(Trigonometric Functions)

K/ . .
** A mathematician knows how to solve a problem,
. K/
he can not solve it. — MILNE **

3.1 9fH&T (Introduction)

e ‘Tt ot Feafa Wes vl fo’ qen ‘weE’
Y g5 © e sEeht 1o BIys i el sl o’ e €l
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Tt Hensll § erd =IH HI o SERoiid ST o fove & e T 2,
8 wuepita s # onsti o U % ®9 § waEn T 8 e Bepihd
FeatHeRTet qe Sk BERIOIed Sural o SuENT i S=rg 9ol T & el i e
FH § foran 21 59 1A o, wn Srerivfida sl o del 1 Bepiihdta wort o
®Y § IR HUT T 37k OTEHI T STERT &3l

3.2 RITT (Angles)

Tk I 98 AT @ S Ueh FRT0T ok SHokh YRR g o ufkd: EH W o @1 fRer
o U i g feurfa =t grfer oo den 5o o6 sifaw feufa =6t o =1 sifam s
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TferuTer € 1 IV SHUTIeHeR el © (3Tehfd 3.1) | fohdt shior sh1 w19, [ui= (gAE)

B o grfe e
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&5
0 >A
yite URT9SE ST B

(i) SFTeHSR ShIOT 3MMeRTd 3.1 (i) U SRIOT

T o€ A B S ST i URiEe fefq o oifaw feufq qo SR W W g €1 i
1 T o T ST Sohigal 81 hIo Rl aRer

- A
SO THIE o Hohd <dl §, ISR & U @ kil >
TR T ferfa @ u ol gee i i R sifermr g B
Tk THE A S Wehdr B S, ofehfd 3.2 | 3T 3.2

it T 2

g AT oI HIT o oAU Glaererer 1 SIE0E: Th YA g Ufed & gque o
ST T 0] o favd § 8 Tehd @ foh T8 15 INGHAT Ufd The 21 BH 10 o {0
1 < T STl o To0g § SArdi e WG WA TR e €, 3 ferlt | qen
ez A B
3.2.1 ST A9 (Degree measure) A YRR S | SAfqd 1 1 W& TH qof

Ww(%)ﬁwéaﬁmﬁmmmwfaﬁ%ﬁ%,s@1°©1%1@ﬁ%|

e fetlt w1 fire o aen W fie o dee o fawifsa feman sman 21w feift 1 @t
9T Tk THe et €, 38 1§ ford € ae1 Uk fie o1 Wigel Wi Uk ke wedd
2,38 1" 9 faed #1 ereiq 1°=60', 1' = 60"

FS w0 TSR A@ 360°, 180°, 270°,420°, — 30°, — 420° ® S
aepfd 3.3 | <witan R

360° A 18 270
0
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(o]
420 o A A
A N 30° > 4207
B
B

3TTeRfa 3.3
3.22 eI A9 (Radian measure)ﬁ!ﬁUT &l A9 % fau T {FR'T THTE ot %
59 oo 79 Fed ©1 THE o9 (9 1 5 TH THE B) o ohg W T TS
SaTE o W19 gRI &4 SHIv1 i Teh e 7Y Hed &1 3fehia 3.4 (i)-(iv) o, OA
yRfw oS ® dun OB ifqw oS @1 efepfaat ® wio fe@me mu ® fSeh A

1 e, —1 WeaA, e qen e 7
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JMMRTd 3.4 (i) — (iv)
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T STA & T T 5o o g &1 ity o et 21 od: URfe e Y U
Tof ufigrmn shg W 2w Weam w1 FHor fafa I 2l

e wafated € o » B ol U g °, 7 g 1 =9 g W T eI w0
10T ARG Tl €1 BH WA € foh I o WHM =T hg W THH 01 fafd i )
<fe » 5 & 99 | A w1 99 g R TH FeTq F1 H0 qa Fa 7, e

| ST 1 A g W ASTT 1 HIU AdARa wHET STd: A% Th g9, et B

F e, 19 H AR [qA g W HARd H o eI e, e Ud e R 0 =

aJal =r0.
3.2.3 IETT q9gr arfasds Q&I & HeT A (Re- 0N

lation between radian and real numbers) W T&
THTE I o1 ohg, O W € 91 g1 W hlE foig A &1 AF
SHI0 1 YRIMR SST OA ®, <l I o =19 &1 ofelg 9 g 1!
%éﬁmmmmﬁaﬁmaﬁm%@g&imﬁ
21 A offSe 93 & fag Am@r&f%@PArgn-%wﬁg 0
A arEafas gEar v gsfefa #@r €, AP
¥ TcHeh STEdfesh T ST & 9ol AQ SRUMcHsh ar&dfadh
TE 9l § (3R 3.5) 1 A &1 99 HT SR W AP
1 TSt i foudia fgen § gAE W qun W@ AQ i HET
w1 faon & JA @ Yo anfos §eA o Wa fead A {2
T qen foeima:l 39 YR edd WM qen andtos TF 35 Vg
HETEt i T e FHE HH Hehd 8

3.2.4 Ut aor e & weg gag (Relation between degree and radian) Fifn
T, % R T B0 5 @ et " 2n Weam ® qen 7w 360° el @ €, sufen
2n feTT = 360° A 7 WETH = 180°
Sudea e e Aeam w9 w1 felt 7 qen fetlt w9 w1 Weam w9 o oFe W 2

1 &1 Fiehedy A 1 ITANT Lk, B9 UW B TR

1 e = = 57°16' foheam
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T 1° = feTm = 0.01746 Heam (Fehean)

S W S0 o Teilt /g qen Aea /e ok Hey FefatEa grot | fag T
feft 30° 450 60° 90° 180° | 270° | 360°
ez

Hichfdeh Toe

<ffer won &1 W9 a1 o feilt & Wemm d <t 2, o yefed IR % STER e
B9 101 0° foed ®, en e & fF wior o1 a0 feift ® qen v vq @i p o
€, B9 gugd § fF w0 &1 A B e 2

e ST Sa 101 1 e 79 o o o ©, a9 Peaq o sig =

& g ﬁwﬁaﬂﬁmﬁwmﬁ%ﬁnamgﬁ
g eTq 21 Id: T HE Ghd © 1
WO0T 5™ - g50
feam Om = IE IR b L2 4
feut a9 = g A

SEET0T 1 40° 20" 1 ead °9 § s=fer)
ol 89 A ® T 180° = n feaq

T, 40° 20" =40 feu = = e

FHfeT 40° 20" = NELE]

IAEI0T 2 6 Aeaa =t feult 7w o s=ferm)
T B9 S © T o ifemd = 180°

gafee 6 e = 6 Tt = fea
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=343  feilt =343°+ fie [T 1°=60]

=343°+38 + foe [ 1’ = 60"]

=343°+ 38"+ 10.9” = 343°38' 11" faheaq
T 6 e =343° 38’ 11" fAereaq

IEET0T 3 39 g9 &1 B 9@ wife 596 60° 1 g & aRkfy w 37.4 9

oSS 1 =M el © ( 1 JA ) |

. 60
T el = 37.4 O a0 9=60°=ﬁi‘[\€'€ﬂ

3Ad: r= ,'@l%‘ﬁf‘ﬂﬁ%

r= = N
% 37437
TETET0T 4 TH uSl | e &1 93 1.5 99 St |%aﬁa@54oﬁ-—|zﬁﬁrﬁragw
Tohdl € (T = 3.14 1 FIN HL)?
7t 60 fore ® W€t & fime arelt 98w uferao gof et 2, o1a: 40 faee o fige

1 GE UH URGEAO H 9N G FW B g

T e
&d: T 1 TS difed g4
I=r0 =15 T =2n9d =2 3.14 91 = 6.28 T

SaTET0T 59 1 gl o =T i e THH B 3R o 319 Thg W HHE: 65° 9 110°
1 01 S B, 1 St et w1 U T it

Tl WA R g @ end swwen: o qen o, @

0,=65° = = fem

1
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227

L&l 6, =110°= = 3¢ Jem
A foF gk =19 T @@ [ ¥, W= -0, = 1,0, T
= r,, A, =
ERIIY roir,=22:13.
WATeret 3.1

. Tr=afafea feit a9 & g9 feaq 99 Fd wifs:

() 25° (i) —47°30" (i) 240° (iv) 520°

. Tr=fafea esm am & 99 feut a9 3@ s ( T YA L)

11
O 16 (i) —4 (iif) (iv)

2
. T dfew ww e H 360° uferae &grer )t Swe § fRdd e wmg o

HIOT ST ?

. T ga, fment e 100 9 ®, 1 22 T e ®I WY g9 o ohg W fhad

fetlt A9 =1 Hror sAEH ( T FAT HifSQ) |

e o, TSTeRT =8 40 S ©, 1 Wk Sften 20 U S 1 © A 56k W B
=9 T ATE A HITSIT|

. AR A oF AN Al aTel 919 STq HEl T HEL: 60° AT 75° o IV FAM

g, @ 3! Feenstl 1 sTua 9 hifa)

75 Gt SO A T I Sas H T R 9 g R 9 e w9 9@
S SRI0T oA €, SHeRT A9 &I | 1 IS, STelfeh $&eh Ak g 1T T =19
H1 ware fEfaiEd 2

(i) 10Tt

(i) 159t

(i) 21 S



3.3 T wes (Trigonometric Function)

o el H, g = v o S Y
STIAl hi HHRIUT A T osnewi o
®q ¥ areper e 81 o g fred S ODIB_ p (4 )
& Trpfida o &t aRkersr @i 1 N
et w9 o o< 7 qen BewfadE ) av x
e o ®9 H 31T Hl| X' <— SEURN
T AT o T sehrs o, ot
g Feemer stell o1 gt faig e am

P(q b) g0 W &K fag 2 e &0 ©-D[D
AOP = x {fead @1afq 99 I dam J
AP = x (3T 3.6) ©1 &H uRwta Y’
FW T 3T 3.6

cosx=ad¥ sinx= b

=fF  AOMP "H& T 519 ©, &9 U €,
OM2+MP*=0P? W +bh'=1 3n

39 YR T 90 W Yo fag o fog, & o € fm
@+ b=13 cos’x +sin>x=1

iifeh Tk qul URRAT (S[0F) GRI I % g W 2 &I w1 w107 SHafka g g,

gafa AAOB:g, ZAOC=ndaMZAOD= | o Jid O arct |t o

ED) agarfsﬁw RIUT 7 ERLICIR] RIUT (quadrantal angles) F&d 2l
fageit A, B, Caen D o fdenias wHA: (1, 0), (0, 1), (—1, 0) T2 (0, —1) €,

gofery wqufefa s & fog 29 oW €,
cos 0° =1 sin0°=0
cos =0 sim =1
cost=-1 sint =0
coS =0 sin =-1

cos 2n=1 sin2n =0
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a1, a5 g9 fog P9 ush qof ufteemn o €, o &9 & fag PR wEed 21 39
TR &Y @ § T A x, 20 QiR O § Sed (A1 Fed) 7, df Frhroiada wet
o HHl g qRad el g B
TH Toh sin(2nmt+x) =sin >n e Z

cos 2nmt+x)=cos >neZ
T sinx=0,d& ¥=0, £, +21, + 3, .39 x, 1 H IOlF TN L
qq cosx=0,aC =+ + ,+ ,3:{941?1 cos x=0,Sd x, EI»'IT%FWW
21 3@ TR
sin x =0 @W%ﬁ'ﬂ%ﬁx=nn,ﬁﬁnﬁ§{“ﬁ%l

cos x=09 W B ® B x=0C2n+1) , & nHE qois B

37 B 37 THeRIvfhdia wel &l sine 9 cosine o U § Rwfd i o
ks x
cosec x = ,x# nm, SRBXFE qUE T

secx = ,x#Qn+1) |, S&InHE qUie T
tanx = ,x#(@2n+1) &l nHE o T
cotx = ,x # n T, & n HIE O T
%ﬁﬂﬁﬁﬁﬁ?x%ﬁﬂi’@ﬁ%ﬁ sin’x + cos?x =1
39 JhX 1 + tan?x = sec?x (F?)

1 + cot’?x = cosec?x (F?)

a &Sl H, T 0°,30°,45°, 60° A1 90° h TRl STIurdl o A i ==
gk 21 3 HI0N o Sk woml o 71 9E § S frselt weneti § ug gk
Frerivfidt eual & 21 3@ R, &9 fEfafed greft 2
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OO
sin 0 1 0 -1 0
cos 1 0 -1 0 1

tan 0 1 §L§ 0 § 0

cosec x, sec x AT cot x T HM FHHI: sin x, cos x AT tan x o AF 4 Iear (faetd) 21

3.3.1 faepturfadis wert o ferg (Signs of trigonometric functions) 9 T 3HE
Id W P (g, b) FE fig &, f@a &5

qa fag 2, 91 ZAOP = x, afg ~
ZAOQ =—x, a@ fag Qo fadems
(a, — b) BT (Wﬁf. 3.7)1 Sﬂfﬁq % o.h) B_P (a,b)
cos (—x)=cosx dU sin (—x)=-sinx 2= ‘\
S e 9T % s fig B y b\i\,
P(a b))% fTt —1<a<l@m—1< by D€ | *LO -
<1,%d:, 89 x % | WA & fou O\ fA
—1<cosx<1qA —1<sinx<1,Td X
B Tuselt wenetl @ g9en! 7 © foh wem _//
©,-1) [D Q(a-b)
TqAM (0 <x< ) HqgdN b IA J
v
YA T, T IgAe ( <x<m) o et 3.7

a FUTCHE AT b ¥FAS €, T =qefel (n<x< ) Wad b3l FOMHS €, qe
gl wgefer ( <x<2n) W UFHR 9 b HUMHR Bl 3T 0 <x <7k foIg

sin x ¥FTCHE dU 1 <x<2moh 70 BUMHS BId 21 34 GFR, 0<x< o foarg
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cos x ¥IHE, < x< o I HUMHS dM < x<2noh fAC oHAHS Bl
21 56 WK, B 1= b vt werl o g fafem sqafeli & S o ehd €1 58k
fau goR o fefafea anoh ©:

I II III v
sin x + + - -
COS X + — — +
tan x + — + —
cosec x + + — —
sec x + — — +
cot x + - + -

&
3.3.2 ARV WeTl T Uid T9T URgR (Domain and range of trigonometric

functions) sine A cosine HeHl I AR H, TH IE U g fF 3wt amafas
Hemst o fau gt 21 gH:, g9 98§ U € R yeie arsfas @ v o,

—1<sinx<1dAM —1<cosx<1

3A: y=sinx T y = cos.x I Wia et Eafersh Geaet 1 =g ¢ o1 qiER
A [-1, 1], i, —1<y<1 2l

T{T?, cosec x = , ¥y =cosec x 1 YTd, ¥H=AT { x : x € R T

x#EnmoneZ) a0 TR T=F {y:ye Ry > 19 y <— 1} 8 T ¥R, = secx

H U, = {x:x e RAMx = 2n+ 1) ,n e Z} TN, IRW, A==

(p:y eRy <—13yp>1}Bly=tanx S Ud, T==F {x : x € R I

x#2Qn+1) ,ne Z) qe 9RER it arEifaes Senst w1 §=E €1 y = cotx 1 W,
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e {x:x e RAM x#nmne Z), TG it arafas gemei &1 qq== 2

B0 2@d ¢ fop vom wqefer o, 9@ x, 0W 1 3R wgal €, @l sinx HOH1 T
AR 9 €, TR Tl § W& x, W n Rl AR Sgd € dlsiny, 1 9O R T
B R uqefe § W x, x ™ T SR gl ® dl sinx, 0¥ —1 T AR A B qe

A H B W2 AR wEal € Al sinx, —1 ¥ 0! AR Sgar Wl gl 3 THR

&1 o= Sremiufide werl o fava o fomr Y gehd 21 a%gd: sAR U fefated
Rl B:

1 =rqgertst 11 =gerfst 111 =gerfs IV =gerfs

sin |0 ¥ 1 ® R " 2 1ﬁoaﬁaﬁ1m‘%loﬁ—13ﬁsﬂ1m% —1 ¥ 0 ® R Fga

gL

cos |1 ¥ 0 & 3R S € 0@—1@Ww%§7—1ﬁoaﬁaﬁ1m% 09 1 H N a8

tan |0 W oo H AR AGAM R | —00 ¥ 0 H A w2 |0 ¥ 00 HT A WA & |—00 ¥ 0 H AR Fea

cot oo e meamd |08 -0 F iR Teai e |0 W o H s wear @ | 0®—00 & 3R weal &

sec |19 oo & AR wga & | —00 ¥ 1T SR W@ & [—1 ¥ —o0 I R wewr B |00 @ 1 H AR e ?

cosec |00 ¥ 1 H AR T ® |1 W 00 HI W AGA ¥ | —00 § —1%} R W § |—1 ¥ —o0 T AR T ®

feorol ITde IR0 H, I8 U foh FAqA 0<x<  Htanx 1 HH 0 F oo ()

Tk Sgdl € 1 o1 € foh S-S x BT HM ! SR oadl € 98- tan x T HH
Igd Ak e ST ]| TH YR, W9 ©9 98 e Hehd § T wged wgefer # cosec x
UM —1 W oo (SRUTHS 3d) dh oA e A g sf e S v e ( ,2n)

SH-SI9 x, 27 T AR IR B €, cosec x TgA AT SHUNHsh WM il | FIHRM:
g o AU — oo el qe =X % fa9IT YR o FeER i Fdd Bl
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B 3@ TR sinx qen cosx%ﬁﬁ%Zn%WWﬁ?ﬁ%l S,
cosec x T sec x o AMI i *ff 3TAA 21 oF a1€ TG Bt 21 T9 31T TR |
tan (7 +x) = tan x TG €1 S, tanx % WE | S 1o IvEE RGN el €, it
cotx, tanx 1 I3k €, 3Gk WEI | off el 1 o qvEIq RGN gt €1 Srem o
o | 39 I (T[OTHH) 1 HFARR 1 TN Hi T, TH Hordl i e @id Fohd
g1 &1 el %1 e A Ry T R

y=sinx Y’

aﬂ?ﬁrss

I SN

i \/_ll_\/ AN

y=cosx Yy
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1 Y 1 ] Y 1
c 2t/ ' ' 2] Do
1 1 ' = . T
1 ! I | o
-t ! T ' 27 =T ' 2 'ap
1 & ® L 2 P L P N ! & - . 'l ATC 2 & ~
X\ __IL' O Iﬂ '3_T[ /XX S . T O i . T 1 IX
241 2 2 : 13 ;
2 : : 2 '
Y’ Y'
y=secx y = cosec x

TRt 3.12 TRt 3,13
SETETUT 6 cosx=— @ 3R x garg =gty § feod €, a1 o i Srenoiada

Tl o W Sl A it

. . &8s x
e I cosx =— ,BH UM B T seex=
8k x
KEE) sinx + cos?x = 1 ATsin’x = 1 — cos’x
T sifx=1— =
3d: sinx ==+

<fer x gt =qefer | 2, @ sinx H1 AH HOTHS NI 39T

sin x =—

o9 I5 off U@ B ® fR

Cos€C x = —

?%’qtﬂﬁ%

tan x = = RN cotx = =
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SEET0T 7 AR cotx=—  © R Ty wgefy o fem &, @ o i Srepoiiadia
Tl I F BT

Wﬁ%ﬁ cotx = — ,%’q‘:ﬂﬁ% tanx =—
3 sec’x =1 +tan’x=1+ =
3d: sec x ==+

<ffer x fgdtar =rqafer & feera ?, sec x 1 O FOMTHS BRI FHfTT

S€C X = —

o9 I5 off U@ B § TR

T: T9 UA T ®x 13

sinx= tanxcosx=(— ) (- )=
qen cosec x = =

3IETEY0T 8 sin 1AM T4 HifaC

%1 g9 WA € T sinx & Ml § Siaiel 21 % 99E TR e €1 safa

sin =sin(10n+ )=sin =

FETETUT 9 cos (—1710°) T HME F1d it

Tl B9 WA € T cos x & WA § SIaRIel 27 A 360° & 9= RGN Bt B1 gfery
cos (—1710°) =cos (—=1710°+ 5 360°)
=cos (—1710° + 1800°) = cos 90° =0



| weTaett 3.2 |
frefafed gei o di9 7= Breplufadia werl 1 |1 G i

I. cosx=-— ,x?ﬁﬂiﬂ@ﬁ'ﬂﬁﬁﬂﬁ%l
2. sinx= ,x T =gt H feem 2l
3. cotx= ,xqdm wguie o feem 2l

4. secx= %,xﬁﬁ%‘f Tvlﬂ%f‘ﬂﬁf@lﬁ%l

5. tanx=- ,xSE =guiy § feed ©
T & 6 ¥ 10 o HM AG HIfeT:
6. sin765° 7. Bosec (— 1410°)
83
8. tan 9. sin (— )
10. cot (- )

3.4 @ ®UN F AWM AR A wr FeuridEa wer (Trigonometric

Functions of Sum and Difference of two Angles)

39 AM H A < geAsd (FIUN) o AN T R oF foaw Brerivifhda werl qen 396
Yeiferd SATehi 1 a1 1| 30 FaE H 3 gl IRomH i &1 Sepmifhde geataest
FE 79 3@l ©

1. sin (—x) =—sinx

2. cos (—x) =cos x
I T FB R qRom fag wE:
3. cos (x +y) =cos x cos y — sin x sin y
T g0 W faER FifS, {9 %% qat fag | @) 7 fF S0 POP, x Tel
P OP,, y& @ FIP,OP,, (x +) BRI T: A &0 POP,, (—y) §l 3%: P, P,,
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P, (cos x, sin x

— <

P
X'€

P, [cos(x +), sin(x +y)]

P, [cos(—), sin(-p)]

3TTeRTd 3.14
P, @ P, EAREEN G P (cos x, sin x), P, [cos (x + y), sin (x + y)], P, [cos (- y), sin
(-)] SR P, (1, 0) TR (3T 3.14)1
54 P, OP, @ P,OP, W fo=m #ifSil & wafmem & ()1 g6faw PP, iR
PP, SO Tl T §F H ST FH W

P P> =[cosx—cos (—y)]* + [sin x — sin(-)]*

= (cos x — cos y)* + (sin x + sin y)?
= cos*x + cos® y — 2 cos x cos y + sin’x + sin?y + 2sin x sin y
=2 —2(cos x cos y — sin x sin y) (F1?)

RGE P,P> =[l-cos (x+y)]*+[0—sin(x + )]
=1-2cos (x +y) + cos? (x + y) + sin? (x + y)
=2-2cos(x+y)

Fif% PP, =PP,T WA & PP2=PpP.

SHeTT, 2 —2 (cos x cos y — sin x sin y) =2 — 2 cos (x + )



3fd: cos (x +y) =cos x cosy—sinxsiny

4. cos (x —y) =cos x cos y + sin x sin y
waaHHr 3 H y o WM W -y WA W

cos (x + (—y)) = cos x cos (—y) — sin x sin (— )
I cos (x —y)=cos x cosy+sinxsiny

5. cos ( ) = sin x
W4ﬁxé¥%ﬂ§ﬁ%yé€wmmxwﬁmzﬂqﬁ%

cos ( )=cos cosx+sin sinx=sinx

6. sin ( ) =cos x

o

et 5 1 ITAN FH W EH Ud 7

T
1 ——X)= =
sm(2 ) = cos c%‘%} !jj}
7. sin (x + y) = sin x cos y + cos x sin y

0 S © TR

sin (x + y) = cos = COoS

=cos ( ) cos y + sin sin y

=sin x cos y + cos x sin y
8. sin (x —y) = sin x cos y — cos x sin y

Ife &0 GAEHR! 7 H y o WM W —p @ o I IROMH I 2

73

9. x ¥Ry SYYH AEl i FEEFREA 3, 4, 7 3R 8 H wWH W ew Frefafaa

o el Hehd @

0 . n
cos =_sin x sin (E"‘x) = cos X
cos (T—x) =—cos x sin (1 —x) =sin x

cos (T +x) =—cos x sin (m +x) =—-sinx
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cos (2m — x) = cos x sin 2w —x) = —sin x

Tl YR o I qﬁ“’lﬂ?tanx, cot x, sec x Td cosec x o forg sin x 3R cos x
el oF GROTEl § e § el S Eehd B

10. "!?l'l'i‘?x,yQrﬁ"l'(x+y)'ﬁ@7:l'ﬁ'st gwquﬁ%?ﬁ,

tan (x +y) =

Hifh x, y A (x +p)d W HE w1 faom orw @€, gElAT cos x,
cos y adl cos(x+y)¥ﬁ?%°f%l 31

tan (x +y) = =
39 AR B H cos x cos y, ¥ fawiiea & W &9 1M €
Sinxcosy . SticWiinepy vsin y
COSXCOSY  QRafaRaatngsip)ysin v

cosxcosy sinxsiny

tan (x + y)

COSXCOSY COSXCOSY

tan x +tan y
I —tanxtan y

tan x —tan y

1. an (x=))= 1 tan x tan y

IfE weEfR 10 § o A W - W W, 9 @ 2
tan (x —y) = tan [x + (— )]

12. g x,y qAT (x +y) W A RIE O RV 1, ST ONR & &, @

cotxcot y—1

cot (x+y) = cot y+cotx
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eRofgda e 75

FAIfR x, y A (x + y) B0 | § Hig 7, 1 [O0H & €, T8 sin x, sin y
A sin (x +y) YA & Bl o

cot (x +y)=

39 W & I sinx sin y, ¥ faia FH W), &9 Td

cotx coty—1

cot(x +y) =
(x+7) coty +cotx
cotxcoty+1
coty —cotx

IS FAAHRT 12 W yoh TIF W —y @A € §H ST IR0 I 2

cos 2x =cosix —sin2x=2cos?x—-1=1-2sin’x =

A S © TR

cos (x +y) =cosx cosy— siﬁ%ﬁﬂﬂos X cos y —sinxsin y
Yo M Wy, W al, B U © bEawEsi) 2 sin x cos y +cos xsin y
€0s 2x = cos*x — sin’x
=cos’x — (1 —cos*x) =2 cos’x — 1

q: cos 2x = cos’ x — sin’x
=1-sin’x —sin’ x = 1 — 2 sin’x.

C‘HFI%TI‘TIﬁ% cos2x=cos’x—sin’x =

15.

39 3R B cos? x ¥ faTfiad 3 W, 29 U@ 7

1—tan? x

cos2x=T"7_
1+tan” x

sin 2x = 2 sinx cos x =

H S © foR

sin (x + ) =sin x cos y + cos x sin y

Yo WM W x W@ W, B4 I B:
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sin 2x = 2 sin X COS X.

2sin xcos x

: sin 2x = -
o cos2 x+sm2 X

Y% UT hlcos? x W fawifed &+ W, 79 UM B

) 2tan x
sin 2x = 1+tan® x
2tan x
16. tan 2x = 1—tan® x
&0 o € T
tan (x +y) =
. 2t
y% T Wy T W, T U §, tan2x =
I-tan” x
17. sin 3x = 3 sin x — 4 sin’*x
T UE tanx +tany
sin 3x = sin (2x + x) I —tanx tan y

=sin 2x cos x + cos 2x sin x
=2 sin x cos x cos x + (1 — 2sin*x) sin x
=2 sinx (1 —sin’x) + sin x — 2 sin’x
=2sinx—2sin*x +sin x — 2 sin’x
=3sinx—4sin’x

18. cos 3x =4 cos*x — 3 cos x

B9 UM €,
cos 3x = cos (2x +x)

=C0S 2x C€OS x — sin 2x sin x
=(2cos’x — 1) cos x — 2sin x cos x sin x
=(2cos?x — 1) cos x — 2cos x (1 — cos*x)
=2co0s’x — cos x — 2cos x + 2 cos’x
=4cos*x — 3cos x

3tan x—tan® x
19. tan3x s
1-3tan” x

B9 UM €, tan 3x = tan (2x +x)



2tan x

2

——+ttanx
_tan2x+tanx _ 1-tan” x

1—tan 2x tan x | 2tan x.tan x
1—tan® x

_2tanx+tanx —tan’x _ 3tan x — tan’x

1 — tan’x — 2tan’x 1 - 3tan’x

+ -
yCOSx 4

. X
20. (i) cos x + cosy = 2cos
(ii) cosx—cosy=-—
(iii) sinx +siny =

(iv) sinx —sin y =

it )
cos (x +y) =cos x cos y — sin x sin y
R cos (x —y) =cos x cos y + sin x sin y
(1) 3R (2) F e TF TR |, T T T,
cos (x +y) + cos(x —y) = 2 cos x cos y
3R cos(x+y)—cos(x—y)=—2sinxsiny
AR o sin (x + y) = sin x cos y + cos x sin y
R sin (x —y) = sin x cos y — cos x sin y
(5) 3R (6) F e TH TR W, T A T,
sin (x + y) + sin (x —y) =2 sin x cos y
sin (x + y) — sin (x — y) = 2cos x sin y

e fhx +y=07dMx -y =¢, AT

(3), (4), (D) a1 (8) | x 3y AA W W, &9 UM ¥,

(D)
- (2)

. (3)
. (4
.. (5)
. (6)

(7
)
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cos 0 + cos ¢ =2 cos (?JCOS (%)

cos O —cos ¢ =—2 sin
sin @ +sin¢$ =2 sin

sin O — sin ¢ = 2 cos

Fifeh 0 T ¢ i HIE AT G W Hehd €| H 0 oh T W q1 § o T
W yT@H W, T UM B

cos x + cos y =2 cos ; COS X —cos y =—2sin R

sinx + siny =2 sin ;sinx —siny =2 cos

a-oiﬂeﬁqaﬂzo@%nﬁmtr 2 )6 4

21. (i) 2 cosxcosy=cos (x+y)+cos(x—y)
(ii) -2 sin x sin y = cos (x + y) — cos (x — y)
(iii) 2 sin x cos y = sin (x + y) + sin (x — y)
(iv) 2 cos x sin y = sin (x + y) — sin (x — y)

sarEdor 10 fag e

T 9@ 9 =
1 ) )
:3><5><2—4sm x1=3—-4sin

=3-4x =1=3A U
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SETEY0T 11 sin 15° 1 AF 1A HIfST)

&1 sin 15° =sin (45°—30°)
= sin 45° cos 30° — cos 45° sin 30°

13x
30T 12 tanF %1 HE 14 hifeq)

Bl tan =tan = tan

sarEdor 13 fag i

sin(x+y) _tanx+tany

sin(x—y) tanx—tany "

o1 B9 UM ¢,

o sin (x+ sin x cos y +cos xsin
it ey =SMOHY) y y

sin(x—y) sinxcosy—cosxsiny
39 3N BT I cosx cosy © Tadie i W, 89 W ¥,

sin(x+y) _tanx+tany

=T vE = =T 98

sin(x—y) tanx—tany
SRl 14 fEny

tan 3 x tan 2 x tan x = tan 3x — tan 2 x — tan x
T B WM 3x=2x+x
BRIy tan 3x = tan (2x + x)

_tan2x+tanx

tan3x=
Rl 1-tan 2 xtan x
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tan 3x — tan 3x tan 2x tan x = tan 2x + tan x
tan 3x — tan 2x — tan x = tan 3x tan 2x tan x

4 49 4

tan 3x tan 2x tan x = tan 3x — tan 2x — tan x

e 15 fag i
COS(%"'X]"‘COS(%—X‘]:\/E COSX
T HAEHERT 20(1) H ST FH W, TH UM T,

i cos E+x + cos E—x
ERiEE , ,

=2 cos cosx =2

e 16 fag wifvg
T HAEEsRI 20(i) 91 20(iv) 1 ST HE W, T UM €,

Tx+5x Tx—5x
cos 2 _ cosx

2cos
= cotx = <M 9&y

ERIREE

Tx+5x . Tx=5x g
sin sin x

2cos
2 2

17 fog HR sin5x—2sin3x+sinx=tanx

cos5x—cosx

o1 B9 UM ©,

< sin5Sx—2sin3x+sinx _sin5x+sinx—2sin3x
T T = =

cosS5x—cosx cosS5x—cosx
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2sin3x cos2x—2sin3x _ sin3x (cos2x—1)
—2sin3xsin 2x sin3xsin 2x

l-cos2x _ 2sin’x

- ; = tanx = ﬂ?ﬁ q&l
sin2x 2SIn XCOS X

fag =ifsu:
L T
1. sin? g+ cos?  — tan? 2. 2sinzg+ cosec?
3 4
5. WM Hd HifaT:
(i) sin 75° (ii) tan 15°

frfafaa =1 fag s '
5% gg[e%%%jgi%@ L éﬁg@nmxjsin(n - yj =sin(x+y)
433 44 6 34 4

tan E+x 2
(4 j _ (1+tanxj

7. (n ) - 1—tan x
tan | ——x
4

Ccos (m+x) cos(—x
N (m+x) cos(=x) _ o

sin (T—x) cos (g + xj

9. cos (3?7[+xj cos (2m+x) {cot (%t—xj+cot (2n +x)} =1

10. sin(n+ l)xsin (n + 2)x + cos (n + 1)x cos (n + 2)x = cos x

11. cos [%+xj—cos [%—x} = —2sinx
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12. sin? 6x — sin®4x = sin 2x sin 10x 13. cos? 2x — cos? 6x = sin 4x sin 8x
14. sin2 x + 2 sin 4x + sin 6x = 4 cos? x sin 4x
15. cot 4x (sin 5x + sin 3x) = cot x (sin 5x — sin 3x)

cos9x — cos5x sin2x sin5x + sin 3x
16. — 5 =- 17. ——— =tan4x
sinl7x — sin3x cos10x cosSx + cos3x
sin x — sin y _ xX—y sin x + sin 3x
18. = tan 19, ——————— = tan2x
cosx +cosy 2 cosx + cos3x
sin x — sin 3x ) cos4x +cos3x +cos2x
200 ——5 5 =2sinx 21. — ) ; = cot3x
sin” x —cos” x sin4dx +sin3x + sin2x

22. cotx cot2x —cot 2x cot 3x —cot 3x cotx = 1

2
23. tandx = 4tanx(21 tan )i) 24. cos 4x =1 — 8sin® x cos? x
1-6tan“x +tan"x

25. cos 6x =32 cos® x —48cos* x + 18 cos? x — 1

3.5 Trenroriudiar |eRToT (Trigonometric Equations)

% R U H FrRvifhdia werl arel G i fenrurtida weteor wed ¥ T
STI=9% H, B9 TH WHIR0N o 8 T S #ﬁﬁﬂﬁ*%ﬁsinxﬁ%cosx%
AT H 27 SIS & 9= TR el € qen o x [ 7 ST oF 9 TRIg
Bl 1 Brepuiiida wietor o U8 gd W8l 0< x < Zn%ﬁ?ﬂ%,@{ﬁ(principal
solution ) Feld €| qUlleh *n’ @ Jokd ek S fepelt Breproridia weftertor & @it eat
S HIAT €, SH oAUk &1 ( general solution ) Fed €| gH qUishi & TH=aT i
VAR B SRRl

Frafafed See Sevfide SHwn # 8 0 | Jedd il

SEMETOT 18 FHRT %1 &4 B FG IS

.2 . . 3
' WW%%’? A1 Sln?nzmn(n—g]:sn‘lg:T

safe, T &a x=§ g @

JETET0T 19 FHEHIO FT & A T RIS



T BW WG € fF .Ww'tan(n—%j=—tan%=—

L T
RN tan[Zn—gj:—tan_:__

9 JhR tans—n—tanﬁ —L
6 6 NE)
5w .
safa, I & P 2l
319, B9 TehIoihde Gl o1 o9e g 90 w1 BH 3@ © R
sin =0 :nrc,\_rlﬁneZ
cos =0T =Q2n+1) ,SEineZ

o9 g9 = ufRom fag &3
i 1 fh=l arafas &g x 9 y & fag

sinx =siny ¥x=nn+ (—1)”%@@%%&3 Bl B

SUUta AR sinx = sin y, A

sinx—siny=0 I 2cos =0

370 cos =0 A sin

[
o

gHfeTy =@2n+1) = =nn, Seln e Z

370 x=Q2n+Dn—y Ax= 2mt+y,\_r|%sfneZ
3d: x=02n+ D+ (D) yAx =2nn H-1)"y, einel
S <Al aRomd i A W, ¥9 U B x=nn+ (1) y, SR e Z

83

T 2 HIT AaRdfaw @AW x 941 y AT, cos x = cos y ¥ = 20w + y,

ST 7 e Z 9T Bl 2
suafd AR cos x = cos y,

cosx —cos y=0 3 -2 sin sin =0
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39 ThX sin =0 A sin =0

gHfeTy =nn Al :nn,\_ﬂﬁn e Z
DI x=2nm-y ?3ITx:2nn+y,G|%'TneZ
A x=2mciy,?|%sfnel

w3 fag witew & 4 xqeny s faom o @ @ A

tanx:tany@x:mﬂry,ﬁﬁneZEITlH%ﬁ'dT%I
syt I tanx=tany, @ tanx—tany=0

a
Rl sin (x—y)=0 (F?)
I x—y:nn?ﬂ%ﬁ?{ x:nn+y,3|ﬁneZ
%@X’ ) _p4n
S — —s1ﬂ?
330l 20 sin =-— <l Bl dld
T THUCE sin =— =
. . 4m
Ad: s x = SIn——
3
sgfeq ,T‘lﬁneZ
4 .
[ ool | — x % TF U AE & R 2l x 1 HE o

3

faferdl o 9 el wh € B T 9 goger: fafa= foei ug wed 2

T U AR G B ToRa s g ®, fees feu sinxz—?%‘r,agwﬁ




3ISTEIT 21 I BA HiTST

Bl T U §

Tgfaq x=2nni§,aﬁnel.
ISTEUT 22 %1 B HIfST
%l €9 UW ¢, =

0

W ,GlﬁneZ

q0 x=nn+%,aﬁnez

IETEI0T 23 B ShIfSTE sin 2x — sin 4x + sin 6x =0
T iR ) fore g €,

sin6x +sin2x —sindx =0
a0

DI
gqfeTq sin4x=0 A

i Bl
3d: 4x=nm A ,ag’i' neZ

3??41?[ ,Glﬁ neZ

85
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IETEI0T 24 BA HIfSW 2 cos? x + 3 sinx =0
T G 1 39 YRR foe wehd €

2(1—sin2 x) +3sinx =0

Ell 2sin® x—3sinx—2 =0
a1 (2sinx +1) (sinx —2) =0
Ad: sinx = I sinx =2
=g sinx =2 @S B (F?)
gqfeTq sinx = =
aq:, Bl 8, EeineZ
| gorerett 3.4 |
frefafad wHiwTon 1 q&a qe same %aﬁﬁq}"?
1. tanx = /3 2. secx=2
3. cotx = —+/3 4. cosecx=-2
freafafad dcis THIHION 1 9 B AT hifd:
5. cos4x=cos2x 6. cos3x+cos —cos2x=0
7. sin2x+cos =0 8. sec? 2x = 1-tan 2x

9. sinx+sin3x+sin5x=0

fafaer 3qrgyor

JEEI0T 25 AT sinx= , cosy= ®, Wl xqen y 3 fgd wqafe § feem
gl @l sin (x + y) T A T HISC
T BH S € TR

sin (x + ) = sin x cos y + cos x sin y .. (D

KE| cos? =1-sinPx=1- =
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eIy cos x =

Fiifer x fgdra %I'g[ﬁ’«Tf?T A feord 2, 31: cos x FOMHS 2l
SAd: cos x =

3q sinfy =1 —cos?y=1-—

F1efiq sinyzi%

ity fgdta wqefe & feed 2, siny oFAs 21 3T siny= @1 sinx, siny,
cos x AT cos y T W FHEHT (1) § WH W, 0 W 7,

sareEtur 26 fog HifST: cos 2x g;f{"_'__,‘

T BH UM ®,

. 1
S g = ) [2cos 2x cosg —2cos 9_2x cos 3x}

Sx  15x 5x  15x
2 2 |4 )2 2
2

= =T ua
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T
mmznangmnﬁamaﬁﬁm

Tl HE ooy Ekll

s
EIERGIISI y=tan§Fﬁ1=
a1 V+2y—-1=0

21242

28 tamx 31

) 'f._.

206 tais’ x2
ERIIED g vorg wgefer o feerd ®, y = tan a‘f‘rﬁqsk-%ﬁm?g;

3STE0T 28 Af ,?ﬁsin%,cos Tl tan  °F HM G HifaUl
7 HifH 2 3HfAT cosx HUTHS I
g

X
Wsin;ﬂﬂmmﬁw cos SHEUNHS BN

KEE) sec’x =1+ tan’x =



aRofgda e 89

Iy coszx—g AT cos x = (FA?)

3q =1-cosx =

By sinzg =

a0 sin = (Fi?)

T 2cos’ =1+cos =

Tgfaq coszg = Iq cos = (F?)

3 tan = L =-3
e e o

sareor 29 fog wifau: cos2x+c0s2[xq0§§+caé%x£§j:%

T B9 UM %,

1+ cos 2x+2—7t 1+cos 2x—2—7t
e — l+cos2x+ 3 + 3
" - 2 2 2

:l 3+ cos2x+cos 2x+2—n + cos 2x—2—n]
2 3 3
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= =Tl uy

3T 3 U¥ fafaer goanaet
fag wifsu:

2. (sin 3x + sin x) sin x + (cos 3x — cos x) cos x =0

3. (cos x + cos y)? + (sin x — sin y)* = 4 cos?

4. (cos —cosy)*+ (sin — sin y)* =4 sin?

5. sinx + sin 3x + sin 5x + sin 7x = 4 cos x cos 2x sin 4x

7. sin 3x +sin 2x —sin x = 4sin x cosS  cosS

frafafed s 999 Hsin L, cos T tan  FG IS

8. tan = ,x T =gty o 2 9. cos = , gdig wgutw F
10. sin = , xTgda =qgefa o 21
qrIST
IS gﬁgggﬁ,mﬁﬁwnaﬂﬁmﬁmwéﬁmmﬁq 10T 0 e €,
¢ ez um = feilt w9
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® G006 06060000 o

*

L 2K 2

fetit A9 = Afezm A

cos® x +sin’x = 1

1 + tan’x = sec’x

1 + cot’x = cosec®x

cos (2nm + x) = cos x

sin (2nm + x) = sin x

sin (—x) =—sin x

cos (—x) =cos x

cos (x +¥) =cos x cos y — sin x sin y
cos (x —y) = cos x cos y + sin x sin y

cos ( ) =sinx

sin ( ) =cosx

sin (x + y) = sin x cos y + cos x sin y

sin (x —y) = sin x COS y — COS X Sin ansl

_  Retanydany
cos =—sinx sin =Cos X
cos (T —x)=-—cosx sin (T —x) =sinx
cos (m +x) =—cosx sin (T +x)=—sinx
cos (2m — x) =cos x sin (21 —x)=—sinx

q&‘{x,y3:ﬁ'{(x »)H F HE HIU WWWW%,@

tan (x +y) =

tanx —tan y
tan (x —y) = 1 +tanxtan y

* q&x,yﬁ?(xiy)ﬁ@ﬁgaﬁmnwmw@%ﬁ

cot (x +y)=
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cotxcot y +1
¢ cot(x—y)= cot y — cotx
@ cos 2x = cos’x —sinx =2cos’x—1=1-2sin? x
¢ sin2x=2sinX cos x
. 2tanx
¢ tanZr= 1—tan’x
¢ sin 3x =3sinx —4sin’
& cos 3x =4cos® —3cos
¢ tan3x=
. x+y Xy
& (1) cosx+cosy=2cos 5 €08 ——
LT
. L 2 2+3ant vl
(i) cosx—cosy=-—2sin
(iii) sin x + sin y =2 sin
(iv) sinx—siny = 2cos
® () 2cosxcosy=cos( *+y)+cos( —y)
(i) —2sinxsin y=cos (x + y) —cos (x — )
(iii) 2sin x cos y = sin (x + y) + sin (x — y)
(iv) 2 cos x sin y = sin (x + y) —sin (x — )
¢ sin =08 @ x=nn, Tenel
& cosx =08 Wx=2n+1) ,SRin e Z
* sinx=siny@Fﬁx=nn+(—1)”y,5|ﬁnez
@ cosx=cosy,dl Fﬁx=2nniy,ﬁﬁnez
¢ tanx=tany 3l Fﬁx=nn+y,\_r|%sfnel
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QT gy

w favera femen ar @ fon Srepioiiad 1 stera" wdvem yRa W TR g3 n
ol STYET (476 3.), T (598 3.) WIERT YeH (600 3.) a1 ek fgdta
(1114 )7 vq@ IRoME St 9t foman on =8 Sl 9 9Ra ¥ qeAgd SR A
Tl | WY T A A off Beemfata w1 steres SRy R Wy AR we
fafy sat erugea off, fof s fafy o 91 81 91 W 98 9quf favd g o0
T

Td o ey Brepoiidia wer S Rl o 1 S (sine) 3R e
o g o1 qd faawon fagia (Sepd ar o foran T sAfad ) o feon T
2 forent @nmeH Tifra ok sfder® @ @ 2

AR I (600 5.) 7 90° ¥ A4k, I o sine o A oh ¢ §F &=
off| HicTedl! TIdTAl 1 Heraer™ ol § s gfed o H sin (A + B) % T9R i
Teh 399 2l 18°, 36°, 54°, 72°, 3f< ok sine AT cosine forgrs oA wRT
fadta gm1 faw o &)

sin”! x, cos™! x, 3TfE T =T sin x, T cos x, 3N F T W GIT H
Waﬂﬁﬂﬁ?{ Sir John F.W. Hersehel ([{8_13h'§.) g feu T 9 %A aﬁ'{@
Geiferd gl oF @191 Thales (600 2. o) AT 1 TIRE™ &9 9 TSI g37 21 3=
g o oM fRifie &1 9% o |9 &1 99 U 21 396 T 3= T 9
SATE % TS S a1 TS i WSl I AT 396 Il BT e
A fR e 3 SuE ©

= tan (I T I~Aarn)

Thales ! THsI <& 1 0 1 TN & 1 ot 991 f&an < €1 g9eh
fau =7 geey fsgell oF ST %1 YA R o S iR T Heft wel w6
B TS sl w1 FEEEr § 9 IRdE S 6 e 2

— e —



