u 5 Algebra
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A multiplication trick

What is 101 x 26? And what about 101 x 47? Find some more
products of 101 by two-digit numbers and check. Why do we
get the same digitsrepeated?

We can write 101 x 23 as (100 + 1) x 23, so that

101~ 23 = (100 + 1) 23
= 2300 + 23 = 2323

What genera principleareweusing here?

Likethis, which number multiplied by three-digit numbers make
thedigitsrepesat? (L ook at the section Dividing again and again,
in the lesson Number World of the Class 5 textbook)

Product of sums

The genera principle we used in the problems aboveisthat in
order to multiply the sum of two numbers by athird number, we
haveto multiply each number inthe sum separately and add.

Usng agebra,
(x+vy)z = xz+yz for al numbersx,y, z

Supposewewant to multiply the sum of two numbers by another
sum of two numbers?

For example, how do wefind (8 + 6) x (10 + 5)?

Thereare severa methods, right?

Wecanwrite

(8+6)(10+5 =14" 15=210
Likewise,

(8+6)(10+5) =14~ (10 +5)

z Xz yz

Algebra and Geometry

We can give a geometric
explanation of the fact that

(x+y)z=xz+yz
in the case when x, y, z are
positive numbers.

The area of the rectangle with
lengths of sides x and z is xz,
isn'tit?

X
Suppose we extend the side of
length x and enlarge the
rectangle? If the increase in
length is y, then the lengths of
the sides of this newer and
larger rectangleare x + y and z.

X y

So, the area of the new
rectangle is (x + y)z

We can see in the picture that
this new rectangle is made up
of the original rectangle and
another rectangle put together.
Their areas are xz and yz and
the area of the large rectangle
is the sum of these aress.

Thus
(x+y)z=xz +yz
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Geometry again

The products of sums of positive
numbers can also be explained through
geometry.

We start with the numbers X, y, u, V.
First we draw a rectangle with the
lengths of sides x and u.

X
Next we enlarge the rectangle, by

extending the sides, so that one sideis
of lengthx +y and the other isof length
u+v.

X y

Thislarger rectangle can be divided
into four piecesas shown below:

X y
Y AV Y
u Xu yu u
X y

The area of the large rectangle is the
sum of the areas of these four small
pieces and this gives us

(x+y) (U+V)=xu+xv+yu+y

72

= (14" 10) + (14~ 5)
= 140 + 70
= 210

(Thisiswhat we actually do, when we find the product
14 x15inthe*usud” way of writing the productsone below
the other and adding.) Another method of finding this
product isthefollowing

(8+6)(10+5) =(8+6) 15

= (8 15) + (6 15)

= 120 + 90

= 210
Let’slook at the generd agebraic method of finding sucha
product. Suppose we want to find out (x +y) (u + V).
For convenience, let’ sdenotethesumu +v by z. Then

(x+y)(Utv)=(x+y)z
Wealso know that,
(x+y)z=xz+yz

Now let'susethefact that z=u+v. Then

XZ =X(U+V)=xu+xv

yz =yUu+v)=yu+ww

What do we get when we put all these piecestogether?

“ ¥
)‘_.. {
% For al numbersx,y, u,v

T ey V) = xu vy

What doesthismean?

Tofind the product of asum of two numbers by another
sum of two numbers, we have to multiply each number of
thefirst sum by each number of the second sumand add dll
these productstogether.
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So, we have another method of doing our first problem:

(8+6) (10+5)

(8" 10)+ (8" 5)
+(6° 10) + (6 5)

= 80+ 40+ 60+ 30
= 210

How dowefind (2x+y) ~ (3u+ 2v), using our general
principle?

(2x+y) Bu+2v)= (2x” 3u) +(2x" 2v) + (y " 3u) (x- V) (u- V)
2
= 6Xu+ 4xv + 3yu + 2yv

Can'’t you now find these products on your own?
e (ptg)(2m+3n)

o (4x+3y)(2a+ 3)

o (d4a+ 2b) (5c+ 3d) - Y)(u- V)
e (Mm+n)(5a+b)
o (2x+3y) (x+2)
e (3a+2b) (x+2y)

Product of differences

Whatever be the numbersx, y, u, v, positive, negative or

- y)(u-v)

zero, we have
(x+y)(UtV) =Xxu+xv+yu+w
So, thiswill betrueevenif wereplaceyby - y. Thatis,
X+ M) U+Y) =xutxv+ (Y u+yv
Here, what isthe meaning of thex + (- y) ontheleft sde?
We have seen that
(x- y)(u-v)

X+(y) =x-y

in the lesson, Negative Numbers.

What about the meaning of (- y) u, and (- y) vontheright?

RE
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Alternate multiplication
How do we compute 32 x 467
32 °
_46
192
1280
1472
(Usualy, we don't write the 0 in the
second product.)
What is the principle used in this
scheme?
327 46=32" (6+40)
=(32° 6)+(32" 40)
=192 +1280
= 1472

Instead, we can also use the
computation below:

32" 46=(2+30)  (6+40)
= (2" 6)+ (2" 40)
+(30” 6)+ (30" 40)
= 12+ 80 + 180 + 1200
= 1472

As in the usual method, we can write
the products one below another and

add: 12

80
180
1200
1472

The scheme below shows how this
procedure can be smplified:

.
32 46

2 2 H+@B 6 +1=27

@3’ 4)+2:‘1A‘,
|

We have seen that
(-yyu=-yu and(-y) v="-w
So how do we write the product we started with?
X-yY)U+Vv) =xu+xv-yu- w
Similarly, we can seethat
X+y)(Uu-Vv) =xu- xv+yu- w
How about (x- y) (u- v)?
XU+X(EV)+Ey)uty) V)

x-y) -V

XU - XV - yu+ w
Now find these products on your own:

e (X+3y)(2a- b)

e (3x+5y)(Bm- 2n)

o (2r-39(t- u

e (a-hb)(4x- 3y

e (3a- 5b) (2c- d

o (2p+5q) (3r- 49

Square of a sum

Recall that the square of aproduct of two numbersisequal
to the product of the squares of these numbers (see the
section, Square product, of thelesson Square Numbers
inthe Class 7 textbook).

For example,

(5° 22=102=100=25" 4=15" 22
Likethis, isthesquareof asum equd to the sum of squares?
Wehave (5 +2)2=49; but 5>+ 22=29
Let’'sseeif thereisany relation between the square of a

sum and the sum of squares. The square of the sum of two
numbersx andy is(x +y)?, right?

How about writing this as the product (x +y) (x +y) and
then use our rulefor the product of sums?
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(x+y) x+y)
X XN+ N+ N+y Yy

(X +y)?

Here
X“x=xyly=y
Also, weknow that
Xy = yX
So,
(X+YP=xX+xy+xy+y=xX+22y+Yy
So, what’ sthe relation between the square of asum and
the sum of squares?

In agebraiclanguage, we havethefollowing:

For al numbersx andy

(x+ Y2 =+ Y2+ 2
What isitsmeaning in ordinary language?

The sguare of the sum of two numbersisequal tothe

sum of their squaresand twicetheir product.
L et’s see how thishelpsusto compute 101.

1012

(100 + 1)?

1002+ 12+2° 100" 1

10000 + 1+ 200

10201

Now can you compute 201 similarly inyour head?
In generd, we have

(X+1)?=x+ 1+ 2x=x + 2x + 1 for any number x.
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Now can’'t you do these problems?

e Findthesquaresof thefollowing algebraic expres-

sons.

n 22X+ 3y
n X+2

n 2X+1

e Computethe squaresof these numbersmentally.

« 102
202
« 1001
» 2002
« 205
« 103

e Provethatx? +6x+ 9isaperfect squarefor al natural
numbersx. What can you say about its square root?

e Provethatinthesequencel, 2,3, ... of natural num-
bers, 1 added to the product of any two dternate num-
bersisaperfect square.

Difference square

We have found an algebraic expression for the square of
the sum of two numbers. Noelet’ slook at the square of a
difference.

For any two numbersx and y, we have
X-y=x+(y).
So,
-9 = (x+ y)
=X+ (Y 2X(-Y)
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Inthis, wehave

CY2P=CY) Cy=y y=y

2X(-Y)=2(%xy) = -2xy

S0, how do we write (x - y)??

't

For al numbersx andy,
(X- y)P=x+y - 2
dowesay thisin ordinary language?
L et’ ssee how we can use thisto compute 992?
992 = (100 - 1)?
= 10000 + 1 - 200
= 9801
Now’sthetimefor somequestions.

e Findthesquaresof the algebraic expressionsgiven
below:

. 2x- 3y
m X-2
n 2X-1

e Mentaly computethe squares of the numbersgiven
below:

= 98

= 198
= 999
= 1998
= 195
= 97

e Provethatx?- 6x+9 isaperfect squarefor al natu-
ral numbers x. What can you say about its square
root?

L7
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Sum and difference

We have seen generd principlesfor the sumor difference
of two numbersmultiplied by itself (that is, squared). How
about the product of the sum of two numbers by their
difference?

(x+y) x- y) = (x+y) (x+ (-y))
CEV RN GO L) KN VAN (AR CY))

= X-xy+yx-y
= X-xy+xy-y
:X2-y2

Thuswefindthisgenerd rule:

A For al numbersx andy,
Xty - ) =Ry

How dowesay thisin ordinary language?

The product of the sum of two numbers by their
differenceisequa tothedifference of their squares.

Asan example, let’s see how we can use thisto find the
product 45 x 35 easily:

45° 35 = (40+5)" (40- 5)
= 40%- 5
= 1600 - 25
= 1575
Can'tyou easlly find the productsbelow likethis?
e 517 49

e 987 102

e 1027 98

e 73767

178
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Difference of squares

Let’ swriteinreverse, our generd principle on the product
of sumand difference

X -y = (x+y) (X-Y)
Thismeans

Thedifference of the squaresof any two numbersis
equal to the product of their sum and difference.

For example, supposethat the hypotenuse of aright angled
triangleis53 centimetersand thelength of oneshort sdeis
28 centimeters. How do we computethelength of thethird
sde?

By Pythagoras Theorem, the length of the third side
iS\/532 . 2g? , iSN'tit? Aswehave seenjust now,

53%- 282=(53+28) (53- 28)=81" 25
o,
J532. 282 =48l" 25 = g1~ Jo5 =9  5=45
Thusthelength of thethird sdeis45 centimeters.
Now try your hand at these problems:

o Computethefollowinginyour heed:

. 672- 3
. 123- 1222
.2 .2
5 220
" &7y &7p
. 0272- 0.23°

e Thediagond of arectangleis65 centimetersiong and
one of itssidesis 63 centimeters long. What isthe
length of the other sde?

Pythagorean triplets

We have defined a Pythagorean triplet
as three natural numbers such that the
square of one number is the sum of
the squares of the other two, in the
Class 7 textbook.

For example,

F+42=5
and so the three numbers 3,4,5 form a
Pythagorean triplet. A clay tablet from

ancient Babylonia, dated around 2000
BC contains alist of such triplets.

There is a general method to find all
such triplets. Let m, n be any two
natural numbers and let the numbers
X, ¥, Z be computed as follows:

X =mnf- e
y =2m
zZ=mf+ r?
Then we can easily seen that
X2 + y2: Vi
Why does this work? Note that
X2+ y? = (n? - n?)? + (2mn)?
=mt +nt - 20P?+4nen?
=mt +n* + 2n?n?
= (|"n2 +|’|2)2
=7
This was known to Greek mathem-
aticians as early as 300 BC.

79
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e Prove that the difference of the squares of two
consecutive natura numbersisequal totheir sum.

e In how many different ways you can write
15 as the difference of the squares of two natural
numbers?




