-0 | Negative Numbers

A card game

A gameis played with black and white cards. Each player takes
any ten cards and then subtractsthe number of black cardsfrom
the number of white cards. (Remember playing thisgameinthe
lesson Negative Numbersin class7)

For exampl e, suppose one gets 6 white cardsand 4 black cards.

_ Negative temperature
Thenthenumber gotis

We know that the coldest place

6-4=2 on earth is Antarctica and that

_ . _ temperature there is sometimes
What if theSituationisreversed and onegets4 whitecardsand6 = o |ow as - 8%° C

black cards? The number is The coldest place in Indiaisthe

4-6=-2 small town of Dras, inthe Kargil
region of Kashmir.

Now canyou complete thistable?

( White cards Black cards Number )
7 3 7-3=4
5 5
3 7
2 8
Here the temperature some-
1 9 timesis- 60° C.
In our own Keralam aso, high
0 10 places such as Munnar
- ~/  sometimes record negative
temperatures.

What isthelargest number you got?
Andthesmallest?
What isthelargest number possiblein thisgame?

Andthesmallest?
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Absolute zero

We have noted that the coldest
temperature felt on the earth is
- 89° C. The coldest temperaturein the
whole known universe is found at the
“Boomerang nebula’, which is about
500 crore crore (5~ 10%°) kilometers
from the earth. It is - 272.15°C.

This is the lowest temperature
occurring in nature; but lower
temperatures are produced artificially
inlaboratories.

But according to the laws of Physics,
temperature below - 273.15° celsius
just cannot occur. It is called the
absolute zero temperature.
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Negative multiplication

Another gamewith black and white cards. The cardsare
all shuffled and kept face down. Playersdraw onecardin
turn. A white card adds 10 points to the current score,
whileablack card subtracts 5 pointsfrom the score. The
first to get 25 points (should be exactly 25) wins.

After fiverounds, somehold cardslikethis:

(" Name Black White )
Anmu 3 2
Appu 2 3
Ramu 1 4

\ Jamila 4 1 )

Canyoufindtheir scores?
Also find how many points each needsto win.

Ammu first got awhite and then ablack. What was her
scorethen?
10-5=5

Thiscan be put another way: ablack card gives- 5 points
and so Ammu’ sscoreis

10+(-5) = 10- 5=5

Appu got both black inthefirst two draws. Thefirst draw
gave him - 5 points. And then what happened to hisscore
when he drew the next black?

-5-5=-(5+5)=-10
Appu’ sscore can be calculated like thisal so:
(-5)+(-5) =-(5+5=-10
Now wewrite5+5as2 x 5. Likethis, we can also write
2° (-5) = (-5)+(-5)=-10

We have seen that

(-5 +(-5 =-(5+9)
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Now, wecanwritethisas
2" (-5 = -(5+5)=-(2" 5)=-10
So, what isthemeaningof 3~ (- 5)?

3 (-5 = -(3° 5=-15

Some such multiplicationsare given below. Canyou work
them out in your head?

Lo

¢3 (-4 o4 (-3) 2 ?52
Lo Lo

.6’ gegg . 207 gegg e 5 (-0.3)

« 20 (-04) o 9° (-0.)

Two - 5’ smake- 10, right? So, we can say that - 5ishalf
of - 10. In mathematical language,
-10

2 = °°

Halving isthe same as multiplication by % isn'tit? So,
1 4 —
5 (10 = -5

Also, 5 :% " 10. Thuswe canwrite

1 al, 0
= |- = -— 10 =_-
, (10 §2 50
Inthesamefashion,
1 o, 0
= (- = Lo 122=.
3 (-12) &3 5 4
1 &, 6 2
— - = - C- 2; = - —
5 (2= g 575
Now some more problemsto do in your head.
1, 1,
¢ 5 (9 ¢ 3 (3
1. =16 .
° Z 8 25 e 05 (- 03)

All thesewe can condenseinto asingle agebraic satement:

X" (-y) =- (xy), for al positive numbersx andy.

Creation of numberts

Different types of numbers are created
in mathemeatics, according to the needs
of different ages. During the timewhen
men needed numbers only for
counting—the number of people in a
group, the number of cattlein aherd—
natural numbers were enough. But at
a later time when men needed to
measure lengths, areas and volumes,
fractions were crested.

Negative numbers were first used as
a convenient tool in some
computations. In class 7, we have seen
that in ancient China black rods were
used for addition and red rods for
subtraction; also in ancient India,
negative numbers were used to denote
debts in problems related to monetary
transactions.

Brahmagupta used negative numbers
to give general algebraic methods of
solving certain problems. This became
the major use of negative numbers in
later years.

Thus unlike natural numbers and frac-
tions, negative numbersand operations
with them evolved not through red life
problems, but as convenient algebraic
techniques.
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Meaning of operations
For natural numbers, multiplication
means repeated addition. For example,
2°3=3+3
We can givethe same meaning tothe
product of a fraction by a natural
number also. For example,
%

+

wlkF
wlkF
Wl

: 1.
But we cannot define 3 2 as

repeated addition. Here we define

L,
3

, 1
3

(The product of two natural numbers
is the same, whatever be the order of
multiplication, isn't it?)

But a product of two fractions, such

> 2 camot bedefined likethis. Here,
1 1

. 1.1
we define > 3 as > of 3

z : 1 :
(% 2 asogives 3 of 2, doesn't it?).

Similarly, though we can define
2 (- 3) asrepeated addition, this does
not have a meaning for (-2) © 3. We
make a new definition

(2" 3=3"(-2
We have to give yet another definition
for (-2) "~ (- 3).
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Order in multiplication

Weknow that 2 x 3and 3 x 2 both give6; that is, adding
two 3 sor three 2 sgivethesameresult, 6. In mathematica
symbols,

2%x3=3x%x2
Likethis,are2 x (- 3) and (- 3) x 2equal?

Let’ sfirst seewhat each of these means. 2 x (- 3) means
adding two- 3's thatis(- 3) + (- 3). Butwhat is(- 3) x 2?
There is no meaning in saying “minus three 2's added
together”.

We haveto give anew meaning to this operation. Inthe
multiplication of natural numbers, we can take numbersin
any order (for example, 2 x 3 =3 x 2); soin thistype of
productsalso, it isconvenient to havethingsthat way.

So, wedefine (- 3) X 2as- 6; that is
(-3)x2=2%x(-3)=-6
Ingenera, wedefine
(- X) Xy =- (xy), for al positive numbersx, y.

Withthisrule, can’t you do thesein your head?

e (3 4 o (-4 7

e (()°9 e (-5 4
, 16

e (-2’5 o geég 3

els, 1 .
© Suy 7 ° (-05) " 0.2
e (-04)° 03
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Sums and products
How muchis(3" 12) + (7" 12)?

Thereisan easier way than finding the two productsand
then adding, remember? (See the mental arithmetic
problems at the end of the lesson, Shorthand Math in
class7.)

(3" 12)+(7" 12) = (3+7) 12
107 12

= 120

Canyou do theseinyour head likethis?

e (13" 8)+(7°8) o (15" 9+(5" 9

& 10, & 16 g LI
* &I T, & HTE S
Wheat isthegenerd principlethat weusedin all these?
xz+yz=(x+y)zfor al positive numbersx, y, z
Canwedo (3" (-12)) + (7" (- 12)) likethis?
Thismeans, first add - 12 three times and then add - 12

seventimesand finally add these. Instead we can add- 12
tentimesat one stroke, right?

Thatis,
(3" (12)+ (7" (-12) = 3+7) " (-12
=10" (-12)
=-120

. 0,a3. o}
’) — '13;+ - '13;
What about 7 €2 ( )r'a ¢a ( ),z

What does this mean? First find ;11 of - 13, then g of - 13

andfinally add these parts. But that givesthewhole- 13,
right?

Inmath language,
ol 0, a8, 0 &l 30,
€2 (_13)?;82 (—13)5 = SZ+ZE (- 13)
= 17 (-13)
= -13

Negative times Positive

Imagine water flowing into a tank.
Suppose that the water level rises 10
centimeters in every second. We note
the water level at a particular time.
What will be the change in water level
after 2 seconds? It would be
2" 10=20 centimeters above thefirst
mark, right?

What about the water level 2 seconds
before our first observation? It would
have been 20 centimeters below the
first mark.

We can denote “2 seconds before’ by
- 2. Then the change in water level
would be

(-2)"10=-20

And we can say that - 2 centimeters
means 20 centimeters below.
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Negative times Negative

Imagine water flowing out of a tank.
And that the water level falls 10
centimeters every second. We
measure the water level at a particular
time. What would be the change after
2 seconds? It would be 20 centimeters
below our first mark, right? \What about
the water level 2 seconds before? 20
centimeters above the first mark.

Instead of saying that the water level
falls 10 centimeters every second, we
can say that it changes by - 20
centimeters every second. In that case,
the change after 2 seconds is

2~ -10=-20.
That is, 20 centimeters below.

If we denote “2 seconds before” by
- 2 seconds aso, the change in water
level would be

(-2)" (-10)=20
That is, 20 centimeters above.
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Now do thesein your head:

o« (127 ¢-7)+(8" (-7)
o (297 (-2)+ (21" (-2)

2., 0 &b, 0
. g; ('17)E+8; ('17)+ﬂ
Al 0 o 0
* & (Yt 95

e (15 (-9)+(05 (-9)
e (B4 (-7)+ (06" (-7)
e (47 (-019)+(6" (-019)
How do we writein algebra, the general principle used
here?
X(-2)+y(-2) =(x+Yy) (-2 foral pogtive
numbersx, y, z
Another multiplication
What is (6 + (-4)) ~ 5?
6+(-4)=6-4=2,is'tit?So,
(6+(-4) 5=(6-4"5=2"5=10
As before, if we multiply 6 and - 4 separately by 5 and
add, will we get the same answer?

Let'ssee
6°5 =30
(-49°5 =-(4"5=-20
Sothat
(6”5 +(-4°5 =30+-20=30- 20=10

It turnsout right, doesn’'tit?

Thatis,

(6+(-4) 5 =(6"5+(-4" 5

Will thisberight, if wetake- 5instead 5?
Let’'scheck. First let’ s see what we get when we multiply
thesumof 6 and- 4 by - 5:

(6+(-4) (-5 =2" (-5=-10
Now we must check whether thisisequal to(6~ (-5)) +
(-4 (-5).
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Wehaveseenthat 6° (-5)=-(6" 5)=-30
But what isthemeaningof (-4) “ (- 5)?

We cannot define this as repeated addition; nor can we
define the reversed product (-5) *~ (- 4) as repeated
addition.

Sowemust giveanew meaningto(- 5) ~ (- 4).

And this new meaning must besuchthat (6 + (- 4)) * (- 5)
and (6" (-5)) +((-4) " (-5)) areequdl.

We havefound thefirst of these expressionsas
(6+(-4)  (-5=-10

And in the second expression, we have found the first
product

6" (-5 =-30

So, (-4)” (- 5) addedto- 30 should give- 10. For thisto
happen, what should be (- 4) x (- 5)?

Weknow that
-30+20=-10
So, we must define
(-4 (-95=20
Inthesamefashion,
(2" (-3 =686
e lo.,
§25 (972

®16, 216 1
€35 &4 12

In short wedefine,
(-X) " (-y) =xy, for al positive numbersx, y.

Using thiswe can aso seethat

_—2:(—6) S'EB =06 523
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Let’sfind out
e (-2)7 (-9 e (-5 (-9
, 16,
e (1) (D) .« $52° (2
BHEE s
e (-12), (-9 e (-12), (-12
O ST
& 16 .
e (-2), < 35 e -257 -02

Repeated multiplication

What doweget onsmplifying(-3)~ 4” (-5)?
(-3 4" (-5 =(-3 4 (-5

=(-12)" (-9)
Wecanwritethisas
(-3)" (4" (-5) =(-3)" (-20)
=60

What about (- 3)” (-5)° 4? Doityourssf.

Now can't you smplify these?
o (-1)7 27 (-3) e 17 (-2 3
e (2°(3 (4 o DD
o (-1 o (-1)° o (-1)®

Another question:

Using the numbers 3, 4, 5 and their negatives, in how many
different ways can we make the product - 60?
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Negative of negative
What is 3- (-5)?

It means, we haveto find out how muchisto be added to
(- 5) to get 3 (seethe section, Subtraction or additionin
the lesson Negative Numbers of class 7).

Toget 0from- 5, wehaveto add 5. Now to get 3fromO,
we haveto add 3. So, to get 3from- 5, we haveto add 5
and 3.
Thus

3-(-5=3+5=8
What about 0- (-5)?

0- (-5=0+5=5
We write 0 - 5 as-5. So, why not write 0 - (-5) as
- (-57

Thus
-(-5=0-(-5=0+5=5
Smiladly,
- (_]_):]_
elo_1
&35 3

Let’ swritethisin algebra
- (- x) =xall positive numbersx.

The ways of algebra

Wewrite positivenumberssuchas1, 2, 3, . . . without any
sgnand negative numberssuchas- 1,- 2,- 3, .. . withthe
minussign attached.

Similarly in agebra, we have so far denoted positive
numbersusing letterssuch asa, b, x, y without any sign
and negative numbersusing letterswith minussign such as

-a,-b,-x -y.

Negative as product
What is3~ (-1)?
What is(-3) © (-1)?

We can write
(-3)" ((1)=3=-(-3
Thus when we multiply a number,

whether positive or negative, by (- 1),
we get its negative. Thus

(-1) " x=-x, for al numbers x.
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Negative powers

Remember how we computed
guatients of powers in Class 7? For
example,

5]

4
?=45-2=43
42 1 1
2 - 45-2 - 43

Why can't we write: o 42-5= 43

According to our definition of powers,
does 4 2 have any meaning? (What is
the meaning in saying, the product of
- 3 fours?)

Just as we gave a new meaning,
different from repeated multiplication,
to products by negative numbers, so
do we give a new meaning to negative
powers, different from repeated
multiplication.

2

If wewant to get o 42-5= 43 then

1
we should define 4°3 = e In general,

we make the following definition:

for al x* 0 and for all natural
numbers n

1
ani

n

X

Once we have this definition, we can
combine two of the general principles

on the quotients of powers to a single

m

X
principle, namely o = x™" whether

m>norm<n.
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Butin algebra, theusual custom isto denote both positive
and negative numbersby letterswithout signs.

For example, consider the algebraic expression x +y. If
weput x=5andy = 3, we get

X+y = 5+3=8

We can also putx = 5and y = - 3 and then we get
Xx+y = 5+(-3)=5-3=2

How about x=-5and y =- 3. Inthat case,
xty = (-5+(-3)=-8

Inthesamefashion, if inx- y, weput x=>5,y=3, weget
X-y =5-3=2

Andif weputx=5and y=-3inx- y, weget
X-y =5-(-3)=5+3=8

How about x=-5,y=-3?Then
X-y =(-5-(-3)=-5+3=-2

- Xisalso an expression. What doesit mean? The negative

of x.

Suppose in the expression - X, we put x = 2?We get

How about x=-2?
-Xx = -(-2)=2

Thusin agebra, when wewritex without any sign, it may
not be apositive number. And even when wewrite- X, it
may not be anegative number.
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Some algebraic expressions and the values of theletters
used in them are given below. Find the values of the
expressionsin each case:

X |y [X+y y+x| X-y y-X -X-y|-y-X
7 3 10 10 4 -4 -10 -10
7]-3
703
-7 -3
6 6
6 -6
6| 6
-6 -6

General principles

We have seeninClass 7 that the sum of two positive num-
bersremainsthe same, evenif wechangetheorder inwhich
they are added; for example, 3+5=8=5+3.

Do you remember how we stated thisasagenera principle
in the section, Changing order of the lesson, Math
Shorthand of the Class 7 textbook?

X+y=y+x,foral postive numbersx, y.

From thetable above, we seethat thisistruefor negative
numbersaso. So, now we can state thisgenera principle
asfollows

X+y=y+x,foral numbersx,y.

Another general principle given in the section Reverse
Subtraction of the lesson Negative Numbersin Class7,is
this
X-y=-(y- X),for al positive numbersx, y
withx <y.

In this, there are two conditionson x and y: (i) x and y
should be positive numbers (i) x<y. Will thisbetrue even
if these conditionsare not satisfied?

Zero power
We have seen that once negative
powers are defined suitably, we

m

X
would have o = x™ whether

n

m>norm< n.

One question till remains: what if the
exponents are equal? For example,
&
what is — ?
4
Any non-zero number divided by itself
gives 1, right? So,

45
i
Do we get this if we subtract the

exponents?
4° doesn’'t have any meaning, does it?
Let’'s give a new meaning to it also. If

5]

we want ra =45-5=4° then we must

define4° = 1.

In fact we make the following general
definition:
x=1foral x?* 0.
Once we have this definition also, we
need only one general principle for the
division of powers:
"

5 =

X
for adl x* 0 and for all natural
numbers m and n.
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Completethistableand check:

[ x y | x-y | y-x |-y-% |
3| 5 -2 2 -2
5 | 3 2 -2 2
5 | -3
3| -5
-5 | 3
3 | -5
-5 -3
-3 | -5
3.0
0 3
-3/ 0
9| -3 Wy
Thuswefind

X-y=-(y- x) foral numbersx,y.

Some more general principles are given in the lesson
Negative numbersin the Class 7 textbook. For example,

for dl positive numbersx, y
-Xx+x =0
Xty = y-X
x+(y)= x-y
X+ (Y)=-X-y=- (x+y)
X- (-y)= x+y
“X- (Y)=-x+y

All thesearetruefor any kind of numbers (postive, negative
or zero), aren’' t they?

Unification

We have seen that
(X+y) +z=x+(y+ 2 for al positive numbersx, y, z,

| 580
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in the section, When there are three of the chapter
Shorthand Math of the Class 7 textbook.

Isthisalsotruefor al (including negative) numbers?

Completethetable below and check:

(x |y |z [x+y [y+z| x+y)+zx+(y+2))
5 2 4 ]-3 | 6 1 1

5 -2 4

5|2 |-4

5 -2 4

5 -2 -4

52 | -4

-5 -2 -4 )

What do we see from such computations asthese?
(x+y) +z=x+(y+ 2, foral numbersx,y, z

We can see some morethingsfrom this. Since the above
equationistruefor dl numbers, it remainstrueif wereplace
yandzinitby-yand-z Thatis,

X+ (W) + (2 =x+((-y)+(-2)
How dowewritethis, using thefact that adding anumber
isthe same as subtracting itsnegative?

(x-y)-z=x+(-y- 2
Here, we can write-y - zas- (y + 2). What do we get
then?

(x-y)-z=x-(y+2)
We have seen this as a general rule of subtraction in
Class 7. (The section, Differences of differencesin the
lesson Shorthand Math.) Now we see that thisisjust a
specia caseof thegeneral rulethat (x+y) +z=x+(y+2)
for al numbersx, y, z
Try to provethefollowing using thisgenera principle.




Class VIII - Mathematics

e (X-y)tz=x- (y- 2 fordl numbersx,y, z
e (Xt+Yy)-2z=x+(y- 2foral numbersx,y, z

Simplification

Remember how we smplified someagebraic expressons
in the lesson, Language of Math of Class 7?

For example.
X+ (X+1l) =(Xx+x)+1=2x+1

What doesthis mean?

Whatever bethevalueof X, if wecomputex+ (x + 1) and
2x + 1, the values of these expressions would be equal.
Andtheform2x+ lissmpler thanx + (x + 1), isn’'tit?

Canyousmplify 2x - (x+ 1) likethis?

We have seen that
X- (y+2 =(x-y)- zforal numbersx,y, z

S0, we get
2X- (Xx+1) = (2x- x)- 1=x-1
How about (3x+y) - (2x +Y)?
(Bx+y)- (x+y) = (3x+y)- 2x-y

=3X+y-2X-Yy
=(X-29+(-Y)
=X

One more example: how do we smplify (2x + 3y) -
(x- 2y)?
We have seen that

X- (y- 2 =x- y+zfordl numbersx,y, z

Usngthis, wefind
(2x+3y) - (x- 2y) = (2x+3y)- x+2
=2X+3y- xt2y
=2X- X+ 3y+2y
= X+ by
Now try smplifying these:.
o (X+2))- (xty) o (Bxt+2y)-(x-Y)
o (X+y)- (x-Y) o (X-Yy)-(x+y)
o (4x- 3y)- (2x- 5%)
EEN

|60 |




