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Pictures and numbers

Seethepicture below.

We have drawn such pictures in Class 9 (see the section Drawino
Polygons, of the lesson Potygons).

How do you make a copy ofthis picture?

First draw a 10 centimetre square; then draw lines across and down,

I centimetre apart, and thus dMde it into small squares. What next?

Let's first draw the rhombus at the top. For this, we must mark its
four vertices. Where do we put the left vertex?

It is at a point where a line across and a line down meet.Which
lines?

Rows andcolumns

From things arranged in rows and
columns, how do we indicate a thing
at a specific position? For example,
from the books in a shelf, we can say
that the one we want is, "the one in
the third row from the bottom, fifth
fromthe left", or something similar.

See this picture:

How do we indicate the position of
the red dot in this?

We can say, "the dot in the second
row from the bottom, fourth from the
Ieft". Any other ways of specifoing
this position?
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: A table consists of cells arranged ineu rows and columns. How do wet0 specis a certain cell?

Aren't you familiar with spreadsheet
programs such as Open Office
Calc? How do you specifi' cells in a
spreadsheet?
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The rows of the table are indicated
by the numbers 1,2,3 ,.. on the left,
running from the top to the bottom;
and the columns are indicated by the
letters A, B, C, ... at the top, running
left to right. Using these two, we can

specit/ any cell.

For example, in the picture above, the
number 100 is in the cellF6.

The line 4 centimetres to the right from the left ofthe large square
and the line 8 centimefes up from its bottom.
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Similarly, we can specifythepositions ofthe othervertices, interms
ofthe distances from the left and the boffom ofthe large square.
For convenience of reference, let's write these numbers alongside
thepoints.
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Now we can draw the rhombus. Moreover, we can easily tell the
others where to draw it.

Likewise, how do we specit/ the vertices of the trapezium in the
firstpicture?

Its bottom-left comer is on the left line itself. Let's indicate this line
and the boffom line ofthe square as 0 (Why?)
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So, how do we write the bottom-left vertex of our toapezium? What
about its other vertices?

What numbers give the vertices ofthe triangle in the picture?
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Chess positions

Have you noticed how the positions
on the board are specified in
descriptions of chess matches?

abcdefgh

The rows are named with numbers
and the columns with letters, as

shown above.

Now see this picture:
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Nowmake anewgrid like this and drawthe figures listed below;
also indicate the positions oftheir vertices using numbers as done
above:

. anon-isoscelestriangle

. a parallelogram which is not a rhombus

. anon-isoscelestrapezium

. apentagon

. ahexagon

More on numbers and pictures

From the middle ofa rectangle 8 centimetres wide and 4 centimetres

high, we want to cut out a rectangle 4 centimetres wide and2
centimefeshigh.

o

The position ofthe White King is e1

and the position ofthe Black King is
e3. The Black Rook is at aL

8cm

( Coordinates ))
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s There's a simple program called
l0 KTurtte in Gnu/Linux which helps us

to draw geometrical shapes with a
computer. It is done by specifl,ing
positions on the screen in terms of
numbers.

*IF'!*Fts@8
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The left pane in the picture shows
the code used to draw the picture in
the right pane.

With a little effort. complex diagrams

can also be drawn with it.

o
al

8cm

We first mark the vertices of the rectangle to be cut out in the large
rectangle.

Since the small rectangle is to be right in the middle ofthe large
rectangle, its left and right sides must be at the same distance from
the left and right sides of the large rectangle; the same goes for the
top andbottom sides.

Atwhatdistance?

Let's mark distances along the left and bottom lines ofthe large
rectangles, one centime tre apart.

Nowhowdo we markthe bottom-left comer oftherectangle to be
cutoff?

0123456

We can mark the other vertices also like this.
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(2, 3) (6, 3)

(2. l) (6, l)

01234s678
Now we can draw the rectangle and cut it out.

We can think about this in a slightly different way. The left and right
sides ofthe rectangle to be cut out are 2 centimetres to the left and

right ofthe centre ofthe large rectangle; its top and bottom are 1

centimetre up and downthis point.

8cm

To specifi'the vertices ofthe small rectangle inthis manner, let's

draw apair of lines across and down the large rectangle, through its

centre. To distinguish between left-right and up-down directions,
we write distancestowards the leftand distances downas negative

numbers. (Remember how we marked the positions of numbers on

thenumberline?)

How do we specifr with respect to these lines, the vertices ofthe
rectangle to be cut out?

Typesetting

Computers are now extensively used

in typesetting-that is, the design of
pages to be printed, specifying where
in the page each letter or picture
should be placed.

A language used for this purpose is
PostScript. It uses numbers to
sPeci$'the various locations in a
printed page.

Let's look at an example. Use some
text editor such as gedit in Gnu/
Linux and type the lines below:
newpath

20 20 moveto

40 20lineto

40 40lheto
20 40 lineto

closepath

fi[
showpage

This is a sample of the PostScript
language. To see what has been
drawn, we can use a program such
as gv. Save the file as test.ps and
then run the command

gv test.ps
in a terminal. A smalt black square
at the bottom left of a white screen
will be displayed.
The number pairs used in this code
are all distances from the left and
bottom sides of the page. Distances
are measured in point, which is the
usual unit in printing. One point is
about 0.03 5 centimetres.
In most DTP applications, PostScript
works invisibly in the background.

o

o

lcm H
I

2cm
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( Coordinates !!
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Colours andnumbers

ln a computer, not only positions on
the screen, but the colours used are
also specified by numbers. Various
colours are produced by mixing
different amounts of the basic
colours red, green and blue.

This can be easily understood using
the application Gcolor2 in CNU/
Linux.

Now write the points to be marked for cutting out the figures shown
below, usingmeasurements fromthe centre oftherectangle, as done
inthe last example above.

ffi'l\v
a ts*r#rs 

:

By first clicking on the tool I f, ; and

then clicking on any part of the
screen, we get the RGB values of
the colour at that point.

o

(-2. r) (2,

-3 -l I 3

(-2, l) (2. r)

8cm

8cm



Positions and numbers

We have seen some examples of howthepositionsofcertainpoints
in a plane can be specified by means of a pair of numbers. What
does each pair of numbers represent?

The distances ofthe point fromapair ofperpendicularlines, right?

Seethe figrne below:

7 -6-5 -4-3 2-1 12 3 4 5 6 7

J
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A pair of perpendicular lines, with distances from the point of
intersection marked along each. Positive and negative numbers are

used, to distinguish between right-left and up-down directions. The

markings need not be 1 centimetre apart; the only requirement is

that the distance between adjacent points should be the same

throughout. In other words, we can use any unit for measuring

distance. (We can think of these as two number lines drawn
perpendicular to each other and sharing a common zero.)

Usingthe distances fromthese lines, we can speci$ranypointinthe

plane.

A bit of history

The technique of specifying the
positions of points using numbers was
used as early as the second century
BC by the Greek mathematician
Appollonius, in his solution of certain
geometric problems. These numbers
were the distances ofthe points from
some fixed lines.

In the eleventh century AD, the
Persian mathematician and poet,
Omar Khayyam used the method of
representing number pairs as points
to convert certain algebraic problems
to geometry.

This relation between geometry and
algebra developed as a definite
branch of mathematics after the
French mathematician and
philosopher, Ren'e Descartes
published his "Geometry", in the
seventeenth century. 
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What are the humber pairs of the po ints A, B, C, D, E 2

Take A. Drawperpendiculars fromAto the reference lines.

The perpendicular to the horizontal line meets it at the point marked
3, andtheperpendicularto the vertical line meets atthe point 4. So,
as before, we can denote the pointl bythe pair (3, 4) ofnumbers.

t2 3 4 s
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12 3 45 6 7

The perpendicular to the vertical line meets it exactly at the middle

of I and 2. So, we can write B ur 10. ; )

In the same way, we can also denote the remaining points C, D and

Ebynumberpairs.

Dividingthe Earth

We use latitudes and longitudes to
locate places on the earth. What is

their meaning?

First let's see how we place a grid
over the earth, as we did on squares

and rectangles.

The earth rotates; and in anyrotating
sphere, there are two points which
don't move. These are the poles and
the line joing them is the axis of
rotation. By a great circle on a
sphere, we mean a circle on the
sphere with the same centre as that
of the sphere. The great circle on the

earth equidistant from the poles is
the equator. Other circles on the
earth parallel to the equator are the
lines of latitudes. Creat circles
through the poles are the lipes of
longitudes (also called meridians).
Ofthese, the one that passes through
Creenwhich viltage in England is the
prime meridian.

ffiffi
Thus we can imagine the grid of
latitudes and longitudes covering the
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Thus, using apairoflineperpendicularto each otherand a suitable

unit for measuring length, we can denote every point in a plane by
means ofpairs of numbers.
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earth:

({ Coordinates }
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T We sawhowthe earth is divided intoI
: cells by the latitudes and the

: longitudes. We use this to indicate any
3 position on the earth.
t0

Forthis, we fust suppose a linejoining
the centre of the earth with a point
ofintersection ofthe equator and the
Greenwhich meridian. For this point
to move to another latitude, it must
move north or south; and so the line
joining the point to the centre of the
earth must move up or downthrough
a certain angle. The latitudes are
specified in terms of these angles
(and also the adjectives north or
south). On the other hand, what if
our original point is to move to
another longitude? It must move east
orwest; andthe line should move left
or right through a certain angle. These

angles are the labels for the
longitudes.

We can specify any position on earth
using these angles.

The two reference lines are called rhe axes of coordinates;the
horizontal line is called the x- axis and,thevertical line is called the
y - ax i s . The x - ax i s usually named XX and, the y - ax i s, yy . Their
point of intersection is called the origin and is usually named O.

we have seen the practice of drawing perpendiculars from a point
to the coordinate axes, to indicate its position. The pair ofnumbers
thus got are called the coordinates ofthe point; the first number is
called the x-coordinate and the second number is called the
y-coordinate.

Y

For example, in the figure above, the x-coordinate of the point p is

-3 and they-coordinate is2.

Now someproblems:

. What is the speciality of the y-coordinates of points on the
x-axis?

. What is the speciality of the x-coordinates of points on the
y-axis2

. What are the coordinates ofthe origin?

P(-3,2) ..



. Find the coordinates ofthe other three vertices ofthe rectangle

inthefigurebelow.

The unit of length used in this j centimetres. What is actual

width and height of this rectangle?

In the figure below, ABCD is a rectangle with the origin O as its
centre and sides parallel to the axes.

In$tea.g Of, using:t.he;::diitani_d-Eifrom,;,,,,,,,i

two ferpendicular lines to specifli
positions of points, we can use the
distatiCE fiirin a ;fixed,p,oint, 6ri6.,,1tre',ii'.. .

angle made with a fixed tine.

F,ol,tF,take. a p..gmog{:.4.linerl r::.::1.:,

thioEghit:

:

-

OA

No,qfb, 
l, ..''9 jpoint.P,:'in prar.i:

we Can specit, its position by means
ofthe length OP andthe angle POA.

X

What are the coordinates of B, C, D ?
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A little trigonometry

We draw a circle of radius r centred

at the origin, and take a point P on it,
as shown blelow:

Taking IPOX = t, what are the
coordinates of P?

Drawing the perpendicul ar P M fr om

P to the x-axis, we get the right angled

hiangle POM.

What are the coordinates of the points I
below?

and B inthe figure

With the axes of coordinates chosen along two adjacent sides

of a rectangle, two opposite vertices have coordinates (0, 0)
and(4,3) . What are the coordinates ofthe other two vertices?

XXX

From the figure, we see thal

,OM=rcost. PM=rs\nt

This means the coordinates of P are

(r cos /, r sin f).

What if ZPOX:is a right angle or
larger?

lnthe figure below,ABCD is a square. Findthe coordinates of

Y

:\P
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Parallels

We noted that all points on the x-axis have theiry-coordinate 0; on
the otherhand allpoints withtheiry-coordinate 0 are onthex-axis.
In otherwords, thex-axis canbe described as the collection ofall
points whose coordinates are ofthe form (x, 0).

Likewise, they-axis isthe collectionofallpoints ofthe form (0,y).

(-3, 0) (-2,0) (-1, 0)

(0,

o) (1, o) (2, o) (3, o)

(0, -2

(0, -3)

What if we take some other number instead of 0? For example,
what about points ofthe form (x, 2)? Allthese are at a distance 2
(with respect to the unit of length chosen) from the x-axis. So, all
these are on the line parallel to the x- axis, at a distance 2 from it.

It can be directly seen from the figure
itself that the x-coordinate of P is
r cos( I 80 - /) and its y-coordinate is

r sin(180 - r).

Also, / is an angle between 90 and
I 80, and we have defined

cos (180 - /) = -cos /

sin(180-l)=sinr

in the lesson Trigonometry. So, here

also, the coordinates of P are
(+cos /, +sin l)

Some more trigonometry

See this figure:

P

v

{
o

( Coordinates ))
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tigonometry through circles
See this figure:

Here we can see that the coordinates
of P are (-r cos u, -r sin a); also
Lt = t - 180. So, if we define, cos
(180 + u) = -cos u and sin(l80 + z)
= -sin u,then the coordinates of P
would be (r cos (180 + z), r sin (180
+ u)); and thus the coordinates of P
would be (r cos t, r sin/) in this case

also.

What about the figure below?

Here, the coordinates of P ate
(r cos 4 -r sin v) and v = 360 - t.
So, ifwe define cos(360 - y): cos y

and sin(360 - v) = -siny, then
the cordinates of P would be

(r cos t, r sin /) in this case also.

In short, we extend the definitions of
sin r and cos / in such a way that the
coordinates ofP on the circle centred

at O with radius r is (r cos l, r sin t),
where I is the central angle of the

arc from the x-axis to P, however
large / be.

And all points withy-coordinate2 are on this line.

What about the collection of points of the form (2,y)?

ffi0

ln short, whatever number we take, the collection of all points of
the form (x, a) is the line parallel to the x-axis, at a distance a from
it; and the collection ofall points ofthe form (a,y) is the line parallel
to they-axis, at a distance a from it.

ln one sense, all these are number lines. We use labels like (x, a) or
(a, y) to denote the points instead of single numbers like x ory.

So then, a question: what's the distance between (1, 2) and(3,2)?

What about the distance between (I,2) and (-3,2)?

As in a number line, we need only subtract the smaller x-coordinate
fromthe largea right?

In short, to find the distance between (*u a) and (x,a), we need
only subtract the smaller of x, x, from the larger; in algebraic

language, the distance is lx, -x, | .

Similarly, to find the distance between (c, ! r) and (4, !z),we need
only subtract the smaller of !1,!2, from the larger; in algebraic

language, the distance ir ly, - y, 
I .



Without circles

What is the sin and cos of the angle
I in the figure below?

Wb can imagine a circle through
(1, -2),centred at the origin:

1 cm.

In the figure, the sides ofthe rectangl e ABCD and P QRS arc parallel

to the axes. Find the coordinates ofthe vertices ofall the rectangles

init.

Rectangles

Lookatthis figure:

We want to draw a rectangle like this, with sides parallel to the
axes. What should be the coordinates ofthe other three vertices?

Allpoints onthe bottom side ofthe rectangle wouldbe ofthe form
(x,2) (why?) Among these, the bottom-right comer ofthe rectangle

is 6 units away from (l,2). So, what are its coordinates?

o

c.i

XX

X

We can see from the figure that the
radius of the circle must be

Jl'+2' =Jt
So,bydefinition

l2
COS/= /; Sint=- r_v5 {5

t{ \.1

o
2/

-2)(1,
Y

( Coorc'linates ))
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M We saw how the trigonometric

; measures of angles of any size are

; defined. How do we find them for

, angles larger than l80o?

C First we draw a line through the

S origin, making this angle with the

10 J-axrs:

Likewise, what can we say about the general form ofthe points on
the left side ofthe rectangle? Among these, what are the coordinates

ofthe top-left comer ofthe rectangle?
Y

Finally, what about the fourth vertex?

We can think along different lines. Since this point is on the right
side ofthe rect'angle, itsx-coordinate is 7 (why?) and since it is on
the top side ofthe rectangle also, itsy-coordinate is 5.

(What are the other ways of getting this?)

Some rectangles are shown below. The width and height of each is

shown; also the coordinate of one vertex with respect to a pair of
axes (not shown) parallel to the sides. Find the coordinates ofthe
othervertices.

We then choose a point on

and find its coordinates
distance from the origin:

this line
and its

Then by defurition,

xy
cos/= - sin/= -rr

Wb can also see that

Thus to find the tan measure, we
need only the coordinates.

v
tant= -x



(2, r)

5

Now look at this rectangle;

(6, 5)

(1,3)

It also has its axes parallel to the axes of coordinates. Canyou find
out the coordinates ofthe other vertices?

First let's consider the bottom-right corner. This vertex is on the
right side ofthe rectangle; this side is parallel to they-axis; one
point on it is (6, 5). So, the x-coordinate of the point we seek is

also 6.

What about the y-coordinate ?

The bottom side is parallel to the x-axis and a point on it is ( I , 3).

So, they-coordinate ofthe bottom-right vertex is also 3.

(6, 5)

(1. l)
Similarly, can't we find the top-left vertex also?

(1,5) (6, s)

(1. 3) (6. 3)

Now what are the lengths ofthe sides ofthis rectangle?

Here's another rectangle with sides parallel to the axes:

(4, -r)

Can you find the other vertices? And the lengths of sides?

Can we have a rectangle with any two given points as opposite
vertices and sides parallel to the axes?

Lines andpoints

Can you say how much angle r is in
the figure below?

By what we have seen earlier,

I
tant= - =l

l

So,

t=45"

We would get the same angle, if we
take (2,2) instead of (1, l), isn't it
so? How about (3, 3)?

So what do we see here? The points
( l, t), (2,2),(3, 3), . . . are all on the
same line.

Have we seen this before? Take
another look at the section, Geometry
of arithmetic sequence in the lesson,
Arithmetic Sequences.

( Coordinates
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(−2, 3)

(6, 5)

(−2, 3)

(6, 5)(−2, 5)

(6, 3)

(−2, 3)

(6, 1)

(−2, 3)

(6, 1)(−2, 1)

(6, 3)

Another lineAnother lineAnother lineAnother lineAnother line

Can you compute tan t in the figure
above?

Suppose we extend this line.

Can you say the coordinates of a few
more points on this line?

The line joining these points should not be parallel to either axis,
anyhow; that is, their x-coordinates should be different and so must
be their y-coordinates.
For example, let’s take (−2, 3) and (6, 5). What are the positions
of these points?

What are the other vertices of the rectangle?

How about (−2, 3) and (6, 1)?

The coordinates of some pairs of points are given below. Without
drawing the axes of coordinates, mark these points with the left-
right, up-down positions correct. Draw rectangles with these as
opposite vertices. Find the coordinates of the other two vertices
and the lengths of the sides of these rectangles:

• (3, 5), (7, 8) • (−3, 5), (−7, 1)

• (6, 2), (5, 4) • (−1, −2), (−5, -4)

(1, 2)

t

O

(1, 2)

t
O




