1| Arithmetic Sequences

Figure it out

Look at these figures:

JANWAY/

How many matchsticks are used in each?

How many matchsticks do we need to make the next figure in this
pattern? (See the section Matchstick math, of the lesson Letter

Math in the Class 6 textbook)

Now look at these:

How many sticks are used in each?

How many sticks do we need to make the next figure?

A game

This is a game for two. One of the
players begins by saying aloud a
number less than or equal to ten. The
second player adds to this, a number
less than or equal to ten. Then the
first player makes it still larger by
adding a number less than or equal
to ten. The first to reach hundred
wins.

For example, if the first player says
6, the second can make it 16, at the
most. If he actually makes it 16, the
first player can take it upto 26.

There is a scheme by which the first
player can win. What are the
numbers he should say to make sure
that he wins? (Think backwards
from 100)



Can you find out the number of matchsticks in each figure of the
pattern below and also how many we need to make the next one?

Circle division

If we choose any two points on a
circle and join them with a line, it
divides the circle into two parts:

»

If we choose three points instead and
join them with lines, they divide the
circle into four parts:

What if choose four points and join
every pair?

Numbers in order

Let’s write down in order, the number of matchsticks used in each
pattern above.

In the first pattern of triangles, we have

3,5,7,9,..

In the second pattern of squares,
How many parts do you expect to

get by joining six points? Check your
guess by drawing a picture.

4,7,10,13, ...



What about the last pattern of triangles?
3,9,21,45, ...

A collection of numbers as in these examples, written in order as
the first, second, third and so on according to a definite rule, is
called a number sequence.

Let’s look at some more instances of such sequences:

¢ Suppose we deposit 1000 rupees in a bank and that we get
simple interest at 6% annually. What would be the amount at
the beginning of each year?

At the beginning of the first year, it 1s 1000 rupees. At the
beginning of the second year, it becomes 1060 rupees. At the
beginning of the third year, it becomes 1120 rupees. And this
goes on, right?

That is, we get the sequence
1000, 1060, 1120, 1180, ...
What if the interest is compounded annually?
We get the sequence
1000, 1060, 1124, 1191, ...
instead.

¢ We know that the speed of an object falling towards the earth
increases every second by 9.8m/s. In other words, for an object
dropped from a height, the speed is 9.8 m/s after the first second,
19.6 m/s after the second second, 29.4 m/s after the third second
and so on. Thus the sequence of numbers we get here is

0.8,19.6,294, ...

What about the total distance this object travels after cach
second?

It changes according to the equation, s = 4.9, So, the total
distance in metres that this object travels in one second, two
seconds, three seconds and so on gives the sequence

4.9,19.6,44.1, ...

Different kinds of sequences

The word sequence in ordinary
language means things occurring one
after another, in a definite order. In
mathematics, we use this word to
denote mathematical objects placed
as the first, second, third and so on.
The objects thus ordered need not
always be numbers.

For example, we can have a
sequence of polygons as given below:

Or a sequence of polynomials as

T4x, 14X 1+, ...

The arrangements of words of a
language in alphabetical order is also
a sequence.
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Number sequences arise in any
number of ways. For example, the
digits in the decimal representation of

7 in order, gives the sequence

S iy K Ll

There is no simple way to find the
number occuring at a specific position
in this sequence.

In some sequences, the numbers
repeat. For example, the digits in the

5 o 10 :
decimal representation of 17 Written
in order are

0.9,0,9, ...

If we write out in order the last digits
of the powers 2, 2%, 2°, ...we get the
sequence

2,4,8,6,2,4,8,6, ...

o A tank contains 1000 litres of water and it flows out at the rate
of 5 litres per minute. So after one minute, the tank would contain
995 litres, after two minutes, 990 litres and so on. Here, we get
the sequence

1000, 995, 990, 985, ...

Now write down the number sequences got in the instances
described below:

o The perimeters of squares with each side of length 1 centimetre,
2 centimetres, 3 centimetres and so on. Also, the areas of these
squares.

o The sum ofthe interior angles of polygons of sides 3, 4, 5 and so
on. And the sum of their exterior angles.

e Multiples of 3
Numbers which leave a remainder | on dividing by 3
Numbers which leave a remainder 2 on dividing by 3

¢ Natural numbers which end in 1 or 6, written in order. Can you

describe this sequence in any other way?
Add and go forth
We have seen so many sequences now. Let’s have a look at them
all together:
e 3,57.9,..

4,7,10,13, ..

3,9,21,45, .

1000, 1060, 1120, 1180, ...

1000, 1060,1124, 1191, ...

0.8,19.6,29.4,39.2, ...

e 49,19.6,44.1,78.4, ...

1000, 995,990, 985, ...

e 4,8,12,16, ..

e 1,4,9 16, ...



= 180,360, 540,720, ...
s 360,360,360, 360, ...
3,69 12,..
o 1,4,7,10,..
e 2,58 11,..

e« 1,6,11,16,..

The sequence 3, 5,7, 9, . .. is got from the first matchstick problem.
Here we need 3 sticks to make the first triangle and to make each
new triangle, we need 2 more sticks. Thus we add 2 to 3, again add
2 to this sum and so on, to get the numbers in the sequence 3, 5,7,
9,...

What about the second sequence? When we make squares with
matchsticks, we need 4 sticks for the first square and for each new
square, we need 3 more sticks. Thus we start with 4 and add 3
repeatedly to get the sequence 4,7, 10, 13, .. .

Now look at the next sequence in our list. We need 3 sticks for the
first triangle. To make a triangle on each of its sides, we need 3 x 2
=6 more sticks; 3 + 6 =9 sticks inall. Next to make a triangle on
each side of this bigger triangle, we need 3 x 4 = 12 more sticks;
which means a total of 9+ 12=21. Thus in this sequence, we start
with 3 and continue by first adding 6, then 12, then 24 and so on.

A sequence which starts with any number and
proceeds by the addition of one number again and
again, is called an arithmetic sequence or an

arithmetic progression.

So, the first two sequences in our list are arithmetic sequences; the
third is not.

Now look at the sequence 1000, 995,990, . .. Here, the numbers
progressively decrease by 5.

Subtracting 5 can also be described as adding -5, right? So, we
can say that the numbers in this sequence are got by adding -5
again and again. Thus it is also an arithmetic sequence.

What about the sequence 360, 360, 360, . ..
exterior angles of polygons of increasing number of sides? Here we
can say that each number is got by adding 0 repeatedly to 360. So,
itis also an arithmetic sequence.

, got as the sum of the

N:lttl ral num I.'l CI 5C qu ICnCces

Some mathematicians have got
together to collect sequences of
natural numbers arising in various
contexts and put them in the Net. The
result is The Online Encyclopedia of
Integer Sequences available at
http://oeisf.org. It contains about
175,000 sequences.

At the web-page www.research,
att.com/~njas/sequences/index.html,
we can enter a few natural numbers
and get several sequences containing
these numbers in the same order, and
short descriptions of how these
sequences arise.

Forexample, entering 1,2,3,4, 5,7,
we get 455 different sequences
containing these numbers in this
order. Some of them are:

w B 3 U o A S O SR T AR
Powers of primes in ascending
order

o 1230405 T80 d0.12,14,.. . .
Natural numbers which give a
prime on multiplying by 6 and
subtracting |

e 1,2,3,4,57,8.9,10,11, 13, ...
Numbers which do not have two

consecutive natural numbers
(other than 1) as factors

11
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Parallel progression

The vertical lines in the picture are
equaily spaced. Can you prove that
their heights are in arithmetic
sequence?

Draw perpendiculars as in the picture
below:

The small right angled triangles got
thus are all congruent. (Why?) So,
their vertical sides are equal. That is,
in the first picture, the heights of
adjacent vertical lines increase by the
same amount. This means the heights
of these lines are in arithmetic
sequence.

Suppose instead of vertical lines, we
draw slanted lines making the same
angle: e

Are their lengths also in arithmetic
sequence?

Now check which of the sequences in our list above are arithmetic
sequences. Then have a ook at these problems:

o The multiples of 2, written inorder give 2,4, 6,8, ... Is this an
arithmetic sequence? What about the powers 2,4, 8, 16, ... of
27

L3

¢ Dividing the natural numbers by 2, we get , |

501 2,2,... Is thus

an arithmetic sequence?

o In the anthmetic sequence got by adding % to itself repeatedly,

does the number 10 occur anywhere? What about 117

o Thereciprocals of the natural numbers in order give 1, % g
[s it an arithmetic sequence?

« Write down the sequence of differences (subtracting the larger
from the smaller) of consecutive perfect squares. Is it an arithmetic
sequence?

Addition and subtraction

Look at the two sequences got from the problems on interest. In
both sequences, the increase in numbers is due to the interest added.
In the case of simple interest, the increase every year is the interest
for 1000 rupees (that is, 60 rupees). So, even without any

computation, we can see that the total amounts form an anthmetic
sequence.

What about compound interest? The interest added changes every
year; so the total amounts are not in arithmetic progression.

What about the speed problem? What number should we add to
9.8 to get 19.67

196 -98=98
And what number do we need to add to 19.6 to make it 29.47

204-196=9.8

‘That 1s, the sequence progresses by the addition of 9.8 itself at

every stage. So speeds are in arithmetic sequence.



What about distances?

What number added to 4.9 gives 19.67
19.6-49=14.7

And what number added to 19.6 gives 44,17
441 -196=245

So, the sequence of distances is got by starting with 4.9, adding
14.7 first, then adding 24.5, ...

So, it is not an arithmetic sequence. (Why?)
Do you notice something else in these examples?

In an arithmetic sequence, if we subtract any number

from the number just after it, we get the same number

This number is called the common difference of the arithmetic
sequence. In other words, common difference is the number
repeatedly added to get the numbers in an arithmetic sequence.

As an example, look at the three sequences we got, based on
division by 3:

3,6,9,12, ...
1,4,7,10, ..
2,5,8,11, ...
What is the common difference of each sequence?
Let’s look at some problems:

o The first number of an arithmetic sequence 1s 10 and the third
number is 24. What is the second number?

According to the facts given, by adding a numberto 10 and then
adding the same number again, we get 24 (How is that?)

So, double this number is 24 — 10 =14 . This means the number
added is 7.

This gives the second number as 10+7 =17

There’s is another way to do this. We get the same number if we
subtract the first number from the second, or if we subtract the
second number from the third. (Look up the meaning of common
difference.)

Geometry of arithmetic
sequence

Take an arithmetic sequence of
positive numbers. Draw a line and
draw equally spaced perpendiculars
to it, with heights equal to the numbers
in this arithmetic sequence.

Join the tops of these perpendicuiars.
Aren’t they all on the same line? Why
is this so?

Take any three adjacent vertical lines
and join their tops. Also draw
perpendiculars as below:

The triangles 48P and BCQ are
congruent. (Why?) And this means
their angles are equal.

So, if we take ZABP =x°, then
ZABC=x+90+(90 —x)= 180°

This means 4, B, C are all on the
same straight line.

13
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We have seen that the sum of three
consecutive natural numbers is thrice
the middle number. (The section,
Clarity in expression of the lesson,
Polynomials in the Class 9 textbook.)

This can be seen in another manner.
The first number is 1 less than the
middle number; and the third number
is 1 more. So, when we add all three,
the added 1 and the subtracted 1
cancel out, leaving only the middle
number repeated thrice.

Translating this into algebra, if we
take the middle number as x, then the
left number is x — 1 and the right
number is x + 1. And the sum is

(x—D+x+(x+1)=3x

Instead of consecutive natural
numbers, suppose we take any three
consecutive numbers from an
arithmetic sequence. The decrease
and increase from the middle number
would be the common difference,
instead of 1. And we get the same
result.

How about translating this reasoning
into algebra? Let’s take the common
difference as d. If we take the middle
number as x, then the numbers are
x—d, x,x+d and so the sum is

(x—d)+x+(x+d)=3x

Suppose instead of three, we take five
numbers? Seven?

So, if we take the second number as x, then we get
x—10=24-x
From this, we get
2x=24+10=134
and this gives
x=17

Prove that in any arithmetic sequence, if we take three consecutive
numbers, then the middle number is half the sum of the first and
the last.

Let’stake g, b, ¢ as three consecutive numbers in an arithmetic
sequence.

Then, as in the second method of the previous problem, we get

b—a=c-bh
From this, we get
2b=a+c¢
and then
b= L (a+c)
2

Now try the problems below on your own:

o Ineach of the arithmetic sequences below, some numbers are

missing. Their positions are marked with a (7). Find these
numbers.

24,42, (), ...
o« (024,42,
e O0.24,42, ..
e 24,042,
e 024,042,
o 24,0042,

s The second and fourth numbers in an arithmetic sequence are 8

and 2. Find the first and the third numbers.



¢ The second number of an arithmetic sequence is S. Find the sum
ofts first and third numbers.

o Find an algebraic expression to compute the third number ofan
arithmetic sequence, using the first and the second numbers.

Position and term
In every sequence, the numbers are ordered as the first, second
and so on. They are generally called ferms of the sequence.

For example, in our first sequence got from triangles, the first term
is 3, the second term is 5, the third term is 7 and so on.

What is its tenth term?

In other words, how many matchsticks do we need to make 10
triangles in this pattemn? For this, we will have to join 9 more triangles
with the first. For the first triangle we need 3 matchsticks and for
every new triangle thereafter, we need 2 matchsticks. So,

number of matchsticks for 10 triangles=3 + (9 x 2)=21

In other words, the 10" term of the arithmetic sequence 3, 5, 7,
... 1821,

Like this, can you compute the 15" term of our second sequence
4,7,10, ... got from squares?

Let’s look at a few more problems:

e The first term of an arithmetic sequence is 2 and the common
difference is 5. What is its 1 3% term?

Common difference is the number we add to ecach term of a
sequence to go to the next term. Here itis 5; and the first term is
2. So, the terms of the sequence proceed as 2,7, 12, .. ..

How many steps are needed to go from the 1 term to the 13
term?

That is, how many times do we need to add 5 to 27
So,
[3%term =2 + (12 x 5) =62

Suma l'ld mean

We saw that in an arithmetic
sequence, the sum of three
consecutive numbers is three times
the middle number, the sum of five
consecutive terms is five times the
middle number and so on.

What it we take an even number of
terms? From one viewpoint, there is
no middle term; from another
viewpoint, there is a pair of middle
terms. (In 1,2, 3,4, 5, 6 can’t we say
that the pair 3, 4 is right in the middle?)

So, in an arithmetic sequence of
common dfference 4, if we take four
consecutive terms and name
the middle pair x, y, then these four
terms are x - d, x, y, ¥ +d . And their
sum 1s 2(x + y) , which we can write

4 x %(x + y). This we can say in

ordinary language as four times the
mean of the middle pair. (Don’t you
remember the lesson Statistics, in
the Class 9 textbook?)

Is this true for six consecutive terms?
What about eight?

A Arthimere Sequences. e
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in an arithmetic sequence, the
difference of two consecutive terms
is the common difference. What if
we skip a term? The difference is
twice the common difference,
right?What if we skip two terms?

In an arithmetic sequence, the
difference between any two terms is
got by multiplying the difference of
their positions by the common
difference.

This can be stated in another manner:
in any arithmetic sequence, the term
difference is proportional to the
position difference; and the constant
of proportionality is the common
difference.

o The 12"term of an arithmetic sequence is 25 and the common

difference is 3. What is the 17" term?

To get the 17" term from the 12" term, how many times should
we add the common difference?

17" term = 25 + (5 x 3) = 40

In an arithmetic sequence, the 5" term is 32 and the 11" term is
74. What are the numbers in this sequence?

To get the 11" term from the 5" term, we must add the common
difference 6 times.

From the given facts, the number added 1s 74 —32 =42
So, common difference is 42+ 6=7

We get the 5 term by adding the common difference 4 times to
the 1 term. So, in this sequence, the 5" term 32 is got by adding
4 x 7=28 to the 1% term. So,

first term=32-28=4

Since the first term is 4 and the common difference is 7, the
terms are

411,18, ...

We can do this problem using algebra also. Taking the first term
as x and the common difference as y, the given facts translate to
the two equations

x+4y=32
x+10p="74

(How?) Solving them, we get x =4, y="7. (Recall the lesson
Pairs of Equations, in the Class 9 textbook.)

In the arithmetic sequence 3,7, 11, ... ,1s 101 a term? What
about 1037

The terms start with 3 and proceed by repeatedly adding 4; that
is, by adding to 3, the multiples 4, 8, 12, ... of 4.



In other words, from any term of this sequence if we subtract 3,
then we get a multiple of 4. And all such numbers are in this
sequernce.

Now let’s look at 101 and 103
101 —3 =98

since 98 1s not a multiple of 4, the number 101 is not a term of
this sequence.

103 -3 =100

Since 100 is a multiple of 4, the number 103 is a term of this
sequence.

Now do the problems given below on your own:

¢ The first term of an arithmetic sequence is 7 and the common
difference is —2. What is its 12%term?

e The 39term of an arithmetic sequence is 10 and its 8" term is
25, What is its 4® term? And the 13" term?

¢ The 5" term of an arithmetic sequence is 11 and its 12 term is
32. What are its first three terms?

e The 5" term of an arithmetic sequence is 9 and its 9% term is 5.
What is its common difference? What is the 14% term?

¢ The common difference of an arithmetic sequence 1s —1 and its
4t term is 7. What is its 7% term? And the 11®term?

» How many three digit numbers leave a remainder 3 on division
by 47

e Write down the sequence of natural numbers which leave a
remainder 3 on division by 6. What is the 10* term of this
sequence? How many terms of this sequence are between 100
and 4007

Sequences in Algebra
The terms of a sequence are formed by some rule. For example, in

our first triangle problem, we start with 3 and repeatedly add 2 to
get the sequence

3,5,7, ...

Sequence and remainders

The even numbers 2, 4, 6, . . . form
an arithmetic sequence. So do the odd
numbers 1, 3, 5, . . . . Both these have
common difference 2.

Even numbers mean numbers
divisible by 2; that is, numbers which
leave a remainder 0 on division by 2.
And odd numbers are those which
leave a remainder | on division by 2.

Similarly, we have seen that there are
three arithmetic sequences based on
division by 3; those which leave a
remainder 0, 1 or 2. What is the
common difference of all these?

Based on the remainders got on
division by 4, how many arithmetic
sequences of natural numbers do we
get? What are they? What is the
common difference of all these?

Now let’s think in reverse. In any
arithmetic sequence of natural
numbers, the difference of any two
terms is a multiple of the common
difference. This means they leave the
same remainder on division by the
commeon differnece. (Why?)

Thus, any arithmetic sequence of
natural numbers is of the form
described first; it consists of numbers
leaving the same remainder on
division by a specific number. And this
divisor is the common difference.
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Rules for sequences

What is the next term of the sequence
B a7t

We haven’t said that it should be an
arithmetic sequence. So, the next
number need not be 9. For example,
if we had meant this to be the
sequence of odd primes, then the next
number would be 11.

What is the moral? From a few
numbers written in order, we cannot
predict the numbers to follow in the
sequence. For this, the rule of forming
the sequence or the context in which
it arises should be specified.

Indeed, we have seen how the
sequence 1, 2, 3, 4, 5, 7 can be
continued in various ways, according
to different rules, in the section
Natural number sequences.

In general, to get the term at any specified position of this sequence,
we subtract | from the position number, multiply this by 2 and add
to 3. For example,

15" term = ((15 - 1) x 2) +3 =31
How about writing the general rule in algebra?
For every natural number »,
Atterm = ((n— 1) x2) +3=2n+1

So, in the algebraic expression 2n+ 1, ifwe taken=1,2,3,. ..,
we gettheterms 3, 5,7, ... of this sequence in the correct order.
(See the section, Algebraic expressions of the lesson,
Polynomials in the Class 9 textbook.)

In algebraic discussions, we denote the terms of a sequence by
symbols suchas x,x,,x,, ... ory,,,y,,... Thus we can write the
sequence in the example above as

x =3
X, =3
x. =7

We can shorten this further by writing
x,=2n+ 1, for every natural number n
(Note that this contains all the information about this sequence.)

Let’s write the sequence of the square problem in this shortened
form. Inthis, the first number is 4 and the number repeatedly added
18 3. So, for evey natural number #,

tterm = (= 1)x 3) + 4 =3n+ 1

Again, we can shorten this and compress the sequence into the
algebraic expression

x”:3n+ |

What about the sequence in the second triangle problem?



We can write the terms of this sequence as

x, =3
x,=9=3x(2*-1)
x,=21=3x (2~ 1)
x,=45=3x (2= 1)

and so on. In general, we can write the terms as

x =3(2— 1)
(see the section Growing triangle.)

In the simple-interest problem, we got the arithmetic sequence 1000,
1060, 1120, .. .. The n" term is

1000 + 60 (z — 1) = 60n + 940

To get the sequence 1000, 1060, 1124, 1191, . . . of the compound
interest problem, we have to first find the terms of the sequence

given by
1000 (1.06)" -

X =
n

and then round each number to the nearest natural number. (See
the section A computational trick, of the lesson Financial Math
in the Class 8 textbook.)

Now find the algebraic expression for all the sequences given at the
beginning of the section, Add and go forth.

Algebra of arithmetic sequences

Look at the algebraic form of some of the arithmetic sequences we
have seen:

3,5,7,9, ... x, = 2n+1
9.8,19.6,29.4,39.2, ... x = 9.8n

1000, 995, 990, 985, ... x, =—5n+ 1005
4,8,12,16, ... x, = 4n
360,360, 360, 360, ... x, = 360
1,4,7,10, ... x =3n-2

In all these, the n" term x_is got by multiplying # by a specific
number and then adding a specific number.

(;rnu-'ing 1.ri:1ng|u

We got the sequence 3, 9,21,45, ...
in our problem of making larger and
larger triangles with matchsticks,
How do we compute its terms?

In the original problem, we start with
a triangle formed with one
matchstick on each side; the
construction progresses by
constructing a larger triangle with
two sticks on each side, then a still
larger one with four sticks on each
side and so on.

So, the total number of matchsticks
needed at each stage is given by

3,3+ (3x2), 3+(3x2)+(3x2%,..

That is,

FS3L H2); L2,
In this we can write

[SERERS
= 22=1

1+2+422= (22~ 1)+22
(2x2H-1
—ao =l

14+2+22+28 = (2%~ 1)+2?
(2x23)-1
=242 ]

and so on. From this, we can compute
the »™ term of our sequence as

3142+ 22+, +2"DN=3(2"-1)

So, to make 25 triangles in this
manner, we need 3(2% — 1) =
100663293 matchsticks—more than
ten crore!

[19]
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Hasty conclusions

We discussed a problem on the
number of parts of a circle got by
Jjoining points on it, in the section
Cirele division. For the number of
points equal to 2, 3, 4, 5 we get the
number of parts as 2, 4, 8, 16.

What about 6 points? We tend to
guess the number of parts as 32. Do
we get this many parts if we actually
draw such a picture?

[f the points are equally spaced, we

get 30 parts:

Otherwise, 31 parts

Either way, the maximum number of
partsis 31.

It can be proved that in general, if
we take n points on the circle and
Jjoin all pairs, the maximum number
of parts got is

L un-1(=-2)(n=3) +-n(n—1)+1
24 2

The interesting point is that in this
expresston and in 27!, if we take n=
1,2, 3, 4, 5 we get the same numbers
1,2.4,8,16. From n = 6 onwards, the
numbers differ.

In other words, all these have the general algebraic form
x = an+b
where g and b are specified numbers.

Are all arithmetic sequences of this form? [f we take the first term
of an arithmetic sequence as fand the common difference as d,
then its terms are

I f+d f+24, ..
In general, its n" term would be
f+ n=1)d= dn+(f—d)
This means multiplying each » by the number ¢ and adding the
number /- d.

For example, in the arithmetic sequence with first term 2 and
common difference 7, the n” term is

2+ Tn—1)=Tn->5

Thatis,x = 7n -5, On the other hand, it is not difficult to see that
any sequence x = an+ b 1s an arithmetic sequence. Taking n=1,
2,3, ... inthis, we get the terms of the sequence as

a+ b,2a+b,3a+b, ..

and we can easily see that it is indeed an arithmetic sequence with
first term & + b and common difference a.

Every arithmetic sequence fs of the form
x = an+ b ; conversely, every sequence of this

form is an arithmetic sequence.
Now some problems based on these ideas:

e The first term and common difference of some arithmetic
sequences are given below. Write each of them in the form
x = an+ b; also write down the first three terms of each:

+  firstterm -2, comumon difference 5
+ firstterm 2, common difference -5

. 1
+  firstterm 1, common difference 5



o The algebraic form of some sequences are given below. Check
whether each of them is an arithmetic sequence or not; also find
out the first term and the common difference of the arithmetic
sequences.

. n+l
xn_ 2

n+2

* x = —
a R

+

(n+ 1) = (n— 1y

I

o Multiply each odd number by 2 and add 1. If these numbers
are written in order, does it form an arithmetic sequence? Write
the algebraic form of this sequence. Now consider the odd
numbers not in this sequence. Do they form an arthimetic
sequence? What is its algebraic form?

: : : . 1
o Consider the arithmetic sequence with first term 3 and common

i 1 .
difference 1 Is 1 aterm of this sequence? What about 27

Write the algebraic form of this sequence. Prove that all natural
numbers occur in this sequence.

. : : : 1
+ Consider the arithmetic sequence with first term 5 and common

difference % .Is 1 aterm of this sequence? What about 27

Write the algebraic form of this sequence. Prove that no natural
number occurs in this sequence.

« [nanarithmetic sequence, the ratio of the first term to the second
is 2 : 3. What is the ratio of the third term to the fifth term?

AUImMs

We have seen a trick to compute the sum of consecutive natural
numbers in the section Triangular numbers, of the lesson
Polynomials in the Class 9 textbook. Let’s take a closer look at it.
For example, suppose we want to find the sum of the natural numbers
from 1 to 10. (We can actually add the numbers to get the sum. But
what about the sum from 1 to 1007 The trick we are about to give
can be used to fmd this also.)

We have noted that to find the terms
of a sequence, the law of formation

Language of laws

should be specified. And we have
seen some examples of how such

rules can be written in algebra.

But not all sequences can be

algebraically described. For example,

no algebraic formula to find the A"

prime number has been discovered;

that is, no formula to directly compute
the number at a specified position in
of

the sequence 2, 3,5, 7, L1, 13, . ..

primes is known.

Again, there is no algebraic formula
to compute the digit at a specified
location in the sequence 3, 1, 4, 1, 5,

gkl s

representation of .

got from the decimal

In such cases, we can only specify
the rule of forming the terms in
ordinary language.

'ff'ygu_ coﬂ_l;lnuﬂ llfﬂ
|£:EL5' what would
be your marks
i"{ ﬁ]c;. next
exam? "'ﬁcﬁlnﬁ: no one has ™

.,

iscovred an
algebraic formula\.
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This sum can be visualized as the number of dots in the picture

below:
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Metamorphosis 0000606006

We saw that the algebraic form of

AR A Let’s make another copy of this triangle:

x,=an+b i

What does this mean? »e
L

If we multiply all natural numbers by 200 @

a specific number and then add a 'Y IR

specific number, we get an arithmetic 9000 OS®

sequence. For example, multiplying '*EEXEXXER

by % and adding -1 gives the eocess000

i 2900000009

arithmetic sequence, 75,0, % e N N N N N N NN N

(Its algebraic form isx = %n -1.) and join it upside down with the first

Also, every arithmetic sequence

arises this way. For example, the : : : : : : : : : : :

arithmetic sequence 7, 16, 25, . . . SO0 OBEEBEGS

has the algebraic formx =9n-2 and

this means multiplying all natural LTS eR 9990

numbers by 9 and adding -2. passeReseR
o000 O0OOOOOS
90000 O0ODODBOS
20090000 0ODPODPOOO
LN NN N N NN N N N
0000 O0ODODODOGSS

How many dots are there in all, red and green, in this rectangle?
There are 10 rows and each row has 11 dots; so 10x 11 =110.

This is twice the sum we want. So,

1+2+3+4+5+6+7+8+9+10=% <10 % 11 =55



This process can be done using numbers instead of pictures: if we
wilte

s=1+2+3+4+5+6+7+8+9+10

then
25 = (I+2+3+4+5+6+7+8+9+10)+
(10+9+8+7+6+5+4+3+2+1)
= 11+11+11+11+11+11+11+11 +11 +11
= 10x11
= 110
and so
_1
s_2><110=55

We can use the same argument, whether we add up to 10 or 100.
In general

The sum of all natural numbers from one to a specific
natural number is half the product of the number

itseff with the next natural number.

In algebraic language,
1+24+3+..+n= %H(H‘F 1

Using this, we can find the sum of other arithmetic sequences also.
See these examples:

o How do we find the sum ofthe even numbers 2,4, 6, ..., 1007
Even numbers are got by multiplying natural numbers by 2. So,
2+4+6+ . +100=2(1+2+3 +..+50)

As we saw just now,

1+2+3+...+50:% x50 % 51

So, we have

24446+ .. +100=2 x % X 50 x 51 =2550

A math tale

We have mentioned the
mathematician Gauss in the Class 9
textbook. It is said that he showed
extraordinary mathematical ability
right from an early age.

This happened when Gauss was just
ten and in school. His teacher asked
the children to add all numbers from
1 to 100, just to keep them quiet.
Young Gauss did it in a flash,
explaining his anwer thus: “1 and 100
make 101, so do 2 and 99; there are
50 such pairs and so the answer is
50 % 101 =5050.7

The answer

Hey! What is EEL:?) to the probiem

You will give us
tomorrow!
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A sequence from the past

We have mentioned the ancient
mathematical manuseript called the
Ahmose Papyrus in the section
Ancient math, of the lesson Equations
in the Class 8 textbook. Problem 64
in it goes something like this:

10 hekats of barley is to be disiributed
among 10 people in a definite order.
Each should get % hekat more than

the previous one. How much should be
given lo each?

Here hekat is a measure used in
those days. The answer to this is
given in the papyrus as follows:

1. Divide 10 by 10. We get 1
2. Subtract | from 10 and multiply it
by half of é We get %

3. Add this to the 1 got in the first
step. The number 1 % gotnow is

the largest share.

4. Subtract % from this repeatedly

to get the other shares.

What is the logic behind this
computation?

How do we do it using current
techniques?

o We want to find the sum of a specified number of odd numbers

1,3,5,

How do we write this sequence of odd numbers in algebra?

The #" term of this sequence is

l+(rn-1)x2=2n-1

and we can write it as
x, = 2n -1
So, the sum of the first # odd numbers

=xl+x2+x3+.,.+x

=Q2x1-D+@2x2-D+@x3-1 .. +(2n-1)
hiimes

—_——
=21 +2+3 4. +m)= (I+1+1+.+1)

=(2><%n(n+l))—n

=nn+)-n

=n?

Thus the sum of a specified number of consecutive odd numbers
starting from 1 is equal to the square of the number of odd
numbers added. (This was noted in the lesson Square Numbers
in the Class 7 textbook. )

We can find the sum of a specified number of consecutive terms
of any arithmetic sequence in the same way as we found the sum

of odd numbers.

We can write the general term of any arithmetic sequence as

So,

x=an+ b

n

xl+x2+x3+...+xn

{ax1+0)+(@x2+b)+{ax3+M+ ...+{an+b)

1 limes

a(l+2+3+ .. +m+ (b+b+b+..+b)

(ax %n(n+1))+(nxb)

L
Ean(n + 1)+ bn



For convenience, we rewrite this in a slightly different way:

San(n+ 1)+ bn = 5 nla(n + 1) +25)
= %n((an + ) + (a + b))

1
=3 n(x, +x)

What is the meaning of this?

The sum of a specified number of consecutive ferms
of an arithmetic sequence is half the product of the
number of terms with the sum of the first and the last

ferms.

For example, suppose we want to find the sum of the first 50 terms
ofthe sequence 3,5, 7, . ... We first find the 50" term as

3+ (49 x 2) = 101

By what we have seen above, we can compute the sum as

250 x (3 + 101) = 2600

Now try these problems on your own:

» The first term of an arithmetic sequence is 5 and the common
difference is 2. Find the sum of its first 25 terms.

o Find an algebraic expression to compute the sum of the first n
terms of the arithmetic sequence with first term fand common
difference d.

o If52x 5% 5% x ... x 5% = (0.04y% what is n?
« Find the sum of all three digit numbers which are multiples of 9.

¢ Prove that the sum of the first five terms of any arithmetic
sequence is five times the middle number. What about the sum
of the first seven terms? Can you formulate a general principle
from these examples?

Another way

There is another technique for finding
the sum of consecutive natural
numbers.

We know that for any number x,
c+1P-x"=2x+1

Takingx=1,2, 3, ..., nin this, we
get

22 12=2x ) +1
32-22=(2x2)+
42-37=(2%3)+1

(r+1P-—rt=0Cxn)+1

What if we add all these equations?
We get

(R+1—1=2(1+2+3+...+n)+n
From this, we find

1+2+3+...+n

= S+ 1= 1-7)
R
= 2(n + 1)

= %H(H‘F 1}

25
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Sum of squares
We can use an algebraic identity to
compute the sum of the squares of
natural numbers, just as we found the
sum of natural numbers. We have
seen the identitiy

(x+1Y=+3x*+3x+1

(See the section Patterns of power, of
the lesson Polynomials in the Class 9
textbook.)

From this we can see that for any
number x,

(x+ 1P —x?=3x"+3x+1

As before, ifwetakex=1,2,3,....,n in
this and add, we get

(r+1P—1=3(1*+2*+3*+ ... + 1%
+ 31+2+3+..+n)+n

That is,
W 4+3nt 4+ 3n
=3(12+ 22432+ .+ )+ %ﬂ(ﬁJr 1+n
So, we get
2224320 4 nt
= % (n’+ 3n2+3n—% n(n+ l)—n)

Simplifying the right side of this
equation, we get

1
14224324+ .+ =2 n(n+ 1) (2n+1)

o The sum of the first » terms of an arithmetic sequence is

2n® + 3n. Find the algebraic form of this sequence.

Do the problems below in your head:

o Consider the arithmetic sequences 3,5,7,...and 4,6, 8, . ..

How much more is the sum of the {irst 25 terms of the second
than the sum of the first 25 terms of the first?

How much more is the sum of the natural numbers from 21 to
40 than the sum of'the natural numbers from 1 to 207

51+52+53+...+70

1 1 1 1
7 FI+1g +2+2- + ..+ 127

¥ roject

Prove that if in an arithmetic sequence of natural numbers, one
of the terms is a perfect square, then there are many terms which
are perfect squares. Is there an arithmetic sequence of natural
numbers in which no term is a perfect square?





