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(Complex Numbers and Quadratic Equations)

*® Mathematics is the Queen of Sciences and Arithmetic is the Queen of
Mathematics. — GAUSS **

5.1 9ffat (Introduction)

Tt wamet ¥ T TH SR W FT TH T FHehv
1 AN Tk WR K1 Tgenda geieReon w1 eteeE fahan R
%ﬂﬁé@%ﬁmﬁmﬁﬂ—oaﬂﬁéquﬁ

T 2+ 1=0d 8H x> = 1W‘£ﬁn
Irafa e H1 i SR g § gt -
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32T THHET ax? + bx + ¢ =0 HT TA U FET &, SRl >
D= b2—4ac<0%a‘r%am1%mwaﬁaﬁmﬁ

g &1 %I W. R. Hamilton
(1805-1865 A.D.)

5.2 wfmgr W@t (Complex Numbers)

T How H R ] Fobad ;¥ frefud ¥ 9@ B T BT €1 SEHT AT
2 fF i TR 2+ 1 =0 &1 TF B B
a+ib % UEY HI Tk &I @l ¢ 3R b Adfod G 2, Th Gy 9@

Renfia et B1 ST & faw, 2443, (- )+, iy ge €

iy & z=q + ib o AU, ¢ AEAfaes W FHEdl @ qe Rez g0 Fefd
foren S @ SR b ehieui~en WRT el 8 9 Imz 5 Fefua femen STar 21 S
% faw, afk z=2+i5, 7@ Rez =2 iR Imz =5 WmH G 2 =a+ib TN z,=
¢+ id FuE g At a=c3dAb=d
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IO 1 9% 4x +iBx—y) =3 +i (- 6), 5&l x 3R y Tfas G@d &, a4 x 3R y
M hifSa
T e e R
4x+i(Bx—y)=3+i(-6)
T SR o STl qUl ShiedfTeh AN ! THH od gC, BH 9 BT €,
4x=3,3x—y=-06,

)

= 9T & 8 R, R

5.3 wftasr WEman & srsrtuTa (Algebra of Complex Numbers)
T 9 H, g9 9y 9emsh o S w1 faer il

5.3.1 g dftgsr, g&mei’ &1 T (Addition of two complex numbers) It
z,=a+ib 3 z,=c+id FE A THF FEAT &1 T 2, +2z, % AN K FEACRET €9
g ftefya fean s 2:
z1+zz=(a+c)+i(b+d),aﬁﬁsg‘—r:n%m%wm%
3]0 o T, Q+B3)+(-6+5)=(2-BFHj(3+5)=-4+i8
ity e o @ FEtdtad Woi s 9 w9
() Haek Fram < afmy gensd &1 dhd U 9y g e el ¢, it
T Wiy wemst z, 9o z, % AU, 2, +2, TH WiEmy Fen 2
(i) #w7 fafma fam f&=t < wfmy gemsn z, 9e1 z, o fag
zl-Fzzzzz-i-z1
(i) wEerd fram fe=l o wfmg genst z,z, da1 2, o fau
(z,tz) tz,=z +(z, + 2.
(iv) FMHF dEHF T e T G& 0+ 0 (0 o g ST Sl ©),
AT Te@H S1al I iy T wean ¢ o fF yois afms
& z,z+ 0=z
(v) TN Giaenq &7 ifide Yo% Ay 9@ z =g + ib, & fau gd
A G&A — a + i(— b) (— 2 o §RI SN STl ©) W et €, SHifek Fmenss
Wil e 2z 1 ROl HEl 21 B9 U i § fh 2+ (2) =0
(T qeEHh ) |
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5.3.2 g Gftwsr g@ren’ &1 3iav (Difference of two complex numbers) =g <t T8
aftmy gemst zlaﬁ'{ z, ol Wzl—zzﬁ":TWﬁ qiierfyd feran Tfl'l?ﬂ%:
z, —z, =z Jr(—zz)E"C{I%TUﬂ?JIC (6+3i)—(2—i):(6+3i)+(—2+i)3ﬁ1
RQ-D+(=6-3)=-4-4i

5.3.3 Gftgsr GEmelt &1 TOTT (Multiplication of two complex numbers) T THIST
z,=a+ib M z,=c + id FE | WY F@A 2| q@ PEEA z .z, FEARE €9
Y Rty fepan a2
z,z,= (ac — bd) + i(ad + bc)
ST F A, (3+i5) 2 +i6) = (3 X 2— 5% 6) +i(3 X 6+ 5 x 2) =— 24 + 28
iy wemst o oF S Giea o frefafea W e €
() Hean Fram < qfimy genell w1 AR, TF Gitnyg e g e, 9h
Tfmy Femstt 2, 9o 2, % AU, NG 2, z, Th WA @A B 2
(i) or fafa fram fel < wftny gemet 2, qeon 2, & fag,

ZIZZZZZZI
(i) wrEerd Fraw el 9 wftmy denst 2, 2, 9o 2, % fag
(z,z) z, =k&] (:z21 z,)

(iv) T[UTIeHeR TeTeh oht TR TfERst 9@ 1+ 0 (1 o SR S STl ©),
TUTTH: Ao 312 Uehel WIHST HWEAT gl ¢ o o v affs
'H@Tza?mz.l=z

(v) NI Wfaelm &l offidd Joi® I Ay 9@ z=a + ib

(a#0,b=0) & fau, g8 wfmyg gen S
z! o R WA Sl €) WK Bt €, z Y [OMcHeh Wil wgerd € o

b
y
la2+b2 ( 3AYa

o (T[UTIcHeh TeHeR)
(vi) e fram o=l & afmy demsi 2,2z, z, & fag

@ z (z,tz)=z2 %z z
(b) (z,tz)z,=2z, 2z, %z, 2
5.3.4 T Gftgsr &3l &1 YTTHA (Division of two complex numbers) TH=T

& g wfmg wemst z a2, & fa, SRl 2, # 0, Twa ffafed ER 9



108 T

EECIESRER IS i
IR & e, 9 femz, = 6+3i R 2, =2

Z o1 2 (=1
a9 -, —(6+3l)><2_J - [22+(_1)2 +122+(_1)2

5.3.5 i @t TIT (Power of i) B9 @ © :

P=ifi=(-1)i=—i,

i —i
TEE w9 9, TRl quies koo fer, %=1, % =g =], i =
5.3.6 Tk B/UT FrEdlaes &7 & El‘fﬂﬁ' (The square roots of a negative

real number)

M 7 P=—13R (—ip=p=—1.38f@C — | o agaA ; X —; B
Tafy fag -1, &1 o1f 3AR fou Shaa i g

39 B9 2@ Tehd ® b i SR —i Al ST x2 + 1 = 0 3edl 12 =1 o ' &

T TR, 2=3(-1)=-3

iR (—ﬁi)2 - (—ﬁ)2 2=_3
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Ty ~3% aiga /3 ; 3R &l
fF 9 ohaa /3 & 30 & fag & gdie 1 A T S €, sreriq

HERGT A ¢ Tk HHcHS ardias 9@ 8, a9 = =

Y WM ¢ T Gl ueroAes At Sl ¢ N b o fau B

gfomy 99 ot 9 B, S 0> 0,5 <0FAa <0, b> 0.

1B 2 AR a<0,b<0, TF THH! ST HW ©

e FIAC foF 2= V=1 V=1 = {[(~D)(=1) = 1 = 1 Sk 25 o &1 faienamg @ fR

2=-1

Esid g ¢ R b <H KO AEdfaS A B

AN AR g R b A B T R oft TF 7, 90 W2 TI Y Jaxh=vab =0

5.3.7 a@q& (Identities) &9 Tr=feiad doqdes i fog &@ ©:
Wuﬁnaﬂwaﬁzlaﬁwzzés
(Z1+Zz)2: zlz-i-zzz-k2zlz2

Suuta %ﬁmm%,(z]+zz)2:(zl+zz)(z]+zz)

= (z, +z,) z;+ (z, +z,) z, (A IRRED)

=z} +2,2,+ 22, + 2} (Sea fram)
= (o k1 A fafma fm)

T wifq g9 Frefafed daws! 1 fag #R T €

@

(ii)

(iii)

(iv)

arEd  9gd U T qcdmhl 1 S Gl arafas gemet & fau g €, g
ity gemetl #1 gora & fou fag fean s gk 2
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IaTeveT 2 fAfafed &1 o + ib % ®Y H e Hi:
3
@ (-50) [%lj (ii) (—%ij

@) - = - -

(i) = - ﬁ(iz)2

SEEIOT 3 (5-3i)° &l a+bih ®9 H T A

TR BH W@ @, (5-3i) =5 -3 x5 x(3i)+3 x5 3i) - (3i)
—125- 225i— 135+27i =— 10— 198i

IETETT 4 (—x/§+x/—_2)(2x/§—i) F g +ibh BT F =T HL

TA B UW © =

5.4 Wi W& H1 HUiHh AT G
of a Complex Number)
M Y 2 = g + ib b WY & 2| 9 2 1 W, S | z | §RI S0 €T €, 6l

FOR AT W& | [,2 2 5N uReAfeq fm S @ e |z )= 242 R
z 1 G, Sz gRI <9 S ®, WS WA g ip el §, A =a—ib
ST  fer, | 2=5i =42 + (=5 =29,

3R 3%/=3-i, , =3i-5

B4 Ui ®d € for SRURR Wi @A 2 =g + ib 1 O Fiael™

L N

31941?[ z
sra: Tl <1 | denstl 2 W 2, fag frefafaa freest 1 g 9 o=
fohan ST et 2:



| R |

@) |Z122|:|Z1||Zz| (ii) -, _|Z2 ,WFC\'|ZZ|¢O
(iii) (V) z,*z,=z *z,

(v) gz, = 0.

IEEAOT 5 2 — 3/ ] T[UNcHS Widal™ F1d hifaq
A °E fe@n z=2-3i

5 =2+3i ¥

AT, 2 — 3/ 1 TUcHeh Gfaeid

IIOT 6 FAfafed &l o + ib oF ®9 H Fad i

542 o
O (i)

L5+2i 5420 14420 5+52i42i-2
|0 1-V2i  1-2i 1+2i 1_(\@)2

34620 3142V2) s f5
1+2 3
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| woaTaeht 5.1 |
YT 1§ 10 9% i Gy Gemst ° s i o + ib & &I H Hd HIfSU

. (Si)[—gij 2. 3.

4. 3(7+i)+i(7+i7) 5. (1—i)— (-1 +i6)

1 .2 5
—+i—|—|4+i— 7.
5 5 2

p—

6.
1 3
8. (- 9. (§+3i) 10.
99 11 ¥ 13 I Aty genst ¥ Y&s 1 oS gfaeayd F1d il
11. 4 - 3; 12. 13. —i

14. TrfafEd =S &l a + ib o ®9 H e HIfST;

5.5 IS aet 3T gaﬂa =T (Argand Plane and Polar Representation)

St o B0 e W € Sd © TR aredfass g@me (x, y) o Y shind 9 o |,
e XY a1 H T uReuiien o e o v
e 7 9% x— 318 y— o1& g S0 S
%, T SAfgdra 1%13 I B R 33[*’«11?‘[\ B(-2,3) A(2,4)
[ty W& x + iy & S HFd JH
(x,y)é*@ﬁ%,ﬁﬁ'@mﬁg
(x, y) o ®9 H StHdr fresaor fean sm_
Tkl 21 T8 HeM faeima: g 2

B Wiy gemst 9 2 + 4i,
—2+30,0+ 14,2+ 0i,—5 —2i 3R 1-2; I
Sifer Hd g (2, 4), (-2,3), (0,1), (2,0),
(-5,-2) T (1, -2) @5 ®7WA B,
amepfa 5.1 o fagei A,B,C,D,E 3R F

N sAfhdta freuor fRen e 2




7o, forem gk foig o1 T |fts
e g e fofan e @, |fmy qa
7 nfE ad wedn B
omie ad H |y 9@ (x +iy)
w63 P(x,y) ® 7 fag 0(0,0) o
e &1 g g grw wiar @
(TFfd 5.2)1

-y R fag, wftgy dens
a +i0 T4 o T B € 3R )78 W
fog, afmg wemst 0 + b ®9 & 9
GRS L G R e
ERi P 1 e G I o e ol
HEd 2
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Z
X<

Y
A
g P(x,y)
B2 Xﬂ
+
0 >X
(0,0)
v
Yl
3TTeRfa 5.2

amie o § WiHy W& z = x + iy AR THE! WG Z=x— iy ol fegel
P(x,y) 3R Q(x, —y) & gr faefua fwan wen 21 sanfudra wmon @, fog
(x, —y) arEdfersr 2187 o qrer f6g (v, y) 1 40 fafes sheamar 8 (e 5.3)

Y

N P(x, )
X'€ 5 >X
v Q(x,-y)
Y
3TTeRfd 5.3

5.5.1 Tk WA T&T & ga")w f%99T (Polar representation of a complex
number) 1 T T4 P. SRORR WAL &M z=x + iy H1 F&U0 a1 &1 74 T e
W@EE OP &1 @aE 7 & 3R 0 98 S0 © S OP, x—3AY &1 Ul T oF T

EEIGIR]
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M @[ 3 f& P arafas denel & Y
i T (r,0) ¥ i w7 9 Froifa N
fopann ST 1 (r,0) fag P o yoita e 8
A € AMehid 5.4 M@y 0
o0 U fag & yd e x ot W o ke X € 0 >X
%1 YR W@ A 2
el x=rcos 0, y=rsin 0 3R Y
z=r(cos 0 +isin 0), IHY T&A HT Yad ;{'
w9 el g1 Tel H 2 ST 5.4

1 Ui wed € SR 0, Wiy T @
THIUTIeR =1 AT HEAM ¢ 91 Hivlish z ¥ Fefa g 2|

et wfms @ 220, 020 <21 H 0 1 THaad 99 W4 &1 fR ft, 210
oeré o fRdl T, STaUe o U, S AR W —n< 6< 1 3@ YR H TH
SRS &1 Thal &1 TH O T TH A, TTEH T —n< 0< 71, z T TEA AW FHEAM

%ﬁ?ar z@ﬁ"@ﬁ’lﬁﬁmﬁ'ﬁ%l 6%1'\@'@
gY W&Sﬁ—% i

P P A
o 0
’ X r XV X
X 5 X o X o[ds
P
Y’ Y’ Y’
@) (i) (iv)
TRl 5.5
Y ’ p X Y
o 0
' X ' X'
X o X o X ol s X
P
YI
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IGTEI0T 7 Gy gen F yag ®9 H fEfua St

g HMAT 1=rcos@,£=rsin6
T TE 1 o HLeh SN SET W EH Wiw ©,

Y pa,{3)
31941’?{ (ufa<el &9 3, r>0)
Tt X< /0 5
TR T e ezg M
3TTeRfd 5.7
TqfeT sTdfead Yt &9
oftny gem gen %1 ofd 5.7 | <witen w2
3SEI0T 8 gftmy gem
L 16 16 _1-i\3 P(4,403) A
T a1 g 9y wen 1+l\/§:1+i\/§x1_i\/§ 5
X' 5 X
~16(1-i3) _-16(1-iV3)
B 1—(1\6)2 1+3 v
3TTehfe 5.8

= 4(1-i3)=—4+i4J3 (e 5.8)
T —4=rcos 6, 4,3 =rsinb
T 3R o FR IR e W W W A € 16+ 48 =
oo 2 o g €, 2= 64, g =38
1

g9y, cos@z—g, sin® =
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AT, 3Tedes Yot ®9 =

[ woarerett 5.2 |
e 1 9§ 2 d% WY FEeasti § Yoid 1 "Il S HI0h A RIS
1. z=-1-1 2, z=-— +1i
Y99 3 § 8 O AWy Hemell § Udeh i Y ®9 H ®UARA i
3. 1-1i 4, —1+1 5. —-1-1i
6. -3 7. +i 8. i

5.6 fgarda @ietuT (Quadratic Equations)

B weel § Tgendia Tt o aR H S ® 3R BHA Seh! aTifersh W@ ok
e W S feufaal vt foran @ el fafaement > 0 21 o9 g0 ffatea fgemd
TiffRor o 9R W foER w2
ax2+bx+c=0Wa,b,cWW§3ﬁ'{a¢O

qH oifsie f& 52 —4ac <0 _C%é)izﬁt\zzl?ﬁ#@

B W4 © T &9 9y geaetl o 9 ﬁwiﬁa}éﬁmﬁéw
el Wehd 21 ZEfY Sue THieol o gl Wiy gensh & wq=ad § & Sifw

_ —b+~dac—b*i

2a

TET W, BB AT A ST o e g i, fo feRedt weRTor o foRan
R S R T s e B e e e
“siierTioTd 1 g1 WA’ oh ®9 W ST ST 2
“Ush IgIR THF FHT FH Y FH TH gl g1 2
TH YT o Toiteed gd TEfaiEd Hewqol aRum | wEed 2
“n TG BT TH TEIE HE H 1 TA e 21"
IAEIT 9 x2+2=0 Tl A HifSQ|
A e M 2 +2=0
aA xr=-2

g x= /-2 = i

TN U B 7




wftng ged ok fgerde gee
IR 10 2+ x + 1=0 H &A HifoW|

TA TR b—dac=12—4x1x1=1—4=-3

—li\/—_3:—1i\/§i%

2x] 2

Tafely, Sk B x =

IR 11 [5x2 +x++/5 =0 F A HISQ|

oo

T .q%:’[" THieRTuT 1 fafaeaeny =1-20=-19 %l

—1+-19 _—1%+19i

= |
it B N 05 ?
frafafea gl § 9 9o &l B HITSU;
1. x¥*+3=0 2. 2x2+x+1=0 3. x¥*+3x+9=0
4. —x*+x-2=0 5. x*+3x g,_. =0
7. \/§x2+x+\/§:0 8.
9 10.
fafag 3ergToT
ISR 12 1 GIH AG HifS)
T W = =
_ _ 816,
B 25 25

(3-2i)(2 +3i) '

117



118 T

Iarevor 13 fafafea afmy gemet =1 araie T Sivne [ Sifsu)

1+ ..
i) 1—; (i)
—i
TAEH Ww R, = =0+
A, 0=rcosO, 1=rsinb

Tl R ot ik Sigd €U B W Bl ®, 2= eiq =1 de

cos0=0, sin6=1

ERIA =z

TH YhR HT OO 1 ® 9T FIUTE SR

(if)

! GBI
e wifeg E=rcose,— =rsin 0 \@Mﬁ(&ﬁ(ﬂ)ﬂ) 1+1 2 2

9T (i) T TE BH W HW €,

r= ,cos0= , sinf= —
1 . .
Ty T HITR 2l
l
ISR 14 AR x + iy = g @, fag Fifem f&F 2 +)2=1

a’® —b* +2abi a’-b* N 2ab

. . _ ;
W%‘ﬁm% Xty JENE) 2+ A+



gfgy gt o) fgsrda gt

) az—bz_ 2ab ;
31:”{_4@ X =1y = az +b2 az +b2

. I a0 .
WEAR 24y =+ ) (0 -0) = 2 a7 T )

- (a2 +b2)2 _,
- (aZ +b2)2 -

ISTEIUT 15 0 h1 dAr<ideh HF ddET, Sefch

3+2isind .
|—2ising 1T STt €l
. 3+2isin0  (3+2isind) (1+ 2isind)
TA oY UE T,

1-2isinf ~ (1—2isin@) (1+ 2isinh)

3+6isin®+2isind —4sin0
1+4sin%0

3 —4sin%0 + 8i sinO
1+4sin’0 1+ 4sin’0

f&on gen ® fop wfimy wen awdfas 2
8sinb )
RSl —1+4sin26 =0 A sin6=0

d 0 = nn,n el

S 16 WA FT 2= @ o = e F

cos — +isin —
3 3

2 2

_ 2(i—1)x1—\/§i_2(i+\/§_1+\/§i) \/g—l .\ \/§+1 ;

1431 1-3i 1+3 2 2
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J3+1

=rcos0, =rsin0

M s
Tl 3R ol e, Sied g W W B €,
2 :(«5—1]2+[\B+1J2
2 2
37T r THH

cos =\§3—\/_§1, sinb = \/g\/tl BT

NERS|
2

3797, 2 cos%ﬂsm—) g &Y 2

eqrT 5 U fafaer wyvAnaet

1. 1 HH T HIS
2. Wﬁﬂ'ﬁﬂ%m@zlﬁzzémmw

Re (z, z,) = Rez, Rez, — Imz, Imz,

3. %! A% w9 ° uftafda sifew)

4. g , at fag =ifse f&
5. frfafea =1 yata €9 o gRafda sifea:

. L1430
(i) i)

U9 6 9 9 § fSU U YF THIRIOT i BA HIfST:

6. 7.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

qfy e R fgarda g

9.
A 2, =2—i,z,=1+i, 1 A a0 HifS
IR a+ib= , fas =ifsw foh, 2+ b2 =
Az, =2 —i,z,=-2 +i, f1= &1 97 ferifer)

Q) Re(z‘_ﬁ] (i)

Z

ity den 1 HIYF 3T FI0TH J1d HIFT

g (x—iy) 3+ 5i), -6—24i &1 &

El s cRcAIE I

AR (x + iy)} = u + iv, A WEY T

121

; T x ﬁ?yaﬁaﬁﬁﬂ'{l

afE o 3R B i wfmy dend @ st [pl=1, T 1 WM FE SIS

T |1 | =2* o YW YOlish Tell H F&A A0 FifC
A& (a + ib) (¢ + id) (e + if) (g + i) = A + iB®

A T (@ 7) (¢ + ) (€ + 1) (@ ) = A + B

g , Tl m T =IAqH Uk HME T0d i)
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arIIT
& a-+ib % YEU I TH G&H, SE ¢ 3R b ATk G §, T 9y e
FEA ©, o GHEHH HEN w1 adfges A9 SR p THRT Heutie |
e 2|
¢ '5I'|71Tzl=a+ib 3‘ﬁ'{zz=c+id,?|3l
i ztz,=(@+tc)+i(b+d
(i) z z, =(ac—bd)+i(ad+ bc)
& TFdl YR 9fmg 9= z=a+ib (a#0, b+ 0)%h fau, T dfmyg den

a . b
T T A T A o g e feRen S @

3R z 1 UTTeR Widel™ Heam ¢ 588 &% (a+ ib)

=1+i0=1 9 & B

* fmv—{:ﬁwka;m’ﬂk:1,i4k+1:l~’l~4k+2:_1’i4k+3:_l~

& TS &M z=q+ipb WETH gRREfrnSme sk =a-ib
SR <9 S 2 | $hc—b—b J

o TEHE WS z=x + iy FT g T ook B4 i sth 6)1F) et =

(zammW)aﬁIcosezf,sine: (0, z 1 HIUTIeh Hear €1) O

T+, 98 fF — <0< 1, 2 H Y@ vl FHeaw 2
& T p TAEd 9gIS THRIO o oA B B
& & feumd™ gfentor ax? + bx + ¢ =0, a,b,c € R,a =0, b>—4ac <0,

% B x = i g U B B

fagTiirer gy

FAAT 3 T 927 i GEA o foh Tk 01 &A1 o A ] At GEA
gt § i etfeaed 7€t ® W THH 99 WRAT™ Uae Mahavira (850 $o)
F S 2 TSR H9LH $H HioAE 1 TUwd: Scol@ Rl ‘IR Ao
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wpfa “TfoTd @ GUg' W "arEn o wer (i) w gofert (ufdn) T @, o
WW@@W%I"@@ TRATE TOTdg Bhaskara 3 1150 3o o 379+
fa ‘semiora’ o off feran 2, “sor Ufe 1 w1 ot =Y e @ s
7€ Weh ot &l B1" Cardan (1545 %) ° x+y =10, xy =40 = g1 & o
S G R &AM g S=iH x =5+ qq y =5 ESCa
& &Y ¥ T o T =i @ st oo f6 3 ged =5 (useless) 21
Albert Girard (TFTSTT 1625 %) = 501 G&Ai & I 1 WHR fomar 3R we
o, S99 B9 IgUS THIRT0T i Fa =1 BT, 3 A 9 O | | g
Euler = Seyem %I Hepdd YSM fRa @eM W.R. Hamilton (SIS 1830
%) 1 Th g TR GRSt SR qUTeRTd hleufTeh S’ % WANT Wi
BIed U A W&AT ¢ + ib T AEA(Ieh HEAST o hidd g1 (a, b) o €I H
J&a e
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