Around a circle

Draw a circle of any radius you please:

Now draw a square around it as shown below.

2
./

How did you draw the sides?

Next draw a circle and this time, draw an equilateral triangle around
it as shown below.
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Grnwing triang]cs

Can you draw an equilateral triangle
within a circle, as shown below?

(Recall the section Ares, angles and
chords, of the lesson Circles)

We can enlarge this triangle little by
little, as in the case of a square:

|

How long should we make the sides
to get the triangle outside?

Not that easy, 15 1t?

In the picture of the square and in the picture of the tniangle, each
side passes through how many points of the circle?

Let’s look at such relations between lines and circles in detail.
Lines and circles

Have you seen before, instances where a line passes through a
single point on a circle?

Look at this example. We want to draw triangle 4 BC with AB of
length 6 centimetres, AC is of length 3 centimetres and the angle at
Bof20°. (Do you remember a similar problem done in Class 87)

We start by drawing 4B of length 6 centimetres. We want C to be
3 centimetres away from 4; this means C must be a point on the
circle of radius 3, centred at A.

- \
/ N
i :
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| 3cm A | § cm B
\ /
% ¥
\\\\ /
. f_/

What next? Since the angle at B is to be 20°, [et’s draw a line of this
slant through B:




Thus we get two triangles with the given specifications:

Cl
» o ﬂﬁ‘“‘“—a
f’f/f KZTF“M 207 Sliding line
6cm B B
See this picture:
Now suppose we want the angle at 5 to be 30°. N

b

A circle and a line through ifs centre.
Suppose we slide the line up a bit:

N

As we go on sliding the line slowly,
we get a line which passes through
a single point of the circle, right?

A 6 em k2]

And if we make it 40°7
\\
\\\
e
) ,,-"'f pa N \\\

AR 2l
i \ ] 0??\ And the line joining the centre and
II T &om S this final point is perpendicular to all
\ ! these lines:

We see the 20° line cutting the circle at two points; the 40° line has
nothing to do with the circle.

What about the 30° line? It just touches the circle. Such aline is
called a fangent to the circle.

145
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Rotating line

Look at this picture:

A circle, a radius and a slanted line
through its end.

What if we rotate this line a bit, about
the top point?

As we go on rotating slowly, we get
to a stage when the line is
perpendicular to the radius, don’t we?

This line goes through how many
points of the circle?

Now look at this picture:

Among all the lines, only two are tangents to the circle. Which are
they?

Now take a look at the triangles we drew earlier. In the case of two
triangles, the top angle of one of these is greater than a right angle
and in the other, itisless thanarightangle. [s there any relation
between these two angles? See how we got the top vertices of
these ttiangles.

What is the top angle, in the case of a single triangle?

Let’s draw another picture.

—

e I—

How much is ZOQP in this?

Draw some more pictures like this with the angle at P increased to
50°, 60° and so on, by shifting the position of 0. What do you see?

Asthe angle at P increases, the point Q gets closer to P; and APOQ
becomes thinner.



Circle from lines

See this picture of a star made by
six tangents to a circle:

What happens when the angle at P is 90°7

Would this line meet the circle at any other point? If so, the angle at
Q) would also have to be 90°. How can there be two right angles in
atriangle?

by

So, there 15 no other point common to this line and the circle; that is,

L@

itis atangent to the circle.

We can increase the number of
tangentsto 12:

Ak

What general principle do we get from this?

A line drawn through any point of a circle,
And this is a picture drawn by a

perpendicular to the radius through that point, is a 1
computer, using 90 tangents:

tangent to the circle.

Now try drawing the pictures below according to the given
specifications.

3o0°
2 cm
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Namean i.'l I'i‘ll:'_"{lllil‘lg

The word tangent comes from the
Latin root fangere, meaning to touch.

The tan measure used in
trigenometry is also an abbreviation
of the word tangent, right? What is
the connection between this measure
of an angle and a line touching a
circle?

See this picture:

P

If we take the radius of the circle as
1, then the length of the tangent PT
is indeed tan x, isn’t it?

| 20—
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Draw a diameter A8 in a circle. Prove that the tangets at 4 and B
do not intersect.

Theory and application

We saw that we can draw tangents by drawing perpendiculars to
radius. Are all tangents like this? In other words, is every tangent
perpendicular to the radius through the point of contact?

To answer this, first draw a circle and a radius, and thendraw a line
through the end of the radius, not perpendicular to the radius. You
can see that it cuts the circle at another point. What is the position
of this second point? Can you specify it without seeing the whole
circle?

See this picture:




The line through £ is not perpendicular to the radius QF; so we can
draw a perpendicular to this [ine from O.

o]

Now mark R ahead of Q at the same distance from P.

)

Now the triangles OPQ and ORQ are congruent. (Why?) So,
OP = OR. This means the circle passes through R also.




150

Bunch of circles

There’s only one tangent at a
specific point on a circle. But there
are several circles touching a line at
a specific point. See this picture:

These circles all touch one another.
So, their centres are all on the same
line, And the common tangent is
perpendicular to this line.

What did we see here? If a line through 2 is not perpendicular to
the radius OP, then it cuts the circle at another point also; on the
other hand, the tangent at P does not meet the circle at any other
point. So, the tangent at P has to be perpendicular to the radius OP.
Let’s write this as a general principle:
Any tangent to a circle is perpendicular to the radius
through the point of contact.

Let’s look at an application of this.

Draw a circle of radius 2 centimetres and mark a point 6 centimetres

away from its centre.

How do we draw a tangent to the circle, passing through this point?

First let’s draw a rough sketch to see how we go about doing this:

Since what we want is a tangent, the angle at the top should be a
right angle. So, what we want is a right angled triangle with the
bottom line as hypotenuse. But this can be done by drawing a
semicircle, right? (Surely, you haven’t forgotten what you have seen
in the lesson on circles?)

So, let’s get down to the actual business of drawing.

s e
/ Ilfl \
e | P



Joining any point on this semicircle with O and P, we get a right
angled triangle with OP as the hypotenuse. But in the right angled
triangle we need, the third vertex should be a point on the small
circle also. So, we take the point of intersection of this circle and
the newly drawn semicircle.

Our job is done, once we draw the line joining P and 7" But we can
think about another point—won’t we also get a tangent by drawing
a semicircle downwards?

— f \
//
r.1'-. ; <l | P
|II'. |||
\\ /
L ™ /

So, from P, we can draw two tangents.

Not only this, but we can also see from the figure above that the
lines PT and PS are equal. These we can call the length of the
tangents from P. So, the lengths of the tangents to a circle from a
point outside are equal. How do we prove this?

In the figure below, the lengths of the tangents from P to the circle
are P4 and PB.

Another method

Euclid uses another method to draw
tangents to a circle from an external

point:
tP

Join OP and draw another circle with
this length as radius, centred at (.
Draw the perpendicular to OP from
the point where it cuts the original
circle, and extend it to meet the
second circle:

e
\

Join OR and join the point where it
cuts the original circle with P.

This gives the tangent:

Can you prove it is s0? Can you draw
the other tangent from P likewise?
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How to write a proof

We have said much about the
master geometer Euclid and his work
named Elements. (See the section
Circles and triangles, of the lesson
Math Drawing in the Class 7
textbook.)

The method used in this work is to
start from some basic assumptions,
prove some simple facts using these,
and go on to prove more and more
complex theorems using these.
(An online version of this
work is available at http: //
alephQ.clarku.edu/~djoyce/java/
elements/elements.html)

This method is now used not only in
geometry, but in all branches of
mathematics. Even in other sciences,
we can see this method being used
more or less,

Whatever be the way we discover
mathematical theorems, the current
practice is writing proofs the
Euclidean way, giving each
conclusion concisely, each a logical
consequence of the earlier one.

We want to prove that 4 = PB. For this, join £, 4, Btothe center
O ofthe circle.

The line AP 1s atangent at the point 4 on the circle, and the line OA4
is the radius through A4, so that LZOAP =90°.

Thus AOAP isaright angled triangle and so by Pythagoras Theorem,

PA=Jopr* -04*

Likewise, since BP is the tangent to the circle at Band BO s the
radius through B, we have £/ OBP =90° and so from the right angled
triangle OBP, we get
PB= Jop*- 08
Now since 04 and OB are radii of the circle, we have
0d =08

From the three equations above, we get

4= Jop*-04* = Jor'-op* =PB
Let’s write this as a general principle:
From any point outside a circle, we can draw two
tangents; and the lengths of these tangents are equal.
Now try your hand at these problems:

¢ Circles centred at 4 and B cutat P. Prove that if 47 1sa tangent
to the circle centred at B, then BP is tangent to the circle centred
at A.



o Draw the figures below according to the specifications given.

o In the picture below, the radius of the circle is 15 centimetres.
Compute the lengths of the tangents PQ and PR
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» Inthe circle centred at O, the tangents at 4 and B intersect at P.
Prove the following:

e the point P is equidistant from 4 and B
e the line &P bisects the line A8 and the angle APA
o ifthe line OP cuts the line 4B at O, then OQ x OP =#*, where

# is the radius of the circle

e Thecircle in the figure below touches all the three lines.

Corner problem Cer——

In the figure below, the large circle
touches all four sides of the square
and the small circle touches two sides
of the square and the large circle:

Prove that the perimeter of the right angled triangle 1s equal to
the diameter of the circle.

o In the figure below, the lines 4B, BC, CA touch the circle at P,

What is the ratio of the radii of the O, R,
two circles?

Prove that the perimeter of the triangle is 2(4P + BO + CR).



Tangents and angles

Suppose that the tangents to a circle at two points intersect at a
point.

MNear and afar

See this figure:

T P B

As ZAOB becomes larger, ZAPB
becomes smaller; moreover, P
s moves further away from O:

Look at the central angle of the small arc from A4 to B and the angle
between the tangents at P.

3 s Finally what happens when 4B
S becomes a diameter?

T A

B
On the other hand, what happens as

Two angles of the quadrilateral O4PB are right and so their sum is <08 becomes smaller?

180°; this means the sum of the other two angles is also 180°. (What
is the sum of all four angles of a quadrilateral?)

And finally, what happen when 4 and
B coincide?
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What do we see here?

The central angle of the smaller arc between two
points on a circle and the angle between the tangents

af these points are supplementary.

For example, if we are asked to draw two tangents to a circle with
the angle between them equal to 50°, we need only draw tangents

We have discussed the angle 4 the ends of an arc of central angle 130°.
between two chords intersecting

outside a circle in the section Outside
a circle, of the lesson Cireles:

Chord and tangent

What happens if these chords rotate
about O and become tangents?

What is the angle between this chord and the tangents?

In the 1sosceles triangle OA4B, the smaller angles are 25° each.

/ So, ZABP=90° - 25° = 65°.
180 — 3)° ()

S,

-
S
e
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That1s, half of 130°. But this is the angle in the larger segment cut
off by the chord AB.
See this picture:
Unchanging angle
We have seen that angles in the
same segment are equal:

[s this true for all tangents and chords? g Gy 22

Let’s draw a chord and the tangent at one of its ends. \Y

Now what happens as P moves along
the circle to B?

[f we take one angle between the chord and the tangent as x°, then
we can see from the figure below that the central angle of the smaller
arc is 2x. (Can you explain?)

The line XY becomes the tangent at
B; and the angle doesn’t change.

A B

So, the angle made by the chord PQ in the larger segment is also

x°,

157
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Fli p—ﬂ op angles

We have seen that angles in opposite
segments of a circle are
supplementary:

Suppose £ moves along the circle to

O

The angle below 47 is x° and the angle
above AP is (180 — x)°. And this is so
throughout the motion.

Not only this, but we can also see that the larger angle between the
chord and the tangent and the angle in the smaller segment cut off
by the chord are both equal to (180 —x)°.

(180 — x)°

4 P B
Let’s write what we have seen now also as a general principle:

Each angle between a chord and the tangent at one
of its ends in a circle is equal to the angle in the
segment on the other side of the chord.

Using what we have seen about the angle between the tangents, we
can solve our first problem about the equilateral triangle covering a

/\

circle.




Here, the sides of the triangle are tangents to the circle, right? What
1s the angle between two of them? So, then what is the central angle
ofthe arc between them?

Now can’t we draw the triangle? Can we draw nonequilateral
triangles touching the circle like this? Try!

In this, we used the centre of the circle to draw the triangle. Can we
do 1t without using the centre? (Suppose that we have a circle in
which the centre is not marked.)

First let’s see how we can draw a tangent without using the centre.

In the circle shown above, we want to draw the tangent at the point
A. Firstdraw two lines as shown below.

TN
BL
K¢

-.__\ ; g /

A

Now join AC and draw the line PQ through A, making an angle of
50° with AC.

Area prnblt m—solution

If we take the radius of the small
circle as r and the radius of the large
circle as R, then the area of the green
region is w(K> — #?), right?

In the picture, 45 is a tangent to the
small circle and so it is perpendicular
to the radius OC. Since AB is also a
chord of the large circle, we also get
AC = BC (how?) So, from the right
angled triangle OCB, we get R* —#*
=47 =16.

Thus the area of the green region is
seen to be 16w square centimetres.

That this area is also equal to the area
of the circle with diameter AB, is
another point of interest:

8 cm
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Unchanging relation

See this picture:

|

=8

=l

We know that AP x PB=CP x PD.

What if the bottom line turns to
become the tangent at C?

- ____:.:_:-‘-H-' -Hr__.

PD and PC become the same; and
the relation between lengths becomes
AP x PB=(CP?

Suppose now the top line also turns
to become the tangent at 4:

The relation becomes, P4* = PC?
that is PA = PC .

We have already seen that the
lengths of the tangents from a point
are equal, haven’t we?

\/jy/

P Q2
Thisisthe tangentat 4, isn’t it?

Can’t we take any angle instead of 50° here?

Using the theorem about the angle between chord and tangent, we
can form another general principle:

See this picture:

M\
NN

Join AC and BC. Taking ZBCP = x°, we also get £BAC =x°.

P

That is, the angle at 4 in AAPC and the angle at C of ABPC are
equal. Also, the angle at P is the same for both triangles. So, their
third angles must also be equal. This means the pairs of sides
opposite equal angles must have the same ratio. By a proper choice
of such pairs, we get

PA PC

PC PB
We can rewrite this as

PAx PBR=PC?



Now try these problems on your own:

e Draw acircle of radius 3 centimetres and draw a thombus with

one angle 40°, all four sides touching the circle. ) )
Cornerp roblem—solution

e Draw acircle of radius 4 centimetres and draw aregular pentagon

) L. . . Let’s take the radius of the large
with all its sides touching the circle. 2

circle as R. Drawing perpendiculars
o Prove that in any circle, the tangents at two points make equal ~ from its centre to the sides of the
angles with the chord joining the points of contact. square gives the figure below:

o [nthe figure below, all the vertices of the small triangle are on the D c
circle and all the sides of the larger triangle touch the circle at

these points.

We can do this with the small circle
also. Let’s take its radius as r. To see
things clearly, we show below an
enlarged view of a portion of the
o In the picture below, PO, RS, TU aretangentsto thecircleat 4,  figure:

B C
N i 0

Find all angles of the small triangle.

M

If we compute the length of OA from
the two pictures, we get

«/ER:\Er+r+R

How many pairs of equal angles are there in it? From this we get

5

LA
R

=
+
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Radius of the incircle

We can compute the radius of the
incircle of a triangle from the lengths
of its sides. See this picture:

By joining the incentre with the three
vertices of the triangle, we can divide
the triangle into three smaller ones.
The area of our triangle is the sum
of the areas of these small triangles.

Now look at this picture:

. |

X
i
a

If we denote the inradius by # and
the length of the bottom side of the
triangle by a, the area of the small

triangle at the bottom is %ar.

Similarly, if the lengths of the other
two sides are denoted b and ¢, the
areas of the other two small triangles

can be found as %br and %cr.
So, the area of our original triangle is
%(a + b + ¢)r. So, the area of the

triangle divided by halfthe perimeter
gives the inradius.

[nnercircle

We have seen how we can draw a triangle with its sides touching a
circle. Now let’s see how we can draw a circle touching the sides
ofatriangle.

The circle should touch all three sides of the triangle. We can draw
several circles touching a single side, what about circles touchinga
pair of sides?

In the picture, the radii are perpendicular to the pair of sides . In
other words, the centre of the circle must be equidistant from these
sides. So, it must be on the bisector of the angle between these
sides (the section, Equidistant bisector of the lesson Congruent
triangles in the Class 8 textbook)

We can draw a circle touching the two sides, centred at any point
on the angle bisector.

The circle we seck must touch the third side also. What do we do
to get it?



By taking points on the bisector of the angle between the bottom
and right sides of the triangle as centres, we can draw circles touching
these two sides.

So, how about taking the point on both these two angle bisectors?
That 1s, the point of intersection of these bisectors.

From this point, the distances to all three sides are equal, right? So,
what about the circle with this length as radius, centred on this point?

This circle is called the incircle of the triangle.

We can note another fact here. Since the incircle touches the left
and right sides ofthe triangle, the perpendicular distances from these
sides to the centre of the circle are equal; this means the incentre is
the bisector of the angle between these sides also.

Quadrilateral and circle

See this picture:

A

The quadrilateral ABCD has an
incircle. £ O, R, § are the feet of
the perpendiculars from its centre
to the sides of the quadrilateral.

Using the fact that tangents intersect
at a point equidistant from the points
of contact, we can mark lengths as
below:

From this, we can see that
AB+CD=a+b+c+d=A4AD + BC

That is, if a quadrilateral has an
incircle, then the sums of its opposite
sides are equal.

On the other hand, we can prove that
any quadrilateral with the sums of the
opposite sides equal, has an incircle

(Try it!)
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A And this is true for any triangle, isn’tit?
= ot 2 2 3 i {3 [y = rle hicartors ' als
H Circumcircle and incircle in any triangie, the ingie isectors meel al a point.

We can draw a circumeircle and an ~ [Now some problems for you:

ViGN ;
,  incircle for any triangle. But when | 1., 4 triangle of sides 4, 5, 6 centimetres and draw its incircle.
. we come to quadrilaterals, some may

] have neither, seme may have one and e Drawan equﬂatera]. tI‘JaIlgle of sides 6 centimetres and draw its
“_ not the other, and some may have incircle and circumeircle.

; both: . ) . . .

S » Provethatinan equilateral triangle, the circumcentre and incentre
10 i ; are the same. What is the ratio of the circumradius and inradius?

s Draw a square of sides 5 centimetres and draw 1ts circumcircle
. --~\ and incircle.

o Draw the figure below according to the given specifications:

A7 WY

We have seen that in a quadrilateral
which has a circumeircle, the sum
of the opposite angles is 180°. In

other words, both pairs of opposite  , Find different methods of drawing line segments of lengths
angles have the same sum: J3.3.5 using the following ideas:

l]':'-.zjc';:L

D c
s Pythagoras Theorem
x » Theorems on chords of circles
i s Theorems on tangents to circles

LA+ LC=2B + 2D

What about quadrilaterals which
have incircles? Both pairs of opposite
sides have equal sum:
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