11.24
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fLFkfr (ii)  ;fn c = a, gks rks b = 0. vkSj nh?kZo`Ùk nksuksa ukfHk;ksa
dks feykus okys js[kk[kaM F1F2 rd fleV tkrk gS
(vko`Qfr 11.25)A

11.5.3 mRosaQnzrk (Eccentricity)

ifjHkk"kk 5 nh?kZo`Ùk dh mRosaQnzrk] nh?kZo`Ùk osQ osaQnz ls ukfHk vkSj osaQnzz ls 'kh"kZ dh nwfj;ksa dk vuqikr

gSA mRosaQnzrk dks e osQ }kjk fufnZ"V djrs gSa] vFkkZr~
ce
a

= gSA

D;ksafd ukfHk dh osaQnz ls nwjh c gS blfy, mRosaQnzrk osQ in esa ukfHk dh osaQnz ls nwjh ae gSsA

11.5.4 nh?kZo`Ùk dk ekud lehdj.k (Standard equation of an ellipse) ,d nh?kZo`Ùk dk
lehdj.k ljyre gksrk gS ;fn nh?kZo`Ùk dk osaQnz ewy fcanq ij gks vkSj ukfHk;k¡ x-v{k ;k y-v{k ij
fLFkr gksaA ,sls nks laHko fndfoU;kl vko`Qfr 11.26 esa n'kkZ, x, gSaA

vko`Qfr 11.25

vc ge vko`Qfr 11.26 (a) esa n'kkZ, x, nh?kZo`Ùk] ftldh ukfHk;k¡ x-v{k ij fLFkr gSa] dk
lehdj.k O;qRiUu djsaxsaA

eku yhft, F1 vkSj F2 ukfHk;k¡ gSa vkSj js[kk[kaM F1F2dk eè; fcanq O gSA eku yhft, O
ewy fcanq gS vkSj O ls F2 dh vksj /ukRed x-v{k o O ls F1dh vksj ½.kkRed x-v{k gSA ekuk

vko`Qfr 11.26
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O ls x-v{k ij yac js[kk y-v{k gSA F1osQ funsZ'kkad
(– c, 0) rFkk F2 osQ funsZ'kkad (c, 0) eku ysrs gSa
(vkòQfr 11.27)A

eku yhft, nh?kZo`Ùk ij dksbZ fcanq P(x, y) bl
izdkj gS fd P ls nksuksa ukfHk;ksa dh nwfj;ksa dk ;ksx 2a
gS vFkkZr~

PF1 + PF2 = 2a ... (1)
nwjh lw=k ls ge ikrs gSa]

2222 )()( ycxycx +−+++

= 2a

vFkkZr~ 22)( ycx ++ = 2a – 22)( ycx +−
nksuksa i{kksa dk oxZ djus ij] ge izkIr djrs gSa

(x + c)2 + y2 = 4a2 – 4a 2222 )()( ycxycx +−++−
ftlss ljy djus ij feyrk gS

x
a
caycx −=+− 22)(

iqu% oxZ djus o ljy djus ij gesa izkIr gksrk gS

22

2

2

2

ca
y

a
x

−
+ = 1

vFkkZr~ 2

2

2

2

b
y

a
x + = 1 (D;ksafd c2 = a2 – b2)

vr% nh?kZo`Ùk ij dksbZ fcanq

2

2

2

2

b
y

a
x + = 1 ... (2)

dks larq"V djrk gSA
foykser% ekuk P (x, y) lehdj.k (2) dks larq"V djrk gS] 0 < c < a. rc

y2 = b2 







− 2

2

1
a
x

vko`Qfr 11.27
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blfy, PF1 = 2 2( )x c y+ +

=








 −++ 2

22
22)(

a
xabcx

=
2 2

2 2 2
2( ) ( ) a xx c a c

a
 −+ + −  
 

(D;ksafd b2 = a2 – c2)

=

2cx ca a x
a a

 + = + 
 

blh izdkj PF2 =
ca x
a

−

vr% PF1 + PF2 = 2c ca x a – x a
a a

+ + = ... (3)

blfy,] dksbZ fcanq tks 2

2

2

2

b
y

a
x + = 1, dks larq"V djrk gS] og T;kferh; vuqca/ksa dks Hkh larq"V

djrk gS vkSj blfy, P(x, y) nh?kZo`Ùk ij fLFkr gSA
bl izdkj (2) vksj (3) ls geus fl¼ fd;k fd ,d nh?kZo`Ùk] ftldk osaQnz ewy fcanq vkSj

nh?kZ v{k x-v{k osQ vuqfn'k gS] dk lehdj.k 2

2

2

2

b
y

a
x + = 1 gSA

foospuk nh?kZo`Ùk osQ lehdj.k ls ge ;g fu"d"kZ ikrs gSa fd nh?kZo`Ùk ij izR;sd fcanq P (x, y) osQ
fy,

2

2

2

2

1
b
y

a
x

−= ≤ 1,  vFkkZr~ x2 ≤ a2, blfy, – a ≤ x ≤ a.

vr% nh?kZo`Ùk js[kkvksa x = – a vkSj x = a osQ chp esa fLFkr gS vkSj bu js[kkvksa dks Li'kZ Hkh djrk
gSA blh izdkj] nh?kZo`Ùk] js[kkvksa y = – b vkSj y = b osQ chp esa bu js[kkvksa dks Li'kZ djrk gqvk
fLFkr gSA

blh izdkj] ge vko`Qfr 11.26 (b) esa] n'kkZ, x, nh?kZo`Ùk osQ lehdj.k 
2 2

2 2 1x y
b a

+ =  dks

O;qRiUu dj ldrs gSaA
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bu nks lehdj.kksa dks nh?kZo`Ùk osQ ekud lehdj.k dgrs gSaA

AfVIi.kh   nh?kZo`Ùk osQ ekud lehdj.k esa] nh?kZo`Ùk dk osaQnz] ewy fcanq ij vkSj nh?kZ v{k
o y?kq v{k funsZ'kka{kksa ij fLFkr gSA ;gk¡ ,sls nh?kZo`Ùkksa dk vè;;u] ftudk osaQnz dksbZ vU; fcanq
gks ldrk gS vkSj osaQnz ls xq”kjus okyh js[kk] nh?kZ v{k o y?kq v{k gks ldrs gSa] bl iqLrd dh
fo"k; oLrq ls ckgj gSaA

vko`Qfr 11.26  ls izkIr nh?kZo`Ùk osQ ekud lehdj.k osQ fujh{k.k ls gesa fuEuakfdr fu"d"kZ
izkIr gksrs gSaA

1. nh?kZo`Ùk nksuksa funsZ'kka{kksa osQ lkis{k lefer gS D;ksafd ;fn nh?kZo`Ùk ij ,d fcanq (x, y) gS rks
fcanq (– x, y), (x, –y) vkSj (– x, –y) Hkh nh?kZo`Ùk ij fLFkr gSaA

2. nh?kZo`Ùk dh ukfHk;k¡ lnSo nh?kZ v{k ij fLFkr gksrh gSaA nh?kZ v{k dks lefer js[kk ij vUr%
[kaM fudkydj izkIr fd;k tk ldrk gSA tSls fd ;fn x2 dk gj cM+k gS rks nh/Z v{k x-v{k osQ
vuqfn'k gS vkSj ;fn y2 dk gj cM+k gS rks nh?kZ v{k y-v{k osQ vuqfn'k gksrk gSA

11.5.5 ukfHkyac thok (Latus rectum)

ifjHkk"kk 6  nh?kZo`Ùk dh ukfHk;ksa ls tkus okyh vkSj nh?kZ v{k ij yacor js[kk[kaM ftlosQ vaR; fcanq
nh?kZo`Ùk ij gksa] dks nh?kZo`Ùk dh ukfHkyac thok dgrs gSa (vko`Qfr 11.28)A

nh?kZo`Ùk 

x y
a b

2 2

2 2+ =1
dh ukfHkyac thok dh yackbZ Kkr djuk

ekuk AF2 dh yackbZ l gS rc A osQ funsZ'kkad (c, l),vFkkZr~ (ae, l) gSA

D;ksafd A, nh?kZo`Ùk 

2 2

2 2 1x y
a b

+ =

, ij fLFkr gSA blls gesa izkIr gksrk gS%

2 2

2 2
( ) 1+ =ae l

a b

⇒ l2 = b2 (1 – e2)
ijarq

2 2 2 2
2

2 2 21c a – b be –
a a a

= = =

blfy, l2 =
4

2
b
a

, vFkkZr~ 

2bl
a

=

D;ksafd nh?kZo`Ùk y-v{k osQ lkis{k lefer gksrk gS] vko`Qfr 11.28
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(fu%lansg ;g nksuksa v{kksa osQ lkis{k lefer gSa) blfy, AF2 = F2B. vr% ukfHkyac thok dh yackbZ
22b

a
gSA

mnkgj.k 9 nh?kZo`Ùk 

2 2

1
25 9
x y+ =

osQ ukfHk;ksa vkSj 'kh"kks± osQ funsZ'kkad] nh?kZ ,o y?kq v{k dh

yackb;k¡] mRosaQnzrk vkSj ukfHkyac thok dh yackbZ Kkr dhft,A

gy D;ksafd 

2

25
x

dk gj] 

2

9
y

osQ gj ls cM+k gS] blfy, nh?kZ v{k x-v{k osQ vuqfn'k gSaA fn, x,

lehdj.k dh  

2 2

2 2 1x y
a b

+ =

, ls rqyuk djus ij

a = 5 vkSj b = 3

lkFk gh

2 2 25 9 4c a – b –= = =

vr% ukfHk;ks a osQ funsZ'kkad  (– 4,0) vkSj (4,0) gS] 'kh"kks ± osQ funsZ'kkad (– 5, 0) vkSj
(5, 0) gSaA nh?kZ v{k dh yackbZ 2a = 10 bdkb;k¡] y?kq v{k dh yackbZ 2b = 6 bdkb;k¡ vkSj mRosaQnzrk4

5 vkSj ukfHkyac 

22 18
5

b
a

=
 gSA

mnkgj.k 10 nh?kZo`Ùk 9x2 + 4y2 = 36 osQ ukfHk;ksa vkSj 'kh"kks± osQ funsZ'kkad] nh?kZ vkSj y?kq v{k dh
yackb;k¡] vkSj mRosaQnzrk Kkr dhft,A

gy fn, x, nh?kZo`Ùk dh lehdj.k dh izekf.kd lehdj.k osQ :i esa fy[kus ij

2 2

1
4 9
x y+ =

D;ksafd 

2

9
y

dk gj] 

2

4
x

osQ gj ls cM+k] blfy, nh?kZ v{k] y-v{k osQ vuqfn'k gS A fn, x,

lehdj.k dh ekud lehdj.k 

2 2

2 2 1x y
b a

+ =

, ls rqyuk djus ij gesa izkIr gksrk gS b = 2 vkSj a = 3

vkSj c =

2 2a – b

=

9 4 5– =

,oa
5

3
ce
a

= =
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vr% ukfHk;ksa osQ funsZ'kkad (0, 5 ) o (0, –

5

), gSaA 'kh"kks± osQ funsZ'kkad (0,3) o (0, –3) gSa A

nh?kZ v{k dh yackbZ 2a = 6 bdkb;k¡ y?kq v{k dh yackbZ 4 bdkb;k¡ vkSj nh?kZo`Ùk dh mRosaQnzrk 

5
3

gSA
mnkgj.k 11 ml nh?kZo`Ùk dk lehdj.k Kkr dhft,] ftldh ukfHk;ksa osQ funsZ'kkad (± 5, 0) rFkk
'kh"kks± osQ funsZ'kkad (± 13, 0) gaSA

gy D;ksafd nh?kZo`Ùk dk 'kh"kZ x-v{k ij fLFkr gS vr% bldk lehdj.k 

2 2

2 2 1x y
a b

+ =

osQ vuq:i

gksxk] tgk¡ v/Z&nh?kZ v{k dh yackbZ a gSA gesa Kkr gS] fd] a = 13, c = ± 5.
vr% c2 = a2 – b2, osQ lw=k ls gesa izkIr gksrk gS] 25 = 169 – b2 ;k b = 12

vr% nh?kZo`Ùk dk lehdj.k 

2 2

1
169 144
x y+ =

gSA

mnkgj.k 12 ml nh?kZo`Ùk dk lehdj.k Kkr dhft,] ftlosQ nh?kZ v{k dh yackbZ 20 gS rFkk ukfHk;k¡
(0, ± 5) gSaA

gy D;ksafd ukfHk;k¡ y-v{k ij fLFkr gSa] blfy, nh?kZo`Ùk dk lehdj.k 
2 2

2 2 1x y
b a

+ = osQ

vuq:i gSA

fn;k gS a = v/Z nh?kZ v{k

20 10
2

= =

vkSj lw=k c2 = a2 – b2 ls izkIr gksrk gS]
52 = 102 – b2 ;k b2 = 75

vr%

2 2

1
75 100
x y+ =

mnkgj.k 13 ml nh?kZo`Ùk dk lehdj.k Kkr dhft,] ftldh nh?kZ v{k] x-v{k osQ vuqfn'k gS vkSj
(4, 3) rFkk (– 1,4) nh?kZo`Ùk ij fLFkr gSaA

gy nh?kZo`Ùk osQ lehdj.k dk ekud :i  

2

2

2

2

b
y

a
x +

= 1 gSA pw¡fd fcanq (4, 3) rFkk (–1, 4)

nh?kZo`Ùk ij fLFkr gSaA vr% gesa izkIr gksrk gS]

2 2
16 9+ 1
a b

= ... (1)
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vkSj

22

161
ba

+

= 1 … (2)

lehdj.k (1) vkSj (2) dks gy djus ij 2 247
7

a = o 2 247
15

b = izkIr gksrk gSA

vr% vHkh"V lehdj.k%

2 2

1247247
157

x y+ =
 
 
 

;k 7x2 + 15y2 = 247 gSA

iz'ukoyh 11.3

fuEufyf[kr iz'uksa 1 ls 9 rd izR;sd nh?kZo`Ùk esa ukfHk;ksa vkSj 'kh"kks± osQ funsZ'kkad] nh?kZ vkSj y?kq v{k
dh yackb;k¡] mRosaQnzrk rFkk ukfHkyac thok dh yackbZ Kkr dhft,%

1.
2 2

1
36 16
x y+ = 2.

2 2

1
4 25
x y+ =

3.

2 2

1
16 9
x y+ =4.

2 2

1
25 100
x y+ =5.

2 2

1
49 36
x y+ = 6.400100

22 yx + = 1

7. 36x2 + 4y2 = 144 8. 16x2 + y2 = 16 9. 4x2 + 9y2 = 36
fuEufyf[kr iz'uksa 10 ls 20 rd izR;sd esa] fn, izfrca/ksa dks larq"V djrs gq, nh?kZo`Ùk dk lehdj.k
Kkr dhft,%
10. 'kh"kks± (± 5, 0), ukfHk;k¡ (± 4, 0)
11. 'kh"kks± (0, ± 13), ukfHk;k¡(0, ± 5)
12. 'kh"kks± (± 6, 0), ukfHk;k¡ (± 4, 0)
13. nh?kZ v{k osQ vaR; fcanq (± 3, 0), y?kq v{k osQ vaR; fcanq (0, ± 2)
14. nh?kZ v{k osQ vaR; fcanq (0, ± 5 ),  y?kq v{k osQ vaR; fcanq (± 1, 0)
15. nh?kZ v{k dh yackbZ 26,  ukfHk;k¡ (± 5, 0)
16. nh?kZ v{k dh yackbZ 16, ukfHk;k¡ (0, ± 6).
17. ukfHk;k¡ (± 3, 0), a = 4
18. b = 3,  c = 4, osaQnz ewy fcanq ij] ukfHk;k¡ x v{k ij
19. osaQnzz (0,0) ij] nh?kZ&v{k] y-v{k ij vkSj fcanqvksa (3, 2) vkSj (1,6) ls tkrk gSA
20. nh?kZ v{k] x-v{k ij vkSj fcanqvksa (4,3) vkSj (6,2) ls tkrk gSA
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11.6  vfrijoy; (Hyperbola)

ifjHkk"kk 7  ,d vfrijoy;] ry osQ mu lHkh fcanqvksa dk leqPp; gS ftudh ry esa nks fLFkj
fcanqvksa ls nwjh dk varj vpj gksrk gSA

ifjHkk"kk esa ^varj* 'kCn dk iz;ksx fd;k x;k gS ftldk vFkZ gS nwj fLFkr fcanq ls nwjh ½.k
fudV fLFkr fcanq ls nwjhA nks fLFkj fcanqvksa dks nh?kZo`Ùk dh ukfHk;k¡ dgrs gSaA ukfHk;ksa dks feykus
okys js[kk[kaM osQ eè; fcanq dks vfrijoy; dk osaQnz dgrs gSaA ukfHk;ksa ls xq”kjus okyh  js[kk dks
vuqizLFk v{k (transverse axis) rFkk osaQnz ls xq”kjus okyh js[kk vkSj vuqizLFk v{k ij yacor~
js[kk dks la;qXeh v{k (conjugate axis) dgrs gSaA vfrijoy;] vuqizLFk v{k dks ftu fcanqvksa ij
dkVrk gS] mUgsa vfrijoy; osQ 'kh"kZ (vertices) dgrs gSa (vko`Qfr 11.29)A

nksuksa ukfHk;ksa osQ chp dh nwjh dks ge 2c ls iznf'kZr djrs gSa] nksuksa 'kh"kks± osQ chp dh nwjh
(vuqizLFk v{k dh yackbZ) dks 2a ls iznf'kZr
djrs gSa vkSj ge jkf'k b  dks bl izdkj ifjHkkf"kr

djrs gSa fd b =

2 2c – a

2b dks la;qXeh v{k

dh yackbZ Hkh dgrs gS (vko`Qfr11.30)A
lehdj.k (1) dh vpj jkf'k P1F2 – P1F1

Kkr djuk
vko`Qfr 11-30 esa A rFkk B ij fcanq P dks j[kus
ij gesa izkIr gksrk gS]
BF1 – BF2 = AF2 – AF1 (vfrijoy; dh
ifjHkk"kk osQ vuqlkj)
BA +AF1– BF2 = AB + BF2– AF1

vko`Qfr 11.30

vko`Qfr 11.29
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vFkkZr~ AF1 = BF2

blfy,] BF1 – BF2 = BA + AF1– BF2 = BA = 2a

11.6.1  mRosaQnzrk (Eccentricity)

ifjHkk"kk 8  nh?kZo`Ùk dh rjg gh vuqikr e =

c
a

dks vfrijoy; dh mRosaQnzrk dgrs gSaA pw¡fd

c ≥ a, blfy, mRosaQnzrk dHkh Hkh ,d ls de ugha gksrh gSA mRosaQnzrk osQ laca/ esa] ukfHk;k¡ osaQnz
ls ae dh nwjh ij gksrh gSA

11.6.2  vfrijoy; dk ekud lehdj.k (Standard equation of  Hyperbola)  ;fn
vfrijoy; dk osaQnz ewy fcanq ij vkSj ukfHk;k¡ x-v{k vkSj y-v{k ij fLFkr gksa rks vfrijoy; dk
lehdj.k ljyre gksrk gS ,sls nks laHko fnd~foU;kl vko`Qfr 11-31 esa n'kkZ, x, gSaA

vc ge vko`Qfr 11.31(a) esa n'kkZ, x, vfrifjoy;] ftldh ukfHk;k¡ x-v{k ij fLFkr gSa dk
lehdj.k O;qRiUu djsaxsA

vko`Qfr 11.31

eku yhft, F1 vkSj F2 ukfHk;k¡ gSa vkSj js[kk[kaM F1F2dk eè; fcanq O gSA eku yhft, O ewy
fcanq gS vkSj O ls F2 dh vksj /ukRed x-v{k o O ls F1 dh vksj ½.kkRed x-v{k gSA ekuk   O
ls x-v{k ij yac y-v{k gSA F1 osQ funsZ'kkad (– c,0) vkSj F2 osQ funsZ'kkad (c,0) eku ysrs gSa (vko`Qfr
11-32)A
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eku yhft, vfrijoy; ij dksbZ fcanq P(x, y) bl izdkj gS fd P dh nwjLFk fcanq ls o
fudVLFk fcanq ls nwjh;ksa dk varj 2a gS blfy,] PF1 – PF2 = 2a

nwjh lw=k ls ge ikrs gSa

2 2 2 2( ) ( ) 2x c y – x – c y a+ + + =
;k 2 2 2 2( ) 2 ( )x c y a x – c y+ + = + +

nksuksa i{kksa dk oxZ djus ij] ge izkIr djrs gSa]

(x + c)2 + y2 = 4a2 + 4a 2 2( )x – c y+ + (x – c)2 + y2

ftls ljy djus ij feyrk gS]

a
cx

– a = 2 2( )x – c y+

iqu% oxZ djus o ljy djus ij gesa izkIr gksrk gS]
2 2

2 2 2 1x y–
a c – a

=

;k

2 2

2 2 1x y–
a b

=

(D;ksafd c2 – a2 = b2)

vr% vizfrijoy; ij fLFkr dksbZ fcanq

2 2

2 2 1x y–
a b

=

1.

dks larq"V djrk gSA

vko`Qfr 11.32
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foykser% ekuk P(x, y), lehdj.k (3) dks larq"V djrk gS] 0 < a < c. rc]

y2 = b2

2 2

2
x – a

a
 
 
 

bl izdkj PF1 = + 

2 2( )x c y+ +

= + 
2 2

2 2
2( ) x – ax c b

a
 

+ +  
 

= a +

x
a
c

blh izdkj PF2 = a –
a
c x

vfrijoy; esa c > a vkSj pw¡fd P js[kk x = a, osQ nkfguh vksj gS] x > a, vkSj blfy, 

c
a

x > a.

;k a –

c
a

x ½.kkRed gks tkrk gSA vr% PF2 =

c
a

x – a.

blfy, PF1 – PF2 = a + c
a

x – cx
a

+ a = 2a

è;ku nhft,] ;fn P js[kk x = – a, osQ ckb± vksj gksrk rc PF1

c– a x
a

 = + 
 

, PF2 = a –

c x
a

.

ml fLFkfr esa PF2 – PF1 = 2a. blfy, dksbZ fcanq tks 

2 2

2 2 1x y–
a b

=

, dks larq"V djrk gS rks

vfrijoy; ij fLFkr gksrk gSA
bl izdkj geus fl¼ fd;k fd ,d vfrijoy;] ftldk osaQnz (0,0) o vuqizLFk v{k] x-v{k osQ

vuqfn'k gS] dk lehdj.k gS

2 2

2 2 1x y–
a b

=

.

AfVIi.kh  ,d vfrijoy; ftlesa a = b gks] ledks.kh; vfrijoy; (rectangular
hyperbola) dgykrk gSA

foospuk vfrijoy; osQ lehdj.k ls ge ;g fu"d"kZ ikrs gSa fd vfrijoy; ij izR;sd fcanq

(x, y) osQ fy,] 

2 2

2 21x y
a b

= +

 ≥ 1.
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vFkkZr~
a
x
≥ 1, vFkkZr~ x ≤ – a ;k x ≥ a. blfy,] oØ dk Hkkx js[kkvksa x = + a vkSj x = – a,osQ

chp esa fLFkr ugha gS (vFkok la;qXeh v{k ij okLrfod var%[kaM ugha gksrs gSa)A

blh izdkj] vko`Qfr 11.31 (b) esa] ge vfrijoy; dk lehdj.k 
2 2

2 2

y x
a b
− = 1 O;qRiUu dj

ldrs gSaA
bu nks lehdj.kksa dks vfrijoy; dk ekud lehdj.k dgrs gSaA

AfVIi.kh  vfrijoy; osQ ekud lehdj.k esa] vfrijoy; dk osaQnz] ewy fcanq ij vkSj
vuqizLFk v{k o la;qXeh v{k funsZ'kka{kks ij fLFkr gSaA rFkkfi ;gk¡ ,sls Hkh vfrijoy; gksrs gSa ftuesa
dksbZ nks yacor~ js[kk,¡ vuqizLFk v{k o la;qXeh v{k gksrs gSa ijarq ,slh fLFkfr;ksa dk vè;;u mPp
d{kkvksa esa gSaA

vko`Qfr 11.29, ls izkIr vfrijoy;ksa osQ ekud lehdj.k osQ fujh{k.k ls gesa fuEufyf[kr fu"d"kZ
izkIr gksrs gSa%

1. vfrijoy;] nksuksa funsZ'kka{kksa osQ lkis{k lefer gSa D;ksafd ;fn vfrijoy; ij ,d fcanq
(x, y) gS rks fcanq (– x, y), (x, – y) vkSj (– x, – y) Hkh vfrijoy; ij fLFkr gSaA

2. vfrijoy; dh ukfHk;k¡ lnSo vuqizLFk v{k ij fLFkr gksrh gSaA ;g lnSo ,d /ukRed

in gS ftldk gj vuqizLFk v{k nsrk gSA mnkgj.kr%

2 2

1
9 16
x y– =

dk vuqizLFk v{k]

x&v{k osQ vuqfn'k gS vkSj bldh yackbZ 6 gS tcfd 

2 2

1
25 16
y x– =

dk vuqizLFk v{k]

y&v{k osQ vuqfn'k gS vkSj bldh yackbZ 10 gSA

11.6.3 ukfHkyac thok (Latus rectum)

ifjHkk"kk 9  vfrijoy; dh ukfHk;ksa ls tkus okyh vkSj vuqizLFk v{k ij yacor~ js[kk[kaM ftlosQ
vaR; fcanq vfrijoy; ij gksa] dks vfrijoy; dh ukfHkyac thok dgrs gSaA

nh?kZo`Ùkksa dh Hkk¡fr] ;g n'kkZuk ljy gS fd vfrijoy; dh ukfHkyac thok dh yackbZ 

22b
a

gSA

mnkgj.k 14 fuEufyf[kr vfrijoy;ksa osQ 'kh"kks± vkSj ukfHk;ksa osQ funsZ'kkadksa] mRosaQnzrk vkSj ukfHkyac
thok dh yackbZ Kkr dhft,A
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(i)

2 2

1
9 16
x y– =

(ii) y2 – 16x2 = 16

gy (i) fn, x, lehdj.k 

2 2

1
9 16
x y– =

dk ekud lehdj.k

2 2

2 2 1x y–
a b

=

ls rqyuk djus ij] ge ikrs gSa fd

a = 3, b = 4 vkSj c =

2 2 9 16 5a b+ = + =

vr% ukfHk;ksa osQ funsZ'kkad (± 5, 0) gSa vkSj 'kh"kks± osQ funsZ'kkad (± 3, 0) gaSA

mRosaQnzrk e =

5
3

c
a

= =

ukfHkyac thok dh yackbZ

22 32
3

b
a

= =
(ii) fn;s x, lehdj.k osQ nksuksa i{kksa dks 16 ls Hkkx djus ij 

2 2

1
16 1
y x– = gesa izkIr gksrk gS]

ekud lehdj.k 

2 2

2 2 1y x–
a b

=

, ls rqyuk djus ij ge ikrs gSa fd

a = 4, b = 1vkSj

2 2 16 1 17c a b= + = + =

vr% ukfHk;ksa osQ funsZ'kkad (0, ± 17 ) gSa vkSj 'kh"kks± osQ funsZ'kkad (0, ± 4) gaSA

mRosaQnzrk 

17
4

ce
a

= =

ukfHkyac thok dh yackbZ
22 1

2
= =b

a
.

mnkgj.k 15 ukfHk;k¡ (0, ± 3) vkSj 'kh"kks± (0, ±

11
2

) okys vfrijoy; dk lehdj.k Kkr

dhft,A

gy  D;kasfd ukfHk;k¡ y-v{k ij gSa, blfy, vfrijoy; dk lehdj.k 

2 2

2 2 1y x–
a b

=

osQ :i esa gSA
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D;kasfd 'kh"kZ  (0,   ±

11
2

), blfy, a =

11
2

vkSj ukfHk;k¡ (0, ± 3); c = 3 vkSj b2 = c2 – a2 =

25
4

.

blfy,] vfrijoy; dk lehdj.k gS

2 2

11 25
4 4

y x–
   
   
   

= 1, vFkkZr~ 100 y2 – 44 x2 = 275.

mnkgj.k 16 ml vfrijoy; dk lehdj.k Kkr dhft, ftldh ukfHk;k¡  (0, ±12) vkSj ukfHkyac

thok dh yackbZ 36 gSA

gy D;kasfd ukfHk;k¡ (0, ± 12), gS blfy, c = 12.

ukfHkyac thok dh yackbZ =

22 36=b
a

, b2 = 18a

blfy, c2 = a2 + b2; ls
144 = a2 + 18a

vFkkZr~ a2 + 18a – 144 = 0,
a = – 24, 6.

D;ksafd a ½.kkRed ugha gks ldrk gS] blfy, ge a = 6 ysrs gSa vkSj b2 = 108.
vr% vHkh"V vfrijoy; dk lehdj.k

2 2

1
36 108
y x– =

gS, vFkkZr~ 3y2 – x2 = 108

 iz'ukoyh 11.4

fuEufyf[kr iz'u 1 ls 6 rd izR;sd esa] vfrijoy;ksa osQ 'kh"kks±] ukfHk;ksa osQ funsZ'kkad] mRosaQnzrk vkSj
ukfHkyac thok dh yackbZ Kkr dhft,%

1.

2 2

1
16 9
x y– =

2.

2 2

1
9 27
y x– =

3. 9y2 – 4x2 = 36

4. 16x2 – 9y2 = 576 5. 5y2 – 9x2 = 36 6. 49y2 – 16x2 = 784.
fuEufyf[kr iz'u 7 ls 15 rd izR;sd esa] fn, x, izfrca/ksa dks larq"V djrs gq, vfrijoy; dk
lehdj.k Kkr dhft,%

7. 'kh"kZ (± 2, 0),  ukfHk;k¡ (± 3, 0) 8. 'kh"kZ (0,  ± 5),   ukfHk;k¡ (0, ± 8)
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9. 'kh"kZ (0,  ± 3),  ukfHk;k¡ (0, ± 5)
10. ukfHk;k¡ (± 5, 0), vuqizLFk v{k dh yackbZ 8 gSA
11. ukfHk;k¡ (0, ±13), la;qXeh v{k dh yackbZ 24 gSA

12. ukfHk;k¡ (± 3

5

, 0), ukfHkyac thok dh yackbZ 8 gSA

13. ukfHk;k¡ (± 4, 0), ukfHkyac thok dh yackbZ 12 gSA

14. 'kh"kZ (± 7,0),  e =

3
4

.

15. ukfHk;k¡ (0, ± 10 ), gSa rFkk (2,3) ls gksdj tkrk gSA

fofo/ mnkgj.k

mnkgj.k 17  ,d ijoy;kdkj ijkorZd dh ukfHk] blosQ 'kh"kZ osaQnz ls 5 lseh dh nwjh ij gS tSlk
fd vko`Qfr 11-33 esa n'kkZ;k x;k gSA ;fn ijkorZd 45 lseh
xgjk gS] rks vko`Qfr 11-33 esa nwjh AB Kkr dhft,
(vko`Qfr 11.33)A

gy D;ksafd ukfHk dh osaQnz 'kh"kZ ls nwjh 5 lseh gS] ge a
= 5 lseh ikrs gSaA ;fn 'kh"kZ ewy fcanq vkSj niZ.k dh v{k]
x&v{k osQ /u Hkkx osQ vuqfn'k gks rks ijoy;kdkj ifjPNsn
dk lehdj.k

y2 = 4 (5) x = 20 x gSA
;fn x = 45 rks ge ikrs gSa

y2 = 900
blfy, y =

±

30
vr% AB = 2y = 2 × 30 = 60 lseh

mnkgj.k 18 ,d naM osQ fljs] 12 ehVj nwj j[ks vk/kjksa ij fVosQ gSaA pw¡fd naM dk Hkkj osaQnz ij
osaQfnzr gksus ls naM esa osaQnz ij 3 lseh dk >qdko vk tkrk gS vkSj >qdk gqvk naM ,d ijoy;kdkj
gSA osaQnz ls fdruh nwjh ij >qdko 1 lseh gS\

gy eku yhft, 'kh"kZ fuEure fcanq ij vkSj v{k mèokZ/j gSA ekuk funsZ'kka{k] vko`Qfr 11.34 osQ
vuqlkj n'kkZ, x, gSaA

ijoy; dk lehdj.k x2 = 4ay tSlk gSA pw¡fd ;g

36
100
, 

 
 

, ls xq”kjrk gS blfy, gesa

vko`Qfr 11.33
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(6)2 = 4a

3
100
 
 
 

, vFkkZr~ a =

36 100
12
×

= 300 eh izkIr gSA

vc naM esa >qdko AB, 

1
100

eh gSA B osQ funsZ'kkad (x,

2
100

) gSaA

blfy, x 2 = 4 × 300 × 
2

100

= 24

x =
24

=2 6 eh

mnkgj.k 19 15 lseh yach ,d NM+ AB nksuksa funsZ'kka{kksa osQ chp esa bl izdkj j[kh xbZ gS fd mldk
,d fljk A, x-v{k ij vkSj nwljk fljk B, y-v{k ij jgrk gS NM+ ij ,d fcanq P(x, y) bl izdkj
fy;k x;k gS fd AP = 6 lseh gS a fn[kkb, fd P dk fcanqiFk ,d nh?k Zo`Ùk gSA

gy  eku yhft, NM+ AB, OX osQ lkFk θ dks.k cukrh gS tSlk fd vko`Qfr 11-35 esa fn[kk;k
x;k gSA AB ij fcanq P(x, y) bl izdkj gS fd AP = 6 lseh gSA
D;ksafd AB = 15 lseh,  blfy,

PB = 9 lseh
P ls PQ vkSj PR Øe'k% y-v{k vkSj x-v{k ij yac
Mkfy,A

∆ PBR ls, cos θ =

9
x

∆ PRA ls, sin θ =

6
y

D;ksafd cos2 θ + sin2 θ = 1

vko`Qfr 11.34

vko`Qfr 11.35
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vr%

2 2

1
9 6
x y   + =   

   

;k
2 2

1
81 36
x y+ =

vr% P dk fcanqiFk ,d nh?kZo`Ùk gSA

vè;k; 11 ij vk/kfjr fofo/ iz'ukoyh

1. ;fn ,d ijoy;kdkj ijkorZd dk O;kl 20 lseh vkSj xgjkbZ 5 lseh gSA ukfHk Kkr dhft,A
2. ,d esgjkc ijoy; osQ vkdkj dk gS vkSj bldk v{k ÅèokZ/j gSA esgjko 10 ehVj Å¡pk

gS vkSj vk/kj esa 5 ehVj pkSM+k gS ;g] ijoy; osQ nks ehVj dh nwjh ij 'kh"kZ ls fdruk pkSM+k
gksxk\

3. ,d loZle Hkkjh >wyrs iqy dh osQfcy (cable)ijoy; osQ :i esa yVdh gqbZ gSA lM+d
iFk tks {kSfrt gS 100 ehVj yack gS rFkk osQfcy ls tqM+s ÅèokZ/j rkjksa ij fVdk gqvk gS] ftlesa
lcls yack rkj 30 ehVj vkSj lcls NksVk rkj 6 ehVj gSA eè; ls 18 ehVj nwj lM+d iFk
ls tqM+s leFkZd (supporting) rkj dh yackbZ Kkr dhft,A

4. ,d esgjko v/Z&nh?kZo`Ùkkdkj :i dk gSA ;g 8 ehVj pkSM+k vkSj osaQnz ls 2 ehVj Å¡pk gSA
,d fljs ls 1-5 ehVj nwj fcanq ij esgjko dh Å¡pkbZ Kkr dhft,A

5. ,d 12 lseh yach NM+ bl izdkj pyrh gS fd blosQ fljs funsZ'kka{kks dks Li'kZ djrs gSaA NM+
osQ fcanq P dk fcanqiFk Kkr dhft, tks x-v{k osQ laioZQ okys fljs ls 3 lseh nwj gSA

6. f=kHkqt dk {ks=kiQy Kkr dhft, tks ijoy; x2 = 12y osQ 'kh"kZ dks bldh ukfHkyac thok osQ
fljksa dks feykus okyh js[kkvksa ls cuk gSA

7. ,d O;fDr nkSM+iFk ij nkSM+rs gq,s vafdr djrk gS fd mlls nks >aMk pkSfd;ksa dh nwfj;ksa dk
;ksx lnSo 10 ehVj jgrk gSA vkSj >aMk pkSfd;ksa osQ chp dh nwjh 8 ehVj gSA O;fDr }kjk cuk,
iFk dk lehdj.k Kkr dhft,A

8. ijoy; y2 = 4 ax, osQ varxZr ,d leckgq f=kHkqt gS ftldk ,d 'kh"kZ ijoy; dk 'kh"kZ gSA
f=kHkqt dh Hkqtk dh yackbZ Kkr dhft,A

lkjka'k

bl vè;k; esa fuEufyf[kr ladYiukvksa ,oa O;kidrkvksa dk vè;;u fd;k gSA

® ,d o`Ùk] ry osQ mu fcanqvksa dk leqPp; gS tks ry osQ ,d fLFkj fcanq ls leku nwjh
ij gksrs gSaA

® osaQnz (h, k) rFkk f=kT;k r osQ o`Ùk dk lehdj.k (x – h)2 + (y – k)2 = r2 gSA
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® ,d ijoy; ry osQ mu lHkh fcanqvksa dk leqPp; gS tks ,d fuf'pr ljy js[kk vkSj
ry osQ ,d fuf'pr fcanq ls leku nwjh ij gSaA

® ukfHk (a, 0), a > 0 vkSj fu;rk x = – a okys ijoy; dk lehdj.k y2 = 4ax gSA

® ijoy; dh ukfHk ls tkus okyh vkSj ijoy; osQ v{k osQ yacor js[kk[kaM ftlosQ vaR;
fcanq ijoy; ij gksa] dks ijoy; dh ukfHkyac thok dgrs gSaA

® ijoy; y2 = 4ax osQ ukfHkyac thok dh yackbZ 4a gSA

® ,d nh?kZo`Ùk ry osQ mu fcanqvksa dk leqPp; gS ftudh ry esa nks fLFkj fcanqvksa ls nwjh
dk ;ksx vpj gksrk gSA

® x-v{k ij ukfHk okys nh?kZo`Ùk dk lehdj.k 

2 2

2 2 1x y+ =
a b

 gSA

® nh?kZo`Ùk dh fdlh Hkh ukfHk ls tkus okyh vkSj nh?kZ v{k ij yacor js[kk[kaM] ftlosQ
vaR; fcanq nh?kZo`Ùk ij gksa] dks nh?kZo`Ùk dh ukfHkyac thok dgrs gSaA

® nh?kZo`Ùk 
2 2

2 2+ =1x y
a b

osQ ukfHkyac thok dh yackbZ 
22b

a
gSA

® nh?kZo`Ùk dh mRosaQnzrk] nh?koZ̀Ùk osQ osaQnz ls ukfHk vkSj osaQnzz ls 'kh"kZ dh nwfj;ksa dk
vuqikr gSA

® ,d vfrijoy; ry osQ mu lHkh fcanqvksa dk leqPp; gS ftudh ry esa nks fLFkj fcanqvksa
ls nwjh dk varj vpj gksrk gSA

® x-v{k ij ukfHk okys vfrijoy; dk lehdj.k 

2 2

2 2 1x y
a b

− =

gSA

® vfrifjoy; dh fdlh Hkh ukfHk ls tkus okyh vkSj vuqizLFk ij yacor js[kk[kaM ftlosQ
vaR; fcanq vfrijoy; ij gksa] dks vfrijoy; dh ukfHkyac thok dgrs gSaA

® vfrijoy; 

2 2

2 2 1x y
a b

− =

osQ ukfHkyac thok dh yackbZ

22b
a

gSA

® vfrijoy; dh mRosaQnzrk] vfrijoy; osQ osaQnz ls ukfHk vkSj osaQnzz ls 'kh"kZ dh nwfj;ksa dk

vuqikr gSA
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,sfrgkfld i`"BHkwfe

T;kfefr xf.kr dh lcls izkphu 'kk[kkvsa esa ls ,d gSA ;wuku osQ T;kfefrfonksa us vusd oØksa
osQ xq.k/eks± dk vUos"k.k fd;k ftudh lS¼akfrd vkSj O;kogkfjd egÙkk gSA Euclid us yxHkx
300 bZ-iw- T;kfefr ij viuk Hkk"; fy[kkA og loZizFke O;fDr Fks ftUgksusa HkkSfrd fparu }kjk
lq>k, x, fuf'pr vfHkxzghfr;ksa osQ vk/kj ij T;kferh; fp=kksa  dks laxfBr fd;kA T;kfefr]
ftldk izkjaHk Hkkjfr;ksa vkSj ;wukfu;ksa us fd;k] mlosQ vè;;u esa mUgksaus chtxf.kr dh
fof/;ksa osQ vuqiz;ksx dks vko';d ugha crk;kA T;kfefr fo"k; dh ,dhdj.k igq¡p tks
Euclid] us fn;k rFkk tks lqYolw=kksa ls izkIr Fkh bR;kfn us nh] yxHkx 1300 o"kks± rd pyrh
jgha 200 bZ- iw- esa Apollonius us ,d iqLrd] ‘The Conic’ fy[kh tks vusd egRoiw.kZ
vUos"k.kksa osQ lkFk 'kaoqQ ifjPNsnksa osQ ckjs esa Fkh vkSj 18 'krkfCn;ksa rd cstksM+ jghA

Rene Descartes (1596-1650 A.D.) osQ uke ij vk/qfud os'ysf"kd T;kfefr dks
dkrhZ; (Cartesian) dgk tkrk gS ftldh lkFkZdrk La Geometry uke ls 1637 bZ- esa
izdkf'kr gqbZA ijarq oS'ysf"kd T;kfefr osQ ewyHkwr fl¼kar vkSj fof/;ksa dks igys gh Peirre
de Farmat (1601-1665 bZ-) us vUosf"kr dj fy;k FkkA nqHkkZX;o'k] Fermates dk fo"k; ij
Hkk";] Ad Locus Planos et So LIDOS Isagoge & ‘Introduction to Plane and Solid
Loci’  osQoy mudh e`R;q osQ ckn 1679 bZ- esa izdkf'kr gqvk FkkA blfy, Descartes dh
oS'ysf"kd T;kfefr dks vf}rh; vUos"kd dk Js; feykA

Isaac Barrow  us dkrhZ; fof/;ksa osQ iz;ksx dks frjLo`Qr fd;kA U;wVu us oØksa osQ
lehdj.k Kkr djus osQ fy, vKkr xq.kkadks dh fof/ dk iz;ksx fd;kA mUgksaus vusd izdkj
osQ funsZ'kkadksa] /zqoh; (Polar) vkSj f}/zqoh; (bipolar) dk iz;ksx fd;kA

Leibnitz us ̂ Hkqt* (abcissa)] ̂ dksfV* (ordinate) vkSj funsZ'kkad inksa (Coordinate)]
dk iz;ksx  fd;kA L.Hospital (yxHkx 1700 bZ-) us oS'ysf"kd T;kfefr ij ,d egRoiw.kZ
ikB~; iqLrd fy[khA

Clairaut (1729 bZ-) us loZizFke nwjh lw=k dks fn;kA ;|fi ;g 'kq¼ :i esas Fkk mUgksaus
jSf[kd lehdj.k dk var%[kaM :i Hkh fn;kA Cramer (1750 bZ-) us vkSipkfjd :i ls
nks funsZ'kk{kksa dks iz;ksx djosQ o`Ùk dk lehdj.k (y – a)2 + (b – x)2 = r fn;kA mUgksaus ml
le; esa oS'ysf"kd T;kfefr dk loksZÙke izLrqrhdj.k fn;kA Monge (1781bZ-) us vk/qfud
fcanq izo.krk osQ :i esa js[kk dk lehdj.k fuEu izdkj ls fn;kA

y – y′ = a (x – x′)
rFkk nks js[kkvksa osQ yacor gksus dk izfrca/ aa′ + 1 = 0 fn;kA
S.F. Lacroix  (1765-1843 bZ-) izfl¼ ikB~; iqLrd ys[kd Fks] ysfdu mudk oS'ysf"kd
T;kfefr esa ;ksxnku dgha dgha feyrk gSA mUgksaus js[kk osQ lehdj.k dk nks fcanq :i
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β ββ = ( α)
α α

–y – x –
–
′
′

vkSj (α, β) ls y = ax + b ij yac dh yackbZ 2

( )

1

αβ

+

– a – b

a  crk;kA mUgksusa nks js[kkvksa osQ

eè;LFk dks.k dk lw=k tan θ 1
a – a

aa
′ 

=  ′+ 
 Hkh fn;kA ;g okLro esa vk'p;Ztud gS fd

oS'ysf"kd T;kfefr osQ vUos"k.k osQ ckn bu ewyHkwr vko';d lw=kksa dks Kkr djus osQ fy, 150
o"kks± ls vf/d bar”kkj djuk iM+kA 1818 bZ- esa C. Lame] ,d flfoy bathfu;j] us nks
fcanqiFkksa E = 0 vkSj E′ = 0 osQ izfrPNsn fcanq ls tkus okys oØ mE + m′E′ = 0 dks crk;kA

foKku ,oa xf.kr nksuksa esa vusd egRoiw.kZ vUos"k.k 'kaoqQ ifjPNsnksa ls lacaf/r gSaA
;wukfu;ksa fo'ks"kdj Archimedes (287–212 bZ-iw-) vkSj Apollonius (200 bZ-iw-) us 'kaoqQ
ifjPNsnksa dk vè;;u fd;kA vktdy ;s oØ egRoiw.kZ miØe gSa] ftlls cká varfj{k vkSj
ijek.kq d.kksa osQ O;ogkj ls lacaf/r vUos"k.kksa osQ }kjk vusd jgL;ksa dk mn~?kkVu gqvk gSA

— vvvvv —


